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Abstract 

In this article, some methods are described to find these types of ranks viz, row rank, 

column rank, fuzzy rank and fuzzy full rank using Trapezoidal Fuzzy Matrices (TrFMs). Also we 

investigated the relationship between them under the algorithm for Row Reduced Echelon Form 

(RREF). We studied the cross vector and Schein rank under the relationship is illustrated with 

suitable example. 

1. Introduction 

Throughout this paper we deal with fuzzy number matrices that is 

matrices over fuzzy algebra . For ( ) ( ) ( ) ( )AAAAA crmn  ,,,,   and 

( )Af  denote the row space, column space, row rank, column rank, and fuzzy 

rank under trapezoidal fuzzy matrix respectively. Ismail and Morsi [1] 

established that fuzzy rank of fuzzy matrix in the product of two fuzzy 

matrices cannot exceed the fuzzy rank either fuzzy matrix. Also, Latha et al. 

[2] studied the rank of type 2 triangular fuzzy matrix. 

The concept of fuzzy matrix (FM) [3] is one of the recent topics to develop 

for dealing with the rank of fuzzy number matrices fuzzy matrices defined 

first time by Thomson [6] and discussed about the convergence of the powers 

of a fuzzy matrix. In FMs, rows and columns are taken as uncertain. He also 
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investigated different properties of these types of matrices along with 

application. Shyamal and Pal [4] introduced the concept of triangular fuzzy 

matrix. Stephen Dinagar and Harinarayanan [5] are studied the rank of 

fuzzy matrices. 

2. Preliminaries 

Definition 2.1 (Fuzzy Set). A fuzzy set is defined as  

 ( ) ,:,
~

XxxxA A =  with a membership function ( )  ,1,0: → XxA  

where ( )xA  denotes the degree of membership of the element x to the set A. 

Definition 2.2 (Fuzzy Number). A fuzzy set ,
~
A  defined on the set of 

real number R is said to be fuzzy number if its membership function has the 

following characteristics A
~

 is normal A
~

 is convex set. The support of A
~

 is 

closed and bounded then A
~

 is called fuzzy number. 

Definition 2.3 (Trapezoidal Fuzzy Number). A fuzzy number on TA
~

 

is a trapezoidal fuzzy number denoted by ( )4321 ,,,
~

aaaaAT =  are the 

membership function of this fuzzy number will be interpreted as   

( )
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2.4. Arithmetic Operations on Trapezoidal Fuzzy Numbers 

(TrFNs). Let us consider ( )4321 ,,,
~

aaaaAT =  and ( )4321 ,,,
~

bbbbBT =  be 

two trapezoidal fuzzy numbers then, 

(i) Addition: ( ) ( ).,,,
~~

44332211 babababaBA TT ++++=+  

(ii) Subtraction: ( ) ( ).,,,
~~

44332211 babababaBA TT −−−−=−  

(iii) Multiplication: 

( ) ( ( ) ( ( ) ( ( ) ( ( ).
~

,
~

,
~

,
~~~

4321 TTTTTT BRaBRaBRaBRaBA =   

Where ( )
4

~ 4321 bbbb
BR T

+++
=  

(iv) Division: ( )
( ) ( ) ( ) ( )

.~,~,~,~
~~ 4321











=

TTTT
TT

BR

a

BR

a

BR

a

BR

a
BA   

Where ( ) .
4

~ 4321 bbbb
BR T

+++
=  

Definition 2.5 Ranking Function. We define a ranking function 

( ) RRFR →:  which maps each fuzzy numbers to real line ( )RF  represent 

the set of all trapezoidal fuzzy numbers. If R be any linear ranking functions. 

( ) .
4

~ 4321







 +++
=

aaaa
AR T  

Definition 2.6 Inverse Trapezoidal Fuzzy Number. If Ta~  is 

trapezoidal fuzzy number and TrTa 0
~~   then we define .~

1
~

~ 1

T

T
T a

a =−  

3. Trapezoidal Fuzzy Matrices (TrFMs) 

Definition 3.1 (Trapezoidal Fuzzy Matrix). A trapezoidal fuzzy 

matrix of order nm  is defined as ( ) nmijT aA = ~ˆ  where 

( )4321 ,,,~
ijijijijij aaaaa =  is thij  element of .ˆ

TA  

3.2. Operations on Trapezoidal Fuzzy Matrices (TrFMs). Let  

( ) nmijT aA = ~ˆ  and ( ) nmijT bB =
~ˆ  be two TrFMs of same order. Then we have 
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the following 

( )ijijTT baBA
~~ˆˆ +=+  

( )ijijTT baBA
~~ˆˆ −=−  

For ( ) nmijT aA = ~ˆ  and ( ) kmhijT bB =
~ˆ  then ( ) kmijTT cBA = ~ˆˆ  where   

 =
==

n

p pjipij mibac
1

,,2,1,
~~~   and .,,2,1 kj =  

T
TÂ  or ( ).~ˆ

ijT aA =  

( ),~ˆ
ijT akAk =  where k is scalar. 

Definition 3.3 (Zero Trapezoidal Fuzzy Matrix). A trapezoidal fuzzy 

matrix (TrFM) is said to be a zero TrFM and all its entries are 0 and it is 

denoted by .ˆ
TO  

Definition 3.4 (Unit Trapezoidal Fuzzy Matrix). The square TrFM is 

said to be a unit TrFM if the diagonal elements are 1 and the rest of elements 

are 0. It is denoted by .ˆ
TI  

4. Rank of Trapezoidal Fuzzy Matrices (TrFMs) 

 Definition 4.1 (Trapezoidal Fuzzy Vector). A trapezoidal fuzzy 

vector is an n-tuple of elements from a fuzzy algebra. That is, a trapezoidal 

fuzzy vector is of the form ( )nxxx ,,, 21   where each element ,ix  

.,,2,1 ni =  

Definition 4.2 (Row Rank). The row space ( )TÂ  of an nm  

trapezoidal fuzzy matrix TÂ  is the subspace of n  generated by the rows of 

.ˆ
TA  The row rank ( )Tr Â  of TÂ  is minimum possible size of a spanning set 

of ( ).ˆ
TA  

 Definition 4.3 (Column Rank). The column space ( )TÂ  of an nm  

trapezoidal fuzzy matrix TÂ  is the subspace of m  generated by the rows of 
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.ˆ
TA  The row rank ( )Tr Â  of TÂ  is the smallest possible size of a spanning 

set of ( ).ˆ
TA  

Definition 4.4 (Fuzzy Rank). A trapezoidal fuzzy matrix TÂ  is said to 

be a fuzzy rank of rank r, if ( ) ( ) rAA TcTr == ˆˆ  and it is denoted by 

( ).ˆ
Tf A  

4.1 Elementary Transformation. The elementary transformation of a 

TrFM ( )ijT aA ~ˆ =  of the following transformation, 

1. Interchange of two rows or columns. 

2. Multiplication of a row (or column) by an arbitrary trapezoidal fuzzy 

number not equal to .
~

TO  

3. Addition of multiple of one row (or column) by trapezoidal fuzzy 

number not equal to TO
~

 to another row (column). 

4.2 Row Reduced Echelon form of TrFM. Let ( ) nmijT aA = ~ˆ  be the 

trapezoidal fuzzy matrix then the following steps are, 

1. If TOa
~~

11 =  then an interchange of rows and columns will change 

element in the position ,~
11a  so that .

~~
11 TOa   

2. Convert the element 11
~a  to T1

~
 by multiplying the first row by .~1 11a  

3. Subtract from the ith row, ,1i  the first row multiplied by ,~
11a  

whenever TOa
~~

11   then the element ( )1~
1 iai  will be replaced by .

~
TO  

4. Subtract from the jth column, ,1j  the first column multiplied by ,~
ja  

whenever ,
~~

Tj Oa   then the element ( )1~ ja j  will be replaced by .
~

TO  

5. Performing the same manipulations (step 1 to step 4) with the 

submatrix that remains in the lower right corner and so on. We finally after a 

finite number of manipulations arrive at a diagonal-equivalent TrFM with 

the same rank as the original TrFM .
~

TA  
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Example 4.5. Consider the TrFM, 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )















−−−−−−

−−−−−

−−−−

=

2,8,10,128,4,1,111,8,6,18,4,1,1

11,2,64,1,0,110,5,2,16,2,1,1

8,4,1,14,1,0,16,2,1,14,1,0,1
ˆ
TA  

into RREF. 
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c  

( )  4321 ,,,ˆ ccccAT =  and ( )  321 ,,ˆ rrrAT =  

Clearly 31, cc  and 4c  are linearly independent, 

The basis of ( )

( )
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TA  

The basis of ( ) =TÂ  
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( ( )) ( ) ( ( )) ( ) 3ˆˆdim,3ˆˆdim ==== TrTTcT AAAA   

The common value of row rank and column rank is fuzzy rank, 

(i.e.), ( ) ( ) ( ) .3ˆˆˆ === TfTcTr AAA  

Hence the rank of trapezoidal fuzzy matrix TÂ  is 3. 
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Property 4.6. Let mnTA ˆ  with ( ) .ˆ rATc =  Then there exist matrices 

mrTB ˆ  and rnTC ˆ  such that ( ) ( ) rCA TrTr == ˆˆ  and .ˆˆˆ
TTT CBA =  

Property 4.7. Let mnTA ˆ  with ( ) .ˆ sATc =  Then there exist matrices 

msTB ˆ  and snTC ˆ  such that ( ) ( ) sAA TcTc == ˆˆ  and .ˆˆˆ
TTT CBA =  

Definition 4.8. Let TÂ  and TB̂  be the two TrFMs such that TT BA ˆˆ  is 

defined by ( )  ( ) ( ).ˆ,ˆminˆˆ
TTTT BABA   

Definition 4.9. Let ( ) ,~ˆ
mnnmijT aA =   then TÂ  is called row full 

rank if ( ) mATr = ˆ  and TÂ  is called column full rank if ( ) nATc = ˆ  and let 

mnTA ˆ  then TÂ  is said to be fuzzy full rank if 

( ) ( ) ( ) .ˆˆˆ nAAA TcTrTf ===  

Example 4.10. Consider a Trapezoidal fuzzy matrix, 

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( ) 















−−

−

−−−

=

8,7,5,46,4,3,14,2,0,2

13,11,10,610,8,6,48,1,0,1

8,7,6,16,4,3,14,2,0,2
ˆ
TA  into RREF is 

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( ) 















−−−−−−

−−−−

−−−−−

18,7,5,1612,4,3,136,2,2,6

18,11,5,3413,8,3,209,1,1,9

9,1,1,97,1,1,74,2,0,2

~  

















=

100

010

001

c  

( )  321 ,,ˆ cccAT =  and ( )  321 ,,ˆ rrrAT =  

Clearly 21, cc  and 3c  are linearly independent. 

The basis of ( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( ) 















−−

−

−−−

=

8,7,5,46,4,3,14,2,0,2

13,11,10,610,8,6,48,1,0,1

8,7,6,16,4,3,14,2,0,2
ˆ
TA  

The basis of 
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( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )














−−−−−−

−−−−

−−−−−

=

18,7,5,1612,4,3,136,2,2,6

18,11,5,3410,8,3,209,1,1,9

9,1,1,97,1,1,74,2,0,2
ˆ
TA  

( ( )) ( ) ( ( )) ( ) 3ˆˆdim,3ˆˆdim ==== TrTTcT AAAA   

The common value of row rank and column rank order 3 is same for the 

fuzzy full rank is also 3 

(i.e.), ( ) ( ) ( ) .3ˆˆˆ === TfTcTr AAA  

5. Cross Vector and Schein Rank 

Cross vector play an important role in fuzzy as well as trapezoidal fuzzy 

matrix theory to evaluate the rank of matrices. 

Definition 5.1. For vectors vu,  the cross vector ( )vu,  is the TrFM 

( ) vuaA t
ijT == ~ˆ  such that ,~

iiij vua =  where iiij vua ,,~  in fuzzy algebra. 

Example 5.2. We consider two vectors ( ) ( ),6,3,0,1,4,1,0,1 −−=u  

( )8,6,0,2−  and ( ) ( ) ( ) ,8,6,2,0,9,7,6,2,8,6,0,2−=v  then the cross 

vector of these two vectors u and v is 

( )

( )

( )

( ) ( ) ( )( )8,6,2,0,9,7,6,2,8,6,0,2

8,6,0,2

6,3,0,1

4,1,0,1

−
















−

−

−

=vut  

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )















−−−

−−−

−−−

=

32,24,0,832,24,0,1224,18,0,6

24,12,0,436,18,0,618,9,0,3

16,4,0,424,6,0,612,3,0,3

 

Here we see that the row vectors of the cross vectors are linear 

combination of the vector ( ) ( ) ( ) 8,6,2,0,9,7,6,2,8,6,0,2−  and the 

column vectors are the linear combination of the vector 

( ) ( ) ( )  ,8,6,0,2,6,3,0,1,4,1,0,1 t−−−  which shows that the row vectors and 

column vectors of the cross vector are linearly dependent and row rank = 

column rank = fuzzy rank = 1. 
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Example 5.3. Let us consider ( ) ( )  ,8,1,0,1,4,2,0,2 21 −−=u  

( ) ( )  ,11,5,1,1,6,4,3,1 22 −−=u  

( ) ( ) ( )  31 4,2,0,2,8,7,5,4,6,4,3,1 −−=v  and  

( ) ( ) ( )  .8,1,0,1,10,8,6,4,11,5,1,1 32 −−=v  Now the cross vectors 

( ) ( ) ( )

( ) ( ) ( ) 













−−−

−−−
==

8,1,0,132,6,0,624,3,0,3

4,2,0,224,12,0,1212,6,0,6
ˆ

111 vuA t
T  

( ) ( ) ( )

( ) ( ) ( )













−−−

−−−
==

22,10,2,277,35,7,744,20,4,4

12,8,6,242,28,21,724,16,12,4
ˆ

222 vuA t
T  

( ) ( ) ( )

( ) ( ) ( )













−−−

−−−
=

30,11,2,3109,41,7,1368,23,4,7

16,10,6,466,40,21,1936,22,12,10
ˆ
TA  

Also,  

( ) ( )

( ) ( )
,

11,5,1,18,1,0,1

6,4,3,14,2,0,2
ˆ















−−

−−
=TU  

( ) ( ) ( )

( ) ( ) ( ) 













−−−

−−−
=

8,1,0,110,8,6,411,5,1,1

4,2,0,28,7,5,46,4,3,1
ˆ
TV  

( ) ( ) ( )

( ) ( ) ( )
TrTT AVU ˆ

30,11,2,3109,41,7,1368,23,4,7

16,10,6,466,40,21,1936,22,12,10
ˆˆ =















−−−

−−−
=  

.ˆˆˆ
TTT AVU =  

 Definition 5.4 (Schein Rank). The Schein rank ( )Ts Â  of a 

trapezoidal fuzzy matrix TÂ  is the least number of matrices of rank 1 whose 

sum is .ˆ
TrA  

Example 5.5. The Schein ranks of the trapezoidal fuzzy matrix 

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )















−−

−−−

−−

=

4,2,0,24,2,0,20,0,0,0

8,1,0,14,2,0,24,2,0,2

4,2,0,20,0,0,04,2,0,2
ˆ
TA  are 3, because 

.ˆˆˆˆ
321 TTTT AAAA ++=  
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Where 

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

,

0,0,0,00,0,0,00,0,0,0

0,0,0,00,0,0,04,2,0,2

0,0,0,00,0,0,04,2,0,2
ˆ
1

















−

−

=TA   

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

,

0,0,0,04,2,0,20,0,0,0

0,0,0,04,2,0,20,0,0,0

0,0,0,00,0,0,00,0,0,0
ˆ
2

















−

−=TA  

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )















−

−

−

=

8,2,0,20,0,0,00,0,0,0

8,1,0,10,0,0,00,0,0,0

4,2,0,20,0,0,00,0,0,0
ˆ
3TA  

With all iÂ ’s are of rank 1. 

6. Conclusion 

In this paper, we find out the different types of ranks using trapezoidal 

fuzzy matrices such as fuzzy rank, fuzzy full rank, cross vector and Schein 

rank. The evaluation of rank in topics of trapezoidal fuzzy matrices in fuzzy 

algebra  have been attempted. Our future investigation of study may be in 

the domain of fuzzy linear space of fuzzy linear system under fuzzy rank 

method. 
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