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Abstract

In the present paper, we have studied some important fixed point results on symmetric soft
G-complete metric spaces using soft mappings. Afterwards the ideas of soft G-totally bounded,
soft G-compact metric spaces are given and a fixed point result on soft G-compact metric spaces
using soft mapping have conferred. We have also discussed about the converse of the above
result with suitable examples.

1. Introduction

In 1999, the idea of soft set was first initiated by D. Molodtsov [10]. After
that Maji et al. [8] studied this theory in detail. Currently, in different
branches of mathematics and its applications, research on soft set theory are
progressing at a very fast pace. The concept of soft mappings are given by
several researcher such as Kharal et al. [7], Majumder et al. [9] and Nazmul
et al. [13] in their own form, soft real set, soft real number and soft metric
spaces was introduced and studied some of their important properties by Das
and Samanta [1, 2].
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On the other hand, many researchers have worked on the generalization
of metric spaces. After Frechet and Hausdorff, Gahler [6] in 1963 introduced
2-metrics and subsequently a more general form n-metric space and claimed
that it 1s an extension of metric space (1-metric space). Also, Mustafa et al.
[11, 12] introduced another approach called G-metric space and discussed
some important fixed point results on this spaces.

Recently, Guler et al. [4] have studied the behavior of G-metric spaces in
soft set setting and gave the notion of soft G-metric spaces. They have
mentioned an existence and uniqueness theorem of fixed point in this spaces.
Afterwards, Guler and Yildirim [5] have also introduced soft G-complete
metric spaces and some fixed point results are investigated.

As a continuation, our prime aim to extend this study of fixed point
results in soft G-complete metric space. In this paper, firstly we have
discussed some different fixed point results on symmetric soft G-complete
metric spaces using soft mappings. After that we have introduced soft G-
totally bounded, soft G-compact spaces and the celebrated existence and
uniqueness theorem of fixed point on soft G-compact spaces is established.
We have also studied the behavior of the converse of the above result with
suitable examples.

2. Preliminaries

In this section, some preliminary definitions and results are stated which
are used in the main section. Unless otherwise mentioned, X, E, P(X) are

respectively denotes an initial universal set, the set of parameters and the
power set of X.

Definition 2.1 [10]. Let F : A —» P(X) be a mapping. Then the pair
(F, A) is said to be a soft set over X; where A c E.

Definition 2.2 [1, 2]. A soft element of X is a function ¢: E — X. A
soft element ¢ of X is said to belongs to a soft set (F, E) over X, that is
e €(F,E) if ¢le) e F(e), Ve € E. Thus F(e) = {ge) : ¢ € (F, E)}.

Remark 2.3 [2]. The collection of all soft elements of X is denoted by
SE(X).
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Definition 2.4 [1]. Let Z(R) be the collection of all non-empty bounded
subsets of R, the set of real numbers. Then the pair (F, A) is said to be
(i) a soft real setif F : A — Z(R).

(1) a soft real number if F : A —» R. The soft real number and the

collection of all soft real numbers are denoted by the symbols 7 and R(A)

respectively. Also we have denoted a particular type soft real number by s

where 5(e) = s, Ve € A.
Definition 2.5 [1]. Let (F, A), (G, A) € R(A). Then,
) (F, A), (G, A) if F(e) = Gle), Ve € A.
@) (F + G)(e) = F(e) + Gle), Ve € A.
(3) (F - G)(e) = Fle)- Gle), Ve € A.
(4) (F - G)(e) = F(e)- Gle), Ve € A.

(5) g(e) = %, Ve e A provided G(e) = 0.

Definition 2.6 [2]. Let 7, § be two soft real numbers. Then,
(a) 7 £ ()5 if 7(e) < (<)5(e), Ve € A.
() ¥ = (5)5 if F(e) > (>)5(e), Ve € A.

Definition 2.7 [4]. Let X be a nonempty set and E be the nonempty set of
parameters. A mapping G : SE(X) x SE(X) x SE(X) —» R(E)*, where R(E)*
be the set of all non-negative soft real numbers, is said to be a soft

generalized metricor soft G-metric on X if G satisfies the following

conditions:
G) G® 5, 2)=0ifx=5 =3,

(G3) 02 G, 5, %) forall &, 5 € SE(X) with ¥ = ¥,
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(G3) GE, 5, 2) 2 G, 5, %) forall %,5,% € SE(X), with 5 = 2,
G, GE 5 2)=0GF%5=0G527%=..,

(Gs) GE, 5, %) 2 G, a,a)+G@, 5, %) forall %,5,%,a € SEX).

The soft set X with a soft G-metric G on X is said to be a soft G-metric
space and is denoted by (X, G, E).

Definition 2.8 [4]. A soft G-metric space ()Nf, G, E) is symmetric if
(Gg)G(%, 5, 7)=G(%, %, 7) forall X, 5 € SE(X).

Proposition 2.9 [4]. For any soft G-metric G on )Nf, we can construct a

soft metric d@ on X defined by,
d5(& 7) = G, 7, 5) + G, %, 3).

Definition 2.10 [4]. Let ()Z', G, E) be a soft G-metric space. For

G € SE(X) and 7 3 0, the G-ball with a center ea and radius 7 is
B(@, 7) = ¥ € SE(X): G(a, ¥, ¥) 2 7} € SE(X).

Definition 2.11 [4]. Let (X, G, E) be a soft G-metric space and {x,} be
a sequence of soft elements in X. The sequence {x,} is said to be soft G-
convergent at X in X if for every ¢ = 0, chosen arbitrarily, 3 natural
number N = N(?) such that 0 < G(x,,x,,%)<¢é whenever n > N.

Definition 2.12 [5]. Let (X, G, E) be a soft G-metric space and {x,} be
a sequence of soft elements in X. The sequence {x,} is said to be soft G-

Cauchy if for every ¢ = 0, chosen arbitrarily, 3 natural number % such that

G(x,,x,,x;) <€ whenever n, m, I 3 k. ie.; G(x,,%,,%)—>0 as i, j » o.

Definition 2.13 [5]. A soft G-metric space (X, G, E) is said to be soft G-
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complete if every soft G-Cauchy sequence in ()Z' , é, E) is soft G-convergent
in (X, G, E).
Definition 2.14 [5]. A soft G-metric space ()N(, G, E) is soft G-complete if

and only if (X, dg, E) is complete soft metric space.

Definition 2.15 [4]. Let ()?, G, E) be a soft G-metric space. Let
T :(X,G, E)> (X, G, E) be a mapping and x, &€ SE(X) be a soft element

such that T'(xy) = x(, then x, is called a fixed point of 7.

Theorem 2.16 [5, 6]. Let ()Z', é, E) be a soft G-complete space and
T:(X,G, E)—> (X,G, E) be a mapping that satisfies the following
condition forall X,y,Z € SE(}?),

G(Tx, T, TZ)2 a G(F, T%, TX)+ b G(3, Ty, Ty) + ¢ G(Z, TZ, T%)

+d G(%, 5, %) 2.1)
where 0 S +@ +b + ¢ +d < 1. Then T has a unique fixed point.

3. Main results

In this section, we have studied some important fixed point results in
symmetric soft G-complete metric spaces. The definitions of soft G-totally
bounded space, soft G-compact space are given and celebrated fixed point
theorem on soft G-compact space is established. We have also studied the

behavior of converse of the above theorem with suitable examples.

Theorem 3.1. Let ()?, 6, E) be a symmetric soft G-complete metric space

and U, V be two self-maps on ()N(, 6, E) satisfying the following conditions,
GUR), U®), V(3) £ aGE %, 5)+bGR, ¥, UR) +cG@F, 5, VE))

VX, 5 € SEX),
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where a,b and ¢ are non negative soft reals such that
0

IA

+@+b+c+d 2 1. Then Uand V have a unique common fixed point.

Proof. Let x, € SE(X) be a soft element.

Let us define a sequence {x,} by,

Xops1 = U(xgp ), Xopie = V(%gp41); £=0,1,2, ...

Then,

G (Xopi1> X1 Xopez) = G(U (x95), U291,V (¥gp41))

IA
Q|

G(xgp,, Xo» Xop11 ) +0 G(xgp, Xop, Xop41)
€ G(Xgp415 X9k 41> Xop+2)
= (1-0)G (Xgp41> Xopi1» Xopsz) < (@ —b) G (xgp, Xop, Xopi1)

N _G4b -
= G(Xopi1s Xok1> Xopr2) < =— G (%o, Xop, Xop1 )

Sl

1-c

Therefore, G (xgp11, Xopi1> Xore2) < P G (Xgp, Xgp» Xgpe )-

Again,
G(%op12s Xopr2s ¥ores) = G(V (%415 VEpir, Uxapys))
= G(V (2941, Uxgpro, Uxop,s)), since G is symmetric.
= G(U (%2p42> Uxogpigr Vagpi ),
2@ G(%apyn, Xopros ¥ope1 ) +0 G (Xopias Xopias Xopes)
+T G (Xgp41> Xop41> Xops2)
=@ G(Xopr0 Xopi1s Xops1) + 0 G(Xops2, Topir Xopig)
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c G(x2k+1 s X9k41> X9k +2 ), since G 1is symmetric.

= (1-0)G (Xope2: Xoprgr Yope3) < (@ +C) G (Xops1s Xopers Xopez)

= G (%942, ¥opi2> Xopi3) <

Q|
ol

+

G (X9p41> %2415 X2k+2)

=
Sall

Q|

Let h_2: a+c' Then ﬁih_QZI, as ,E,E are non negative soft reals

¢ +d 2 1. Therefore,
G (X149 Xop+2s X2p+3) < hg G(Xgp41s X9ps15 Xops2 )-

Taking i = max {A;, hy}. Then,

IA

G (X9p415 X9h41> Xops2) < I G (Xop, Xop, Xops1)

ie, G(Xgp41,Xopi9> Xopi9)<h G(Xgp, Xop,1,%9p,1), since G is symmetric
and,

G (Xops2 Xoprs Yopss) A G (Xopi1s Yops1s Xopez)

i.e., G(x2k+2,x2k+3,x2k+3)ﬁh G(x2k+1,x2k+2,x2k+2), since G 1is symmetric

Therefore,

IA

G(xn’ Xn+1> xn+l) h G(xn—l’ Xns xn)

~ 79 =
< h G(xn_z ) xn+1 ’ xn—l)

A" G(xg, X1, %)

Thus, for all n,m €, n <m, we have,

G(xn’ Xm> xm) < G(xn’ Xn+1s xn+1)+G(xn+1’ Xn+2s xn+2)
+ G(xn+2’ Xn+3» xn+3)+"'+G(xm—1’ Xmo xm)

(R (A 4.+ ()" NG (xg, %1, %1)
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()"
1-h

IA

G(x0>x1>x1)'

ie.; G(x,,x,,,%,)—>0 as n,m —>oo, since 0<h < 1.

Now for n,m,lel,(Gy) of definition 2.7, implies that,

G (%ys Xy 27) S G (2, %1, X ) + G (2], %> X))

n’>wmo

Taking limit as n, m,[ — ©, we get,
G(x,,x,,x)— 0.

So {x,} is a soft G-Cauchy sequence and by completeness of (5(, G, E ),

there exists ¢ € SE(X) such that {x,} is soft G-converges to 7, i.e.; x, =1

as n —» .
Now,
GU(#), x,,x,)2aG(f,7,x,4)+bG(E,i,U(f))
+ TG (%1, %1, %)
2aG(i,i,i)+bG(U(t),,1)
2¢G(i,i,1), by taking limit n — o]
=GU(f),i,{)+bG(U(P),i,1)
= U(f)=1, [since 0<a+b+¢c 1]
Again,

G, T, V(D) = GUE), U@), V(D))

IA

aGE,T,1)+bG(E, 7,U®F)

+¢ G, T, V(@)
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+e G, T, V()
= (1-2)GE, 7, vE)<0

= V(@) =1, [since 0 5a@+b+¢<1]

Therefore, U(t) =t = V().
i.e.; U and Vhave a common fixed point.

To show uniqueness, let ¢* € SE(X' ) be another fixed point of U and V

with 7 = ¢ "
Now,
GE,T,t%) =GU®) U®) V(E")

aGl,1,t+bG(E, T, U®%)

IA

+eG@E, T, V(I

= GEI, 1, 1)=(@+2c)G{E, 7,1
=1 =1" [since 0S5a@+b+c<1]
Hence, U and V have a unique common fixed point. o

Theorem 3.2. Let ()~(, CN}, E) be a symmetric soft G-complete metric space
and U, V be two self-maps on ()Nf, é, E) satisfying the following conditions,
GU®), U®). V() £ a G, %, 5)+ bGUR), U®), ¥) + e GVF), V(). 3)
VX, 5 € SE(X),
soft reals such that

where a,b and ¢ are non negative
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05+a+b+¢+d<Z1. Then Uand V have a unique common fixed point.
Proof. Since ()? , é, E) is a symmetric soft G-matric space, so
G(%, 5, 7) = G(X, ¥, 7). Thus the result follows from Theorem 3.1. o

Theorem 3.3. Let ()N(, é, E) be a symmetric soft G-complete metric space

and T : (X, G, E) - (X, G, E) be a mapping which satisfies the following

conditions,
G(I(®), TX), T(H) 2 aGQ, &, 5) +bGE, &, T®) +cGF, 3, T())
VX, 5 € SE(X),

where @,b and € are non negative soft reals such that

I

02 +a@+b+¢+d < 1. Then T has a unique fixed point.

Proof. The result follows from Theorem 3.1 by setting U =V = T. |

Theorem 3.4. Let ()~(, 5, E) be a symmetric soft G-complete metric space

and U, V be two self-maps on ()N(, é, E) satisfying the following conditions,

GU"®), U"®), V'(7) 2 a G, % 5)+ bG(F &, U"®) + G, 5, V"))
VX, 5 € SEX),

where @,b and € are non negative soft reals such that

a+b+c+d<1and neN.

I

0
Then U and V have a unique common fixed point.

Proof. Let H =U" and T = V", n € N. Then H and T satisfying the
conditions given in Theorem 3.1. So from Theorem 3.1, we get a unique fixed

point Z(€ SE(X)) of Hand T.1i.e.; HZ) =7 and T(%) = 7.
Now,

GU), U[), 7) = GHU()), HU({)), T())
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2aGUE), UF). T)+b GUE) UR), HU®))
+¢G(t, t, T(t)), from Theorem 3.1
=aGU(), U®F), 1)+bGUE) UT),UIL)+cG(t,T,7)
Therefore GU(?), UF), T) 2 @ GU(T), U®T), T)
= GU(t), U(%),7T)=0, since 0<a+b+c<1
ie., Ult)="1.
Again,
G, ¢, V(1)) = GH(), H{F), T(V(1)))
2aGE, T, V@) +bG(E, T, HE) + e GV(E), V(E), T(V(E)),
from Theorem 3.1
=aGE, T, VE)+bG({E,T,T)+cGV(T) V(T) V(7))

Therefore G(t, t, V() < a G(t, t, V(T))

I\

= G{E,T,V({)=0, since0<a+b+¢<1
ie, V(1) ="1.

Therefore, U and V have same fixed point

1

To prove uniqueness, let 7 (% 7) € SE(X), be another fixed point of U and

Then,
Gt,t,t")=GU®E) U{t) V(I))
2aGE, 1, +bG(E, T, UR)+eG(E*, T5, V({E™)

=aGE, 1, 1)+bG{E, 1, T)+cG(E", 77,17,
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as t, t* are fixed of both U and V.
ie,GE,t,t)=aG(t,t,t")

~

ie,f=1"as0 +b+e<1

IA
Q|

Therefore, U and V have unique fixed point in SE(X). o

Theorem 3.5. Let (X, G, E) be a soft G-complete space and
T:()Nf, G, E)—)()N(, G, E) be a mapping that satisfies the following

condition forall X, 5,z e SE()?),
G(T"%, T"y, T"%) < a G(X, T"%, T"%) + b G(3, T", T")

+¢GE, Tz, T"2)+d G(F, 3, %) (3.1)
where 0 2@ +b+¢ <1 and neN. Then T has a unique fixed point.
Proof. Let us put H = T", n € N. Then,
G(H%, Hy, HZ) < a G(X, HX, HZ) + b G(3, HY, HY)
(3.2)

+¢GE, HZ, HZ)+d G(®, 7, %)
e0Za+b+c<1.
Therefore by Theorem 2.16, H has unique fixed point #. i.e.; H(@) = .

Now, TH () = T(%) and TH = HT(= T"™*'), whence H(T#) = T# and

G(#, T, T#) = G(H&, HT#, HT#)
< aGw, Hu, Hi) + b G(T#, HT#, HT#) + ¢ G(Ta@, HT#, HT#)
+d G(&@, T, Tw)
=aG@, u,2)+bG(T, Ty, Ta) + ¢ G(Ta, Ta, TH)
+d G(&@, T, Tw)
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=d G(&, T, TH), where 0 Sa+b+c <1
Hence, G(&, T, T@) = 0 ie.; T(d@) = 4.
If possible, let & € SE(X) be another fixed point of 7.
Then T"(@) = T" Y (T®)) = T" @) = ... = T(®) = ©.
Now, G(¥, HT, H?) = G(T, T", T"%) = G(7, 7, ¥) = 0.

ie.; H(U)=10, which is contradiction that H has unique fixed point.

Therefore T has a unique fixed point. o

Definition 3.6. Let (X,G,E) be a soft G-metric space and
(F, A) & (X, E). Then (F, A) is called soft G-totally bounded if for a given

€50, there exist finitely many points X; € SE(X) such that

(F. A) e U, Bslxi, ).

Definition 3.7. A soft G-metric space (X, G, E) is said to be a soft G-
compact if it is G-complete and G-totally bounded.

Theorem 3.8. Let (X,G, E) be a soft G-metric space and
T : ()Nf, G, E)— ()N(, G, E) be a self-map satisfies,

G(T (%), T (x5), T (x3)) G (%1, %9, x3) where xy, %y, x5 ESE(X) such that
X # X9 # X3. (3.3)
If (X', 5, E) is a soft G-compact space, then T has a unique fixed soft
point in X.
Proof. Let us define a function ¢ : X > [0, 1) by,
o(%) = GF, T(X), T(X)), Vi e X

Since, ()Z' , é, E) is soft G-compact, the function ¢ assumes its minimum
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value. So, there is G & SE(X) such that,

G(a,T(a),T*(a)) 2 G(%, T (%), T* (%)), V& & SE(X).
Now if possible let T'(@) # @, then using 3.3,
G(T(a).T(T(a).T(T*(a))<G(aT(a).T*(a))
which contradicts the fact that G (&, T'(a), T?(&)) is minimum.
So, T'(a)=a.
Now we have to show the uniqueness. For this, let a;,ay,aq & SE(X)
such that a; # ay # a3 and T(a;)=0a;, T (ay)=aq, T (ag) =as.
Thus, G(ay, ag,a3) = G(T(a1), T (ag), T (a3)) 2 G(ay, ag, ag),
which is impossible.
So, a; =ay =ag.
Therefore, T has a unique fixed soft point. |

Remark 3.9. The converse of the above theorem is not true which is
discussed by the following two examples.

In Example 3.10, we have show that a self-map T on a G-metric space
(X, G, E) satisfying the condition G(T(x;),T(x5), T (x3)) 2 G (27, %9, x3),

Vx,, %9, %3 €SE(X) has a fixed soft point however (X, G, E) is not soft G-

compact.

And in Example 3.11, we have show that a self-map T on a G-metric

space has a fixed soft point though ()?, 6, E) is not soft G-compact and T
does not satisfy the condition G(T(x;),T (x5), T (x3)) <G (%1, %s,%3),
Yy, X9, x3 € SE(X).

Example 3.10. Let X()=[0,1) and G :SE(X)x SE(X)x SE(X)

— R(E)" be a mapping defined by G, 5, 2)A) =|%0)-5})]
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+]5() - Z() |+ Z() - ()| for each % € E and %, 7, 2 € SE(X). Then
(X, G, E) is a soft G-metric space.

Now we consider a sequence {x,} of soft elements in X, where

X, (X)zl—%, for each n € N and for each A € E.

Then {x,} is a soft G-Cauchy but is not soft G-convergent in (X, G, E).

So, ()?, G, E) is not soft G-complete and hence ()~(, G, E) is not soft G-

compact.

Againlet T : (X, G, E) —> (X, G, E) be a self-map defined by 7(%) =

pol| K7

Then clearly T has a fixed soft point 0.

Also for any x;, x9, x5 € SE(X) with x; # x9 # x5 and for any A € E,

é(T(acl),T(xz),mxs))(x):c{%,%%](x)

=G50 (1), 50 (). g ()

S0 5(4)

S5

+

é“ 2 (M) =29 (1) [+] 29 (M) x5 (1) |

+[ 2z (A) =2 (1) []
2 G (xy, xg, %3) (1),
So, G(T (%), T (x5), T (x3)) 2 G (2, %9, x3), V1, %g, x5 & SE(X).
Thus the self-map 7T : (X, G, E) —> (X, G, E) satisfies the condition
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G(T(x;), T (x5),T(x5)) 2 G(x1,%9,%3), V;, %9, %3 € SE(X) has a fixed soft

point though (X', G, E) is not soft G-compact space.

Example 3.11. Let X()=[0,1) and G :SE(X)x SE(X)x SE(X)
— R(E)* be a mapping defined by G(&, 7 2)()= [X(A) — (1) |
+|5() -Z() |+ Z() - E(1)| for each A € E and %, ¥, 2 € SE(X). Then

()~(, G, E) is a soft G-metric space.

Now we consider a sequence {x,} of soft elements in X, where

X, (X)zl—%, for each n € N and for each A € E.

Then {x,} is a soft G-Cauchy but is not soft G-convergent in (X, G, E).

So, ()?, G, E) is not soft G-complete and hence ()~(, G, E) is not soft G-
compact. Again let T : (X, G, E) - (X, G, E) be a self-map defined by
T(X) = 2 - X. Then clearly T has a fixed soft point 0.

Also for any x;, x9, x3 & SE(X') with x; # x9 # x5 and for any A € E,
G(T (%), T (x2), T (x3))(%) = G(2 -1, 2%, 2-25) (1)
=G (22 (1), 225 (1), 2253 (1))
=] 2-x(A) = 2-x9(%) |+] 2-29(R) = 2-x3(%) |
| 2-23(1) = 2- 2 (%) |
=2-[] % (M) =g (1) |+] 23 (1) — x5 (%) |

+| xg (1) =21 (1) []

£G (%1, %9, 2%3) (%),
So, G(T(xl), T(x9), T (xg))< G(xl,xz, x3), V1, %9, X3 € SE(X')
Thus we have a self map on a non soft G-compact space and does not
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satisfy the condition G(T(x), T (x5), T(x3)) < G (&, %g, x3), Yy, g, X3

€ SE(X) has a fixed soft point.

4. Conclusion

In the present paper, our main object to extend the theory of fixed point
in soft G-complete metric spaces. So we have tried to established some
important fixed point results in symmetric soft G-complete metric spaces.
After that we have introduced soft G-totally bounded, soft G-compact metric
spaces and a fixed point results on soft G-compact metric space is conferred.
Behavior of the converse is also studied with suitable examples. We hope this
study have a great importance to researchers to extend fixed point results in
the field of soft metric spaces.
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