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Abstract 

In this paper, we provide algorithms to label jewel graphs and jelly fish graphs by m-

Zumkeller numbers. 

1. Introduction 

A positive integer n is Zumkeller if we can partition the set of all the 

positive divisors of an integer n into two disjoint subsets such that sum of 

each partition subset is 
( )

,
2

n
 where ( )n  gives the sum of all the positive 

divisors of n. Various properties of Zumkeller numbers are discuued in [4]. In 

[3] S. Sriram, R. Govindarajan and K. Thirusangu proved that jewel graph 

and jelly fish graph are Zumkeller graph. 

Generalizing the concept of Zumkeller number H. Patodia and H. K. 

Saikia defined a new type of number as m-Zumkeller number in [2]. A 

positive integer n is an m-Zumkeller number if we can partition the set of all 

the positive divisors of n into two disjoint subsets of equal product. 

Let ( )EVG ,=  be a graph. A one-one function NVf →:  is said to be 

an m-Zumkeller labeling of the graph G, if the induced function NEf → :   
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defined as ( ) ( ) ( )yfxfxyf =  is an m-Zumkeller number for all Exy   and 

., Vyx   A graph is said to be an m-Zumkeller graph if it admits an m-

Zumkeller labeling. In [1] the m-Zumkeller labeling of complete bipartite 

graphs and wheel graphs are discussed. In this paper we prove that jewel 

graph and jelly fish graph are also m-Zumkeller graph. 

2. Properties of m-Zumkeller numbers 

Various properties of m-Zumkeller numbers discussed in [2] are given 

below- 

1. If n is an m-Zumkeller number, then ( ) ,4 n  where ( )n  gives the 

number of positive divisors of n. 

2. The integer  =


=

r

i i
ipn

1
 (where s

ip'  are distinct primes) is an m-

Zumkeller number if and only if ( ) .,,2,1|4 rini =  

3. The product of distinct prime numbers i.e.  =

r

i ip
1

 (where s
ip'  are 

distinct primes, )2r  are m-Zumkeller numbers. 

4. The integers of the form  =

r

i i
k p

1
2  where k is any positive integer 

and s
ip'  are distinct odd primes are m-Zumkeller numbers. 

Example 2.1. The integers 6, 8, 10, 14, 15, 16, 21, 22, 24 are the first few 

m-Zumkeller numbers. 

For 24, the positive divisors of 24 are 1, 2, 3, 4, 6, 8, 12, 24. This divisors 

of 24 can be partitioned into two subsets,  24,12,2,1=P  and 

 8,6,4,3=Q  such that the product of all the elements in each subset is 

576. Hence, 24 is an m-Zumkeller number. 

3. Jewel graph ( )nJ   

Definition 3.1. The jewel graph nJ  is the graph with vertex set ( )nJV  

 niuyxvu i = 1:,,,,  and edge set ( )  iin vuuuyvxvxyuyuxJE ,,,,,,=  

.1: ni   
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3.1 m-Zumkeller labeling algorithm for jewel graph ( )nJ  

Input. A Jewel graph nJ  having 4+n  vertices and 52 +n  edges. 

Output. m-Zumkeller jewel graph 

Procedure. mZum_lab_jewel graph. 

( )  41| += niuJV in   be the vertex set of nJ  

( )  45:,,,,,, 424332413121 += niuuuuuuuuuuuuuuJE iin   be the 

edge set of nJ  

ap =:1  prime number 132   

ap =:2  prime number 132   

ap =:3  prime number 132   

ap =:4  prime number 132   

4321 pppp   

do 

begin 

( ) 112 2puf i =−  

( ) 212 2puf i =+  

While 1=i  

end 

for 1:i  to 2 do 

begin  

( ) 32 2 puf i
i =  

end 

for 1:i  to n do 

begin 
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( ) 4
2

4 2 puf i
i

+
+ =  

end 

end mZum_lob_jewel graph. 

Proposition 3.1. The jewel graph nJ  is an m-Zumkeller graph. 

Proof. Let nJ  be a jewel graph with vertex set 

( )  niuuuuuJV in 1|,,,, 44321 +=  and edge set 

( )  .1:,,,,,, 44424332413121 niuuuuuuuuuuuuuuJE iin ++=  

Now 

( ) ( ) ( ) ( ) ( ) 31
2

312121 222 ppppufufuuf ===  

( ) ( ) ( ) ( ) ( ) 21
2

213131 222 ppppufufuuf ===  

( ) ( ) ( ) ( ) ( ) 31
3

3
2

14141 222 ppppufufuuf ===  

( ) ( ) ( ) ( ) ( ) 32
2

233232 222 ppppufufuuf ===  

( ) ( ) ( ) ( ) ( ) 32
3

3
2

24343 222 ppppufufuuf ===  

( ) ( ) ( ) ( ) ( ) 43
3

4
2

34242 222 ppppufufuuf ii
ii

++
++

 ===  

( ) ( ) ( ) ( ) ( ) .222 43
4

4
2

3
2

4444 ppppufufuuf ii
ii

++
++

 ===  

Hence we have seen that each edge of the jewel graph has an m-

Zumkeller label on it. Thus the jewel graph nJ  is an m-Zumkeller graph. □ 

Example 3.1. The Jewel graph 2J  is an m-Zumkeller graph for 

7,5,3 321 === ppp  and 114 =p  which is shown in figure 1. 

4. Jelly fish graph ( )nmJ ,  

Definition 4.1. The Jelly Fish graph ( )nmJ ,  is obtained from a 4-cycle 

4321 ,,, uuuu  by joining 1u  and 3u  with an edge and appending m pendent 

edges to 2u  and n pendent edges to .4u  
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Figure 1. m-Zumkeller labeling of .2J  

4.1 m-Zumkeller labeling algorithm for jelly fish graph ( )nmJ ,  

Input. A Jelly Fish graph ( )nmJ ,  having 4++ nm  vertices and 

5++ nm  edges. 

Output. m-Zumkeller jelly fish graph. 

Procedure. mZum_lab_jelly fish graph. 

( )( )  nivmiviunmJV iii  1:,1:,41:, =  be the vertex 

set of ( )nmJ ,  

( )( )  .1:,1:,,,,,, 424332413121 nivumivuuuuuuuuuuunmJE ii  =

be the edge set of ( )nmJ ,  

ap =:1  prime number 132   

ap =:2  prime number 132   

ap =:3  prime number 132   

ap =:4  prime number 132   

4321 pppp   

do 

begin 

( ) 112 2puf i =−  

( ) 212 2puf i =+  
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While 1=i  

end 

for 1:i  to 2 do 

begin  

( ) 32 2 puf i
i =  

end 

for 1:i  to m do 

begin 

( ) 22 pvf i
i =  

end 

for 1:i  to n do 

begin 

( ) 42 pvf i
i =  

end mZum_lab_jelly fish graph. 

Proposition 4.1. The jelly fish graph ( )nmJ ,  is an m-Zumkeller graph. 

Proof. Let ( )nmJ ,  be a jelly fish graph with vertex set 

( )( )  nivmiviunmJV iii  1:,1:,41:, =  and edge set 

( )( )  .1:,1:,,,,,, 424332413121 nivumivuuuuuuuuuuunmJE ii  =  

Now 

( ) ( ) ( ) ( ) ( ) 31
2

312121 222 ppppufufuuf ===  

( ) ( ) ( ) ( ) ( ) 21
2

213131 222 ppppufufuuf ===  

( ) ( ) ( ) ( ) ( ) 31
3

3
2

14141 222 ppppufufuuf ===  

( ) ( ) ( ) ( ) ( ) 32
2

233232 222 ppppufufuuf ===  
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( ) ( ) ( ) ( ) ( ) 32
3

3
2

24343 222 ppppufufuuf ===  

( ) ( ) ( ) ( ) ( ) 32
1

2322 222 ppppvfufvuf ii
ii

+ ===  

( ) ( ) ( ) ( ) ( ) .222 43
2

43
2

44 ppppvfufvuf ii
ii

+ ===  

Hence we have seen that each edge of the jewel graph has an m-

Zumkeller label on it. Thus the jewel graph nJ  is an m-Zumkeller graph. □ 

Example 4.1. The Jelly Fish graph ( )5,4J  is an m-Zumkeller graph, its 

m-Zumkeller labeling with 13,7,5,3 4321 ==== pppp  is shown in 

figure 2. 

 

Figure 2. m-Zumkeller labeling of ( ).5,4J  
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