) Advances and Applications in Mathematical Sciences ISSN 0974-6803
Volume 22, Issue 8, June 2023, Pages 1915-1924

© 2023 Mili Publications, India

ALGORITHMIC APPROACH OF SPUR ON LAPLACIAN
MATRIX FOR CERTAIN FUZZY GRAPHS

A. AMUTHA® and C. JEBAKIRUBA

PG and Research Department of Mathematics
The American College, Madurai
Tamil Nadu, India

Department of Mathematics
Lady Doak College

Madurai, Tamil Nadu, India
E-mail: jbkiruba@gmail.com

Abstract

Laplacian matrix of certain fuzzy graphs is examined and explored for its structural and
behavioral variations in terms of its spur or trace. Spur is another name for trace which
emerged from the German word Spur which means track or trace. Spur plays an important role
in linear operating models and is also a commanding analytical tool in cracking several
optimization problems, but detection of spur for Laplacian matrix of fuzzy graph embraces
several steps such as finding its degree matrix, adjacency matrix and then its difference. Hence
finding spur becomes very monotonous, susceptible to miscalculation and time consuming. To
enumerate it directly by using either p or o value of given fuzzy graph, without finding its

corresponding Laplacian matrix, effectual formulae is deduced and constructed as an algorithm

with execution time (’)(n2), so as to increase the usage of spur of Laplacian matrix in many

fields.
1. Introduction

Leonard Euler presented graph theory in 1736 [1]. Kaufmann in 1973
pervaded fuzzy sets into graph theory and presented fuzzy theory built on
Zadeh’s vision on fuzzy sets [3] [4]. Further, in 1975 fuzzy sets and its
relations was established as well as extended as fuzzy graph theory, by Azriel

2020 Mathematics Subject Classification: 05C72, 94C15, 68R10.

Keywords: complete fuzzy graph, fuzzy cycle, regular fuzzy, Laplacian matrix, spur/trace.
*Corresponding author; E-mail: amuthajo@gmail.com

Received June 28, 2022; Accepted August 17, 2022



1916 A. AMUTHA and C. JEBAKIRUBA

Rosenfeld [2]. Emphasizing Laplacian matrix in the field of chemistry was
done during 1994 [5]. Natalia, Juan and Mauricio discussed the Laplacian
matrix of a digraph during 2018 for the trace norm of its upper bound [6].
Still, in fuzzy graph theory spur of Laplacian matrix has not been discussed
due to its complexity and this indoctrinated us to investigate it. To start up,
we have given the required definitions. Then, accentuates on finding spur or

trace of Laplacian matrix with an algorithm.
2. Preliminaries

Let G be a simple connected graph with vertex set V with n number of

vertices and edge set E with m number of edges where n, m greater than

one.

A fuzzy graph, G’ : (o, p) with n vertices and m edges where c from V to

[0, 1] is a fuzzy subset and p from V x V' to [0, 1] is a fuzzy relation on ¢ such
that p(x, y) is less than or equal to the minimum between o(x) and
o(y) Vx, y € V [2]. The adjacency matrix A(G') = [a;;] where a;; = n(u;, uj)
entry [8]. For any vertex of a fuzzy graph say u the degree of u is,
do ) = Zuve E@) nwuv) and its degree matrix D(G') =[d;;] where
_ {dG’(Ui) ifi=j

J

d; = . [8]. The Laplacian matrix is a matrix between the
0 otherwise

adjacency matrix deducted from the degree matrix. A fuzzy graph is complete

if p(x, y) is equal to the minimum between o(x) and o(y) Vx, y eV [7]

[11]. If a cycle contains more than one weakest arc then it is a fuzzy cycle

[12]. If each vertex has same degree in a fuzzy graph G’ : (o, p) then it is said
to be regular fuzzy graph [7] [9] [10]. G' : (o, ) is said to be an edge regular

fuzzy graph if each edge has same degree [13]. The sum of elements on
the main diagonal of A is defined as trace or spur of a square matrix A and is
denoted by tr(A).

3. Main Results

We started working on Laplacian spectrum of fuzzy graph and
constructed an algorithm for computing Laplacian spectrum of complete fuzzy
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graph [14]. While working on other graphs we depicted an algorithm for the
trace of certain Laplacian matrix of fuzzy graph. One of the important
properties of trace is that, it is the same as totality of eigen values for the
corresponding matrix. While working on complete fuzzy graphs, fuzzy cycle
and regular graphs of both complete fuzzy graphs and fuzzy cycle we arrived

at finding the subsequent results.
3.1 Trace of Laplacian matrix of complete fuzzy graph

On examining complete fuzzy graphs, we see that p; for the given
complete fuzzy graph completely depends on o;, where i =1, 2, ..., n. That
is, w;j = u(o;, 6j) = 6; Acj Vi, j € n. Hence, we see that the degree matrix
and the adjacency matrix also depend on o;, where i =1, 2, ..., n. Therefore,

we examined behavior of Laplacian matrix and deduced a formula which uses

only the o; values.

Theorem 1. Let G': (o, n) be the given complete fuzzy graph with n
vertices. Arrange o; such that o, < o9 <... < o,. Then the spur or trace(tr) of

the Laplacian matrix of given graph is
tr((G@)) = 2[c;(n —1) +c9(n —2) +... + 5,1 ]

Proof. Given G’ : (o, n). L(G') will be a n x n matrix, since the row and

column depend on o;, 7 =1, 2, ..., n. Let us compute the degree of each ;.
deg(oy) = (0] Aog)+ (o] AG3)+ (0] AGy)+...+ (0] AGy,)
=01 x(n-1)(-0; <09 <...<0,)
deg(cg) = (69 A G1)+ (09 AGg)+ (g AGy)+...+(0y ATy,)
=o;+(ogx(n-2))( 0] <09 <...<0,)
deg(cg) = (o3 Aop)+ (03 Ao9) + (03 AGy)+...+ (03 AGy,)
=01 +09 +(o3x(n—3))(-0; <09 <...<0,)

deg(o,,) = (5, Ao1) + (0, Ao9) + (0, AC3)+...+ (5, AG,1)
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=6]+09 +...+6,_1( 0] <09 <...<G,)

deg(c;) O 0 0 .. O
p@)-=|? deg(og) 0 0 .. 0

6 0 0 0 ... deg(s,)

0 w2 M3 o Hip
AG) =M 0 Mgz - Mo

Hal  Mp2  Mpg ... O

deg(o1)  —m2 —H13 e g
LG = " deg(0y) —Has - M

~Hm — Hp2 ~Up3 ... deg(o,)

We observe that trace depends only on the degrees of each vertex. Hence,
tr(L(G")) = deg (o7) + deg (o9 ) + deg(c3) + ... + deg (c,,).
=o;x(n-1)+0; +(cgx(n—2))+0; +09 +o3x(n—3)+...+ o1

Gy + ...+ Gy
=2[c; x(n—1)] + 2[ce x (n = 2)] + ...+ 25,,;
=2[(c; x(n-1)]+(cg x(n—2))+...+ 6,1}
Hence the theorem.

For example, let a complete fuzzy graph with n =11 vertices be given,
say, op(x)=0.1, og(x) = 0.1, o3(x) = 0.2, 54(x) = 0.3, o5(x) = 0.3, og(x) = 0.4,
o7(x) = 0.5, og(x) = 0.5, og(x) = 0.6, 510(x) = 0.7, 571(x) = 0.8 arranged in

ascending order. Then trace is

= 2[(0.1x10) + (0.1 x 9) + (0.2 x 8) + (0.3 x 7) + (0.3 x 6) + (0.4 x 5) + (0.5 x 4)
+(0.5x3)+ (0.6 x 2) + (0.7 x1)] = 29.6.

Remarks. (i) The highest ¢ value is not taken into consideration, since p
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value is the smallest of its corresponding ¢ values

(1) The above theorem holds good even though two or more ¢ values are

same
(111) This theorem is applicable for complete bipartite fuzzy graphs

(iv) Also, we observe that trace of Laplacian matrix of fuzzy graph

depends only on the degrees of each vertex of the given fuzzy graph.
3.2 Trace of Laplacian matrix of fuzzy cycle

On inspecting fuzzy cycle, we observe that the values of Laplacian matrix

depend only on the edge membership function p;, where i =1...n. Here, we

study only the peripheral fuzzy cycle.

Theorem 2. Let G’ : (o, u) be given fuzzy cycle with n vertices. Then, the

spur or trace of the corresponding Laplacian matrix of the fuzzy cycle is
y _ n . .
tr(L(GQ)) = 221':1“1 Vi=1...n.
Proof. Given G’ : (o, n) a fuzzy cycle with n vertices.

We observed that the trace of Laplacian matrix depends only on degree of

each vertex. Hence, deg(c;) = 1y + Hg, deg(cy) = pg + us, deg(cs) = pug + pa,
..., deg(c,) = 1y + 1,

Therefore, tr(L(G')) = deg(c;) + deg(cy) + deg(os) + ... + deg(c,,)

= (1 + p2) + (g + pg) + (Mg + 1a) + o+ (Up1 + 1) + (g + 1)

=21y + 219 +2ug +2uy + ...+ 20, 1 + 24,

=20 + Mg T H3 +Hy Tt g )

B 22?=1Mi'

Hence the proof.

For example, consider a fuzzy cycle with five vertices which is labelled as
W = 0.6, ug = 0.9, ug = 0.3, py = 0.1, ps = 0.3. Then by using the above
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theorem, trace = 22 ?21 w, =2[0.6+09+0.3+0.1+0.3] =4.4.

3.3 Trace of Laplacian matrix of certain regular fuzzy graphs

A fuzzy cycle can be made vertex regular or edge regular by labelling its
edge membership function in such a way that it satisfies the definition of
regular fuzzy graph [10] [13].

Theorem 3. Let G' : (o, n) be given vertex regular even fuzzy cycle with n

vertices. Then spur or trace of the corresponding Laplacian matrix of the
vertex regular fuzzy cycle is

n(2u) whenp =p =pg = ... =,
tr(L(G") = <n(W +1") whenpy =y =ug =...= 1,1
and p" = pg = pg =... = Uy

Proof. Let G' : (o, n) be given vertex regular fuzzy cycle with n vertices.
Case (i) Let u =y = ug =... = p,,. Then, by theorem 2,
deg(cy) = py +pg = p+p+2p, deg(og) = pg + g = p+ 1 =2p,
deg(c3) = p3 +Hg =p+pu+24, ..., deg(c,) = + 1, =p+up=2p
Therefore, tr(I(G')) = deg(c;) + deg(oy) + deg(o3) + ... + deg(o,,)
= 2u + 2u + ... + 2u(n times) = n(2p).
Case (ii). Let W' =y =pg=...=p,1 and p" =pg =py =... = .
Using theorem 2, deg(c;) =y + g = W' + 1, deg(cy) = g + g = W + 1,
deg(c3) = u3 + 1y = W +1',..., deg(oy,) = by + 1, = W+ 4"
Therefore, tr(I(G')) = deg(c;) + deg(oy) + deg(o3) + ... + deg(o,,)
=(W+p)+W+p)+...+ (W +p")(ntimes)
= n(p +W).

Corollary 1. Let G' : (o, 1) be given vertex regular odd fuzzy cycle with n

vertices. Then spur or trace for the corresponding Laplacian matrix of the edge
regular fuzzy cycle is
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tr(L(G")) = 2(2n) where p =y = pg = ... = W,
Proof follows from theorem 3, case ().

Theorem 4. Let G’ : (o, n) be given edge regular fuzzy cycle with n

vertices. Then the spur or trace of the corresponding Laplacian matrix of the

edge regular fuzzy cycle is
tr(L(G")) = n(2n) where p=p; = pg = ... = W,.
Proof follows from theorem 3, case (i).

Remark. Even edge regular fuzzy cycle with n vertices cannot be labelled

as W = =pug =...=p, 1 and p" =pg = py = ... =,
3.4 Trace of Laplacian matrix of regular complete fuzzy graph

After converting, a complete fuzzy graph into a vertex regular or edge
regular fuzzy graph we analyzed the spur and the following theorem emerged
which also holds good for regular complete bipartite fuzzy graph.

Theorem 5. A complete fuzzy graph G': (o, n) is vertex regular as well
as edge regular only when o) =69 =...=0, == =Ug =...=W,. Then

the spur or trace of its corresponding Laplacian matrix regular complete fuzzy
graph is, tr(L(G")) = nu(n —1).

Proof. Let G' : (o, n) be given vertex regular fuzzy cycle with n vertices.
deg(c1) = (01 A 03) + (01 Ao3) + (01 Aoy)+...+ (01 Aoy) = px(n-1)
deg(oz) = (03 A 01) + (02 AO3) +(0g Aoy)+...+ (02 Aoy) =px(n—1)
deg(o3) = (03 A 01) + (03 AOg) + (03 AGy)+...+ (03 Aoy) =px(n-1)

deg(cy,) = (0, A 01) + (0, AOg) + (0 AO3)+...+ (0 ACy) =nx(n—1)

Therefore, tr(L(G')) = deg(cy) + deg(cg) + deg(os) + ...+ deg(o,,)
= u(ntimes)x (n —1) = n(n — 1)

Hence the theorem.
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3.5 Interpretation of algorithm

Using above theorems, we constructed the following algorithm which can

be converted into a programming language.

Let G’ : (o, n) be given fuzzy graph with n vertices.

Step 1.Mention whether it is a complete fuzzy graph, fuzzy cycle, vertex
regular/edge regular complete fuzzy graph or vertex regular/edge regular

fuzzy cycle with the number of vertices, say n.

Step 2. If complete fuzzy graph input the values of o; Vi =1...n then go
to step 3

If fuzzy cycle input the values of p; Vi =1...n then got to step 4

If vertex regular or edge regular complete fuzzy graph input o; value

then go to step 5

If vertex regular even fuzzy cycle input p; and pg values then go to step

If vertex regular odd fuzzy cycle or edge regular fuzzy cycle (even and

odd) input the p; value, then go to step 7.
Step 3. Arrange o;, such that o; < 65 <... < g, then calculate

spur = 2[oy(n —1)+o9(n—2)+...+ 6,1}

Step 4. Spur 22?:1“1' Vi=1...n

n(n —1)o;.

Step 5. Spur
Step 6. If y; = uy then spur = n(2y,) else spur = n(u; + py).
Step 7. Spur = n(2u, ).

Step 8. Stop

Proof of correction. Let G':(c,n) be given fuzzy graph with n

vertices. If the given graph is a complete fuzzy graph, then using theorem 1,
arrange o;, such that oj <oy <...<o,, calculate spur = 2[ci(n—1)

Advances and Applications in Mathematical Sciences, Volume 22, Issue 8, June 2023



ALGORITHMIC APPROACH OF SPUR ON LAPLACIAN ... 1923
+09(n—2)+...+0,_1) If it is a fuzzy cycle then get the values of
y; Vi =1...n, using theorem 2, spur = 22?21 W Vi=1...n Ifitis vertex

regular or edge regular complete fuzzy graph then get o; value, using
theorem 5, spur = n(n —1)o;. If vertex regular even fuzzy cycle input p; and
Ko values, using theorem 3, if p; =pg then spur =n(2y) else
spur = n(yy + pg). If vertex regular odd fuzzy cycle or edge regular fuzzy

cycle (even and odd) then input the p; value, using theorem 4,

spur = n(2y, ).

This algorithm is of polynomial complexity (’)(n2) which can be developed

as an application such as MATLAB which will be of greater use in future.
4. Conclusions

This paper will make a way for many researches in the field of Laplacian
matrix of fuzzy graph, which will be the major upcoming concept in the field
of machine learning, engineering etc. Further exertion is taken to extend this
paper in symmetric interconnection networks particularly in discipline
pattern fuzzy graphs so as to develop an application which will enhance the
approach towards Laplacian matrix and its spectrum in future.
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