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Abstract 

The main goal of the paper, we discuss some different types of contractions in random cone 

metric spaces and prove some fixed point theorems of integral type implicit relations by use of 

random operators.  

Introduction 

Randomness raises various new problems about solution measurability, 

as well as probabilistic and statistical features of random solutions. 

Stochastic generalisations of classical common fixed point theorems are 

known as common random fixed point theorems. The financial markets have 

been transformed by random approaches. In 1976, Bharucha-Reid [4] came to 

the attention of many mathematicians and gave enormous theoretical 

approaches. Itoh [9] extended the results of Spacek and Hans in multi-valued 

contractive mappings. Papageorgiou [10,11] and Beg [2,3] found common 

random fixed points and random coincidence points of a pair of compatible 

random operators, as well as fixed point theorems for contractive random 

operators in Polish spaces. 

Huang and Zhang [7] defined the cone metric spaces by generalizing the 
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concept of metric spaces by replacing the set of real numbers with an ordered 

Banach space in 2007. They also developed the concept of completion in cone 

metric spaces and defined sequence of convergence. The assumption of 

normality of a cone and they proved certain fixed point theorems of 

contractive mappings on complete cone metric space. Other researchers [8, 

11-13] investigated the existence of fixed points and common fixed points of 

mappings satisfying contractive type conditions on a normal cone metric 

space. Rezapour and Hamlbarani [12] removed the assumption of normality 

in cone normal spaces in 2008, which was a significant step forward in the 

development of fixed point theory in cone metric spaces. 

Preliminaries 

Definition 2.1 [18]. Let ( ),E
 
be a topological vector space and P a 

subset of PE,  is called cone if  

1. P is non empty and closed,  ,0P  

2. For Pyx ,
 
and PbyaxRba +,

 
where ,0, ba  

3. If Px   and .0=− xPx  

For a given cone ,EP   a partial ordering ≤ with respect to P is defined 

by yx   if and only if yxPxy − ,
 
if yx   and ,yx   while yx 

will stand for Pxy int−  denotes the interior of P. 

Let E be a real banach space, EP   cone and ≤ partial ordering defined 

by P. Then P is called normal if there is a number 0K  such that for all 

., Pyx  yx 0  imply ykx 
 
or equivalently, if ( ) nnn zyxn 

and xzx n
n

n
n

==
→→

limlim
 
imply .lim xyn

n
=

→  
The least positive number K 

satisfying (1) is called the normal constant of P. It is clear that .1K  

Definition 2.2 [10] (Measurable function). Let ( ),
 
be a measurable 

space with Σ a sigma algebra of subsets of  and M a non-empty subset of 

metric space ( )., dXX =
 
Let M2  be the family of all non-empty subsets of M 

where ( )MC
 
the family of all non empty closed subsets of M. A mapping 

MG 2: →  is called measurable if, for each open subset U of M, such that 
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,1 −G  where ( ) ( ) .0,1 =− UGUG   

Definition 2.3 [10] (Measurable selector). A mapping M→ :
 

is 

called a measurable selector of a measurable mapping MG 2: →  if 

( ) ( ) G
 
for each .  

Definition 2.4 [10] (Random operator). Mapping XMT →:  is said 

to be a random operator if, for each fixed ( ) XxTMx → :,,
 

is 

measurable. 

Definition 2.5 [10] (Continuous random operator). A random operator

XMT →:  is said to be continuous random operator if, for each fixed 

( ) XxTMx → :,,
 
is continuous. 

Definition 2.6 [10] (Random fixed point). A measurable mapping 

M→ :
 
is a random fixed point of random operator XMT →:  if 

( ) ( )( )= ,T
 
for each .  

Definition 2.7 [9]. Let M be a non empty set and the mapping 

XMd →:  and XP   be a cone,   be a selector, satisfies the 

following conditions: 

(1) ( ) ( )( ) ( ) ( ) ( ) ( )= yxMyxyxd ,0,  

(2) ( ) ( )( ) ( ) ( )( ) = ,,,, Xyxxydyxd  and ( ) ( ) Xyx  ,  

(3) ( ) ( )( ) ( ) ( )( ) ( ) ( )( ) ,,,,, Xyxyzdzxdyxd +=  and   be 

a selector. 

(4) For any ( ) ( )( ) yxdXyx ,,,,
 
is a non decreasing and left 

continuous in . Then d is called cone random metric in M and ( )dM,
 
is a 

cone random metric space. 

Example [2]. Let ( )  === XyxRyxPRE ,0,0:,, 22

 
and 

EXXd →:  defined by ( ) ( ),,, yxyxyxd −−=
 
where 0  is a 

constant. Then ( )dX,
 
is a cone metric space with normal cone P where 

.1=K  
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Example [2]. Let    ( )==  ,,,0:, 1
2 XnxExPE nnn

 
a 

metric space and EXXd →:  defined by ( )
( )

.
2

,
,

1







=
n

n

yx
yxd

 

Then 

( )dX,
 
is a cone metric space. Clearly the above examples show that class of 

cone metric spaces contains the class of metric spaces. 

Example [15]. Let RM =  and  ,0: = xMxP
 
also  1,0=

 
and 

Σ be the sigma algebra of Lebegsue’s measurable subset of  .1,0  Let 

 )= ,0X
 

and define a mapping ( ) ( ) PXXd →:  by 

( ) ( )( ) ( ) ( ) .−= yxyxd
 
Then ( )dX,

 
is a random cone metric space. 

Definition 2.8 [9]. Let ( )dX,
 
be a cone metric space. We say that  nx  

is:  

(i) A Cauchy sequence if for every E  with ,0   then there is an N 

such that for all ( ) .,,,  mn xxdNmn  

(ii) A convergent sequence if for every E  with ,0   then there is 

an N such that for all ( )  xxdNn n,,
 
for some fixed x in X.  

(iii) A cone metric space X is said to be complete if every Cauchy sequence 

in X is convergent in X. 

In the following ( )dX,
 
will stands for a cone metric space with respect to 

a cone P with 00 P  in a real banach space E and ≤ is partial ordering in E 

with respect to P. 

Definition 2.9 [16]. Suppose that P is a normal cone in E. Eba ,  and 

.ba   We define  

   ( )  

 )  ( )  )



−+==

−+==

1,0somefor1;,

1,0somefor1;,

tattbxExba

tattbxExba
 

Definition 2.10 [16]. The set  bxxxxa n == ,,,, 210 
 

is called a 

partition for  ba,
 
if and only if the sets  nitt xx 11, =−  

are pairwise disjoint 

and       .,, 11 bxxba tt
n
t  −==  



SOME FIXED POINT THEOREMS OF INTEGRAL TYPE … 

Advances and Applications in Mathematical Sciences, Volume 22, Issue 2, December 2022 

457 

Definition 2.11 [16]. For each partition Q of  ba,
 
and each increasing 

function   ,,: Pba →
 
we define cone lower summation and cone upper 

summation as  

( ) ( )
−

=
+−=

1

0
1,

n

t
ttt

con
n xxxQL  and  

( ) ( )
−

=
++ −=

1

0
11,

n

t
ttt

con
n xxxQU  (2.2) 

respectively.  

Definition 2.12 [16]. Suppose that p is normal cone in 

  pbaE →= :.
 
is called a integrable function on  ba,

 
with respect to 

cone P or to simplicity. Cone integrable function, if and only if for all partition 

Q of   ( ) ( ).,lim,lim,, QUSQLba con
n

n

concon
n

n
==

→→  
Where 

conS  must be 

unique. We show the common value 
conS  by ( ) ( ) 

b

a
p xdx

 
to simplicity 

 
b

a
pd .  

Definition 2.13 [15]. The function EP → :
 
is called sub additive cone 

integrable function if and only if for all   
+

+
ba

a

a b

ppp dddPba
0 0

,,  

Example [15]. Let ( ) ( )=−=== ,0,,, PyxyxdRXE
 

and 

( )
( )1

1

+
=

t
t

 
for all 0t  then for all 

( )
( )

+
++=

+


ba
baIn

t

dt
Pba

0
,1

1
,,

( )
( ) +=

+

a
aIn

t

dt

0
1

1  
and 

( )
( ).1

10 +=
+

b
bIn

t

dt

 
Since ,0ab  then 

( ) ( ).1111 ++=+++++ baabbaba
 
Therefore ( ) ( )11 +++ aInbaIn

( ).1+ bIn
 
This shows that  is an example of sub additive cone integrable 

function. 

Definition 2.14 (implicit relation). Let  be the class of real valued 

continuous functions ( ) ++ → RR 4:
 
non-decreasing in the first argument 

and satisfying the following conditions: For  xyx ,0,
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 +
+

 yx
yx

y ,0,
2

,
 
or 







 xy
x

yx ,,
2

,
 
or ( )xxyxx ,,,

 
there exists a 

real number 10  h  such that .hyx   

Main Results 

Theorem 3.1. Let ( )dX,
 
be a complete cone random metric space and let 

M be a non-empty separable closed subset of cone metric space X and let T be a 

continuous random on M such that for all ( ) MMT → :,,

satisfying contraction 

( )
( )( ) ( )( )





TyxTd

dtt
,

0
 

( ) ( )
( ) ( )( )( ) ( )( )

( ) ( )
( ) ( )( )( ) ( )( )

( ) ( )
( ) ( ) ( ) ( )( )( )( )( )( ) ( )( )



























++





 

 

 

 

 

 

Txyd xTyTyTxd

tyyd Txxd

yxd Txyd

dttdtt

dttdtt

dttdtt

,

0

,,,

0

,

0

,

0

,

0

,

0

,

,

,

  (3.1) 

For all .,  Xy
 
Then T has a fixed point in X.  

Proof. For each ( ) Xx 0  
and ,1n  let 01 Txx =

 
and 

( ) ( ( )) ( ).0
1

1 == +
+ xTxTx n

nn  Then ( )
( ( ) ( ))


 +


1,

0

nn xxd
dtt

 

( )
( ( ) ( ))


−

=
nn Txxd

dtt
,

0

1
 

( ) ( )
( ( ) ( ))

( )
( ( ) ( ))( ( ) ( ))

( ) ( )
( ( ) ( ))( ( ) ( ))

( ) ( )
( ( ) ( ))( ( ) ( ))



























+

+

+



 

 

 

 

 

 

− −

−− −

− −−

nn nn

nn nn

nn nnnn

Txxd Txxd

Txxd Txxd

xxd TxxdTxxd

dttdtt

dttdtt

dttdttdtt

,

0

,

0

,

0

,

0

,

0

,

0

,

0

1 1

11 1

1 11

,

,,
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( ) ( )
( ( ) ( ))

( )
( ( ) ( ))( ( ) ( ))

( ) ( )
( ( ) ( ))( ( ) ( ))

( ) ( )
( ( ) ( ))( ( ) ( ))



























+

+

+



 

 

 

 

 

 

+−

−

− +

11

1

1 1

,

0

,

0

,

0

,

0

,

0

,

0

,

0

,

,,

nn nn

nn nn

nn nnnn

xxd xxd

xxd xxd

xxd xxdxxd

dttdtt

dttdtt

dttdttdtt

 

( ) ( )
( ( ) ( ))( ( ) ( ))

( )
( ( ) ( ))

( ) ( )
( ( ) ( ))( ( ) ( ))



























++

+

+



 



 

 



 

− +

−

− +

nn nn

nn

nn nn

xxd xxd

xxd

xxd xxd

dttdtt

dtt

dttdtt

,

0

,

0

,

0

,

0

,

0

1 1

1

1 1

0

,0

,0,

 

Therefore by definition (2.8) we have  

( )
( ( ) ( ))

( )
( ( ) ( ))









 

 −+ nnnn xxdxxd
dtthdtt

,

0

,

0

11
 

Similarly  

( )
( ( ) ( ))

( )
( ( ) ( ))









 

 −−− 121 ,

0

,

0

nnnn xxdxxd
dtthdtt  

Hence  

( )
( ( ) ( ))

( )
( ( ) ( ))









 

 −+ nnnn xxdxxd
dtthdtt

,

0

,

0

11
 

( )
( ( ) ( ))









 

 −− 12 ,

0

2 nn xxd
dtth  

On continuing this process  

( )
( ( ) ( ))

( )
( ( ) ( ))









 

 + 101 ,

0

,

0

xxd
n

xxd
dtthdtt

nn
 

So for mn   
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( )
( ( ) ( ))

( ) ( )
( ( ) ( ))









++++ 


−++

 10 ,

0

121
,

0

xxd
nmmm

xxd
dtthhhhdtt

nm
  

( )
( ( ) ( ))











−
 

 10 ,

01

xxdm

dtt
h

h
 

Let 0  be given, choose a natural number N such that 

( )
( ( ) ( ))








 
− 

 10 ,

01

xxdm

dtt
h

h

 
for every ,Nm   thus ( )

( ( ) ( ))





nm xxd

dtt
,

0

( )
( ( ) ( ))








 
−

 
 10 ,

01

xxdm

dtt
h

h

 
for every .Nmn   Therefore the 

sequence ( ) x
 
is a Cauchy sequence in X  such that ( ) ( ).→ zxn

Choose a natural number 1N
 
such that  

( ) ( ) ( )
( ( ) ( ))( ( ) ( ))( ) ( )( )

  
  + +

+
Tzzd xzd Tzxdn n

dttdttdtt
,

0

,

0

,

0

1 1
 

( ) ( )
( ( ) ( ))( ( ) ( ))

 
 +

+=
1,

0

,

0

n nxzd TzTxd
dttdtt  

( ) ( ) ( )
( ( ) ( ))( ( ( ) ( )))( ( ) ( ))

  
  +

+
1,

0

,

0

,

0
,

n n nxzd zxd Txzd
dttdttdtt  

( ) ( )
( ( ) ( ))( ( ) ( ))

 
 

++
Tzzd Txxd nn

dttdtt
,

0

,

0
 

( ) ( ) ( )
( ( ) ( ))( ( ) ( ))( ( ) ( ))

  
  

++
n nTxzd Tzxd Txzd

dttdttdtt
,

0

,

0

,

0

0
,  

( ) ( ( ) ( )
( ( ) ( ))( ( ) ( ))( ( ) ( ))

  
  + +

+
1 1,

0

,

0

,

0
,

n n nxzd zxd xzd
dttdttdtt  

( ) ( )
( ( ) ( ))( ( ) ( ))

 
  +

++
Tzzd xxd nn

dttdtt
,

0

,

0

1
 

( ) ( ) ( )
( ( ) ( ))( ( ) ( ))( ( ) ( ))

)  
  + +

+
1 1,

0

,

0

,

0
,

n n nxzd Tzxd xzd
dttdttdtt  

Taking →n  we have 
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( ) ( ( )
( ) ( )( )( ) ( )( )

 
 

+++
Tzzd Tzzd

dttdtt
,

0

,

0
,00,0,00  

( ) )
( ) ( )( )




+
Tzzd

dtt
,

0
0  

( ) ( ( )
( ) ( )( )( ) ( )( )

 
 

++
Tzzd Tzzd

dttdtt
,

0

,

0
,00,,0,00  

( ) ))
( ) ( )( )




+
Tzzd

dtt
,

0
0  

( )
( ) ( )( )





Tzzd

dtt
,

0
.0
 

Thus ( )
( ) ( )( )




−
Tzzd

Pdtt
,

0
,
 

but 

( )
( ) ( )( )





Tzzd

Pdtt
,

0
.  

Therefore ( )
( ) ( )( )




=
Tzzd

dtt
,

0
0

 

and so ( ) ( ).= zTz  

Example. Let RM =  and  ,0: = xMxP
 
also  1,0=

 
and Σ 

be the sigma algebra of lebesgue’s measurable subset of  .1,0  Let  )= ,0X

and define mapping as ( ) ( ) MXXd →:
 

by 

( ) ( )( ) ( ) ( ) ., −= yxyxd
 

Then ( )dX,
 

is a cone random metric space. 

Define random operator T from X  to X as ( )( )
( )

.
2


=

x
xT

 
Also sequence 

of mapping Xxn →:
 
is defined by ( )





































 −=

+
2

1
12

2
1nx

 

for every 

  and .Nn   Defined measurable mapping Xx →:  as 

( )















 −=
2

2
1

 

is fixed point of the space. 

Theorem 3.2. Let ( )dX,
 
be a complete cone random metric space and let 

M be a non empty separable closed subset of cone metric space X and let S and 

T be continuous random operators defined on M such that for 
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( ) MMT → :,,
 
satisfying contraction 

( ) ( ( )
( ) ( )( )( ( ( ) ( )))

 
 


yTxSd yxdrr

dttdtt
,

0

,

0
,  

( ) ( ( )
( ( ) ( ))( ( ) ( ))

,
,

0

,

0 












+ 

 yTxd yTydr r

dttdtt  

( ) ( )
( ( ) ( ))( ( ) ( ))

 
 

+
yTxd yTxSdr rr

dttdtt
,

0

,

0  

(3.2(a)) 

For all  ,, Xyx
 
and .0r  Then S and T has a common fixed 

point in X. 

Proof. For each ( ) ,0 Xx 
 

let us choose ( ) ( )= 01 xSx r

 
and 

( ) ( ).12 = xTx r

 
In general ( ) ( ( ))= + n

r
n xSxn 1,1

 
and 

( ) ( ( )).12 = ++ n
r

n xTx
 
Then 

( ) ( )
( ( ( ) ( ( ))( ( ) ( ))

 
 ++

=
21 ,

0

,

0

nn n
r

n
rxxd xSxSd

dttdtt  

( ) ( )
( ( ) ( ( )))(( ( ) ( ( ))))

( )
( ( ) ( ( )))

( ) ( )
( ( ( ) ( )))( ( ) ( ( )))












































+







+











 



 

 



 

+

++

+

nn nn
r

n
r

n

nn n
r

n

xxd xxSd

xTxd

xxd xSxd

dttdtt

dtt

dttdtt

,

0

,

0

,

0

,

0

,

0

2

21

1

,

,

 

( ) ( )
( ( ) ( ( )))(( ( ) ( ( ))))

( )
( ( ) ( ( )))

( )
( ( ) ( ( )))









































+













 





 

+

++

+ +

1

21

1 1

,

0

,

0

,

0

,

0

,

,

nn

nn

nn nn

xxd

xxd

xxd xxd

dtt

dtt

dttdtt
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Therefore by definition (2.1) we have  

( ) ( )
( ( ) ( ( )))( ( ) ( ( )))

 
 ++ +











21 1,

0

,

0

nn nnxxd xxd
dtthdtt  

Similarly  

( ) ( )
( ( ) ( ( )))( ( ) ( ( )))

 
 − −−











nn nnxxd xxd
dtthdtt

,

0

,

0

1 12
 

Hence  

( ) ( )
( ( ) ( ( )))( ( ) ( ( )))

 
 + −











1 1,

0

,

0

nn nnxxd xxd
dtthdtt  

( )
( ( ) ( ( )))









 

 −− 12 ,

0

2 nn xxd
dtth  

On continuing this process 

( ) ( )
( ( ) ( ( )))( ( ) ( ( )))

 
 + +











1 1,

0

,

0

nn nnxxd xxd
n dtthdtt  

So for mn   

( ) ( )
( ( ) ( ))




−+++ +++++
nm xxd

nmmmm hhhhhdtt
,

0

1321   

( )
( ( ) ( ))

( )
( ( ) ( ))











−









 

 1010 ,

0

,

0 1

xxdmxxd
dtt

h

h
dtt  

Let c0  be given. Choose a natural number N such that 

( )
( ( ) ( ))

cdtt
h

h xxdm








 
− 

 10 ,

01  
for every .Nm   Thus 

( )
( ( ) ( ))

( )
( ( ) ( ))

cdtt
h

h
dtt

xxdmxxd nm








 
−

 
 10 ,

0

,

0 1  
for every .Nm   

Therefore the sequence ( ) 
 

is a Cauchy sequence in .X  Since 

( )dX,
 

is complete, there exists ( ) Xz 
 

such that ( ) ( ).→ zxn

Choose a natural number 1N
 
such that  
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( ) ( ) ( )
( ( ) ( ))( ( ) ( ))( ) ( )( )

  
  + +

+
Tzzd xzd Tzxdn n

dttdttdtt
,

0

,

0

,

0

1 1
 

( ) ( )
( ( ( ) ( ))( ( ) ( ))

 
 + +

+=
1 1,

0

,

0

n
r

n
rxzd zTxSd

dttdtt  

( )

( ) ( )
( ( ) ( ( )) ( ))( ( ) ( ))

( ) ( )
( ( ( )) ( ))( ( ) ( ))

( ( ) ( ))


 

 

 

 

+




































+
















+
1,

0 ,

0

,

0

,

0

,,

0
,,

n

r
n n

r

n n
r

n

xzd

zTxd zxSd

zxd zxSxd

dttdtt

dttdtt

dtt  

( )

( )
( ( ) ( ))

( ) ( )
( ( ) ( ))( ( ) ( ))

( ) ( )
( ( ) ( ))( ( ) ( ))

( ( ) ( ))



 

 




 

 



+

+

+












































+














+



+
1

1

1,

0

,

0

,

0

,

0

,

0

,

0

,

,

n

r
n n

n
r

n

xzd

zTxd zxd

xzd zTzd

zxd

dttdtt

dttdtt

dtt

dtt  

Taking →n  we have  

( ) ( )
( ( ) ( ))( ( ) ( ))

 
 





















++

zTzd zTzdr r

dttdtt
,

0

,

0
,0,00  

( )
( ( ) ( ))





















+

 zTzd r

dtt
,

0
0  

( ) ( ) ( )
( ( ) ( ))( ( ) ( ))( ( ) ( ))

  
  














+

zTzd zTzd zTzdr r r

dttdttdtt
,

0

,

0

,

0
,,00  

( )
( ( ) ( ))





zTzd r

dtt
,

0
0  

Thus ( )
( ( ) ( ))




−
zTzd r

Pdtt
,

0
.

 

But ( )
( ( ) ( ))





zTzd r

Pdtt
,

0
.  
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0
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Thus ( ( ( ) ( ))) ., PzzSd r −
 
But ( ( ( ) ( ))) ., PzzSd r   

Therefore ( ( ( ) ( ))) 0, = zzSd r

 
and so ( )( ) ( ).= zzSr  

Hence ( ) ( ) ( )( ).== zTzzS rr  

Theorem 3.3. Let ( )dX,
 
be a complete cone random metric space and let 

M be a non-empty separable closed subset of cone metric space X and let T and 

f be two continuous random operators defined on M. Assume that T is a 

injective mapping and mapping T and f be such that for 

( ) MX → :,,
 
satisfying the contraction 

( )
( ) ( )( )( )





yTfTxd

dtt
,

0
 

( ) ( )
( ) ( )( )( )( ) ( )( )

( ) ( )
( ) ( )( )( )( ) ( )( )( )

( )
( ) ( )( )( )



























+

+







 

 



 

 

yTfTxd

yTfTxd yTfTyd

TyTxd yTfTxd

dtt

dttdtt

dttdtt

,

0

,

0

,

0

,

0

,

0

,

,

  (3.3(a))  

For all ,,  Xx
 
then f has a unique fixed point in X. Moreover if 

( )fT,
 
is a banach pair, then T and f have unique fixed point in X.  

Proof. Let ( ) Xx 0  
be arbitrary. Define a sequence  nx
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Similarly we can show that,  
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.Nmn   Therefore the sequence  ( )nx
 
is a Cauchy sequence in .X

Since ( )dX,
 

is complete, there exists ( ) Xu 
 

such that 

( ) ( ).→ TuTxn  
Since T is subsequently convergent,  ( )nx

 
is such that 

( ) ( ).lim →
→
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n

 

As T is continuous ( ) ( ).lim →
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By uniqueness of limit ( ) ( ).→ Tuz  
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Since 0→
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as ,→m  and P is closed. 
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And so ( ) ( )( ).= zTfTz  

As T is injective ( ) ( )( ).= zfz Thus ( )z
 
is the fixed point of f. 

Uniqueness. If ( )u
 
is another fixed point of f, then ( ) ( )( ).= ufu  
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0  
as ,1h  a contraction.  

Hence ( )
( ) ( )( )




=
TzTud

dtt
,

0
0

 
which implies ( ) ( ).= TzTu

 
As T is 

injective, ( ) ( )= zu
 
is the unique fixed point of f. As ( )fT,

 
is a banach pair, 

T and f commutes at fixed point of f which implies that ( ) ( )= fTzTfz
 
i.e. 

( ) ( )= fTzTz
 

which implies that ( )Tz
 

is another fixed point of f. By 

uniqueness of fixed point of ( ) ( )., = Tzzf
 
Hence ( ) ( ) ( )== Tzfzz

 
is 

the unique fixed point of f and T in X. 
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