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Abstract

In this paper, we evince the existence of an extended relaxed skolem mean labeling of helm

graph H,, closed helm graph CH,, and flower graph Fl, for n>3. We also probe the

necessary conditions for the extended relaxed skolem mean labeling of helm, closed helm and
flower graphs.

1. Introduction

Graphs regarded here are finite, undirected and simple. The symbols
V(G) and E(G) denote the vertex set and the edge set of a graph G. A graph
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labeling is an assignment of integer to the vertices or edges or both subject to
certain conditions. Most graph labeling methods are derived from the
descendants of by Rosa’s [9] findings of the year 1967. A graph labeling is an
assignment of integer to the vertices or edges or both subject to certain
conditions. Labelled graph has many branch out applications such as coding
theory, missile guidance, X-ray, crystallography analysis, communication
network addressing systems, astronomy, radar, circuit design, database
management etc. Labelled graph has many branch out applications such as
coding theory, missile guidance, X-ray, crystallography analysis,
communication network addressing systems, astronomy, radar, circuit
design, database management etc. D. S. T. Ramesh et al. [8] introduced
relaxed skolem mean labeling for four star. A. Manshathi et al. [4] have
proved non-existence of relaxed skolem mean labeling for star graphs. K.
Murugan [5] introduced relaxed skolem mean labeling of bistars. Ruby
Priscilla. A et al. [10,11] introduced an extended relaxed skolem mean
labeling of crown, tadpole and gear graphs. In this paper, we probe an

extended relaxed skolem mean labeling of helm graph H,,, closed helm graph

CH,,, and flower graph Fl, for n > 3.

Definition 2.1. A graph G is a non - empty set of objects called vertices
together with a set of unordered pairs of distinct vertices of G called edges.
The vertex set and the edge set of G are denoted by V(G) and E(G)

respectively. | E(G)| = q is called the size of G and | V(G)| = p is called the
order of G. A graph of order p and size q is known as a (p, q)-graph. If
e = uv 1s an edge of G, we say that u and v are adjacent and that © and v are
incident with e.

Definition 2.2. [7]. A vertex labeling of a graph G is an assignment of
labels to the vertices of G that induces for each edge xy a label depending on
the vertex labels f(x) and f(y). Similarly, an edge labeling of a graph G is an

assignment of labels to the edges of G that induces for each vertex v a label
depending on the edge labels incident on it. Total labeling involves a function

from the vertices and edges to some set of labels.

Definition 2.3 [7]. A graph G with p vertices and q edges is called a
mean graph if it is possible to label the vertices x € V with distinct elements
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EXTENDED RELAXED SKOLEM MEAN LABELING OF ... 669
f(x) from f(x) in such a way that when each edge e = uv is labeled with
M if f(u)+ f(v) is even and w if f(u)+ f(v) is odd, then

the resulting edge labels are distinct. The labeling f concedes a mean labeling
of G.

Definition 2.4 [7]. A graph G = (V, E) with p vertices and ¢ edges is
said to be a skolem mean graph if there exists a function f from the vertex set

of G to {1, 3, ..., p} such that the induced map f* from the edge set of G to
f@) + f(v)

o3 | defined by £*( ) D= if f(u) + f(v)iseven
, 3, ..., p} define e =uv) = is
g M if F(w) + f(v)isodd

odd then the resulting edges get distinct labels from the set {2, 3, ..., p}.

Definition 2.5 [8]. A graph G = (V, E) with p vertices and ¢ edges is
said to concede a relaxed skolem mean graph if there exists a function f from
the vertex set of G to {1, 2, 3, ...p +1} such that the induced map f* from
the edge set of G to {2,8,4, ..., p+1} defined by
M if f(u)+ f(v)iseven

f(e = uv) = is odd then the resulting
’[(L‘)+Tf(v)” if () + f(v)isodd

edges get distinct labels from the set {2, 3, ..., p +1}.

Definition 2.6. The helm W, is the graph obtained from a wheel W,, by
attaching a pendant edge to each rim vertex. It contains three types of
vertices: an apex of degree n, n vertices of degree 4 and n pendant vertices.

Definition 2.7. The closed helm CH,, is the graph obtained from a helm
H,, by joining each pendant vertex to form a cycle. It contains three types of

vertices: an apex of degree n, n vertices of degree 4 and n vertices degree 3.

Definition 2.8. The flower FI, is the graph obtained from a helm H, by

joining each pendant vertex to the apex of the helm. It contains three types of
vertices: an apex of degree 2n, n vertices of degree 4 and n vertices of degree

3.
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Theorem 2.9 [10]. The Crown C,®K;,n>3 admits an extended
relaxed skolem mean labeling if there exists a function f from the vertex set of
Gto{1,2,3, ..., p+2n, where 2<2n<2p+4 such that the induced map
f* from the edge set of G to 1{2,3,4,..,p+1} are distinct iff
p+2n=2V(C,0K,)|, where n =0, 1(mod2).

Theorem 2.10 [10]. The tadpole T,, j, graph admits an extended relaxed

skolem mean labeling when n, k =0,1(mod2), n >3 where n+k>4 iff
k>1.

Theorem 2.11 [11]. Gear graph C,, admits an extended relaxed skolem
mean labeling iff

0(mod 4) where n is odd

z d =6n—2.
0(mod 4) where n is even for n >3 and for f(w,) = 6n

@) flwy,) = {
(1) f(u) = 4i +6 where n=1+2,n>3 and i >1 where w,, n € G,,.
3. Main Results

Definition 3.1. A graph G = (V, E) with p vertices and g edges is cleped
to be an extended relaxed skolem mean graph if there exists an injection y
from the vertex set of G to {1, 2, 3, ...| V(G)|+ V7, where 2 <V} < 2p +4}
such that the induced map A° from the edge set of G to

1,2, 3,...| V(G)| + V;, where 1<V} < %} defined by
() + y(v)

*(e = uv) = 2
TS+ 30 1 ;(“) L ify(u) + y(v)isodd

if y(u) + y(v)iseven

then the resulting edges get distinct labels from the set

{1, 2,3,...| V(G)| + V, where 1 <V}, < 5p2+ 3},

The motivation behind the study of an extended relaxed skolem mean

labeling is predominantly based on heterogeneous network. Assume that the
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set of nodes in the heterogeneous pharmaceuticals network like research
nodes, manufacturing nodes, merchandising nodes, pharmaceuticals nodes

and development nodes are labelled as {n,n, ..., i}, {my, mg, ..., my}
{51, 89, ..., sp)y {t1, ta, ..., Ly} respectively {dj, ds, ..., d,}. The edges like

expenditure edges exist between research and development, employee edges
exist between merchandising nodes and pharmaceuticals nodes,
manufacturer edges among development nodes, manufacturer edges among
pharmaceuticals nodes. We have designed our extended relaxed skolem mean
graph in such a way that it reflects the heterogeneous network model, by
dividing the set of vertex labels which follows similar labeling fashion. All the
edge labels are distinct in such a way that a link exist between the nodes

having similar and distinct labeling pattern as well.

Heterogeneous network necessitates the use of the extended relaxed
skolem mean graphs for the following reasons (i) Duplication of links in the
network can be figured out by existence of the reoccurrence of edge labels. (i1)
Each type of node (For example: research node) in the heterogeneous network
can receive similar labeling design in an extended relaxed skolem graph.

Theorem 3.2. Helm graph H, concedes an extended relaxed skolem
mean labeling for every n >3 iff () y(w;) = 0(mod4) for n >3 y(w;) > 4n
(1) y(u) = 2k = O(mod2) where k =2n+1 for k =1(mod2) where k > 7 and

n>3and w, u € H,.

Proof. Let “u” be the centre vertex. Let v, vg, ..., v, be the vertices of
degree 4 and wy, wy, ..., w, be the pendant vertices of helm graph H,. Then
the order of the graph H, is | V(H,)| =2n+1 and the size of the helm
graph is | E(H,)| = 3n.

Define f:V(H,)—>1{1,238,..2n+1)+(2n+1)} where 2<2n+1
<(2n+1)+4

Sufficiency

Let the centre vertex be labeled as y(«) = 4n + 2 and y(w,) = 4n

Case 1. n = 1(mod 2)
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() =1

y(v;)=2i—1; for 2<i< ntl

n+1

Y(w;) = 2i - 38; for i < , for n >3

y(wi):2i—2; fOI‘2SiSnT+1—1,forn>3

n+1

Y(w;) = 2i; for 3<i < 5 , for n >3
y(v;) = 2i; for nt3 _icn
Yw;) = 20 - 1;

Ifi=n

Y(v;) =20 - Ly(w;) = 2

Case 2. For n = 0(mod2)

v(v) =1

. n
F <1< —
or 2 <1 5
v(v;) =2i-1
Y(w;) = 2i -2
Forn;2£i£n—1
Y(v;) = 2
Y(w;) = 2i -1
Fori=n
v(y)=2-1
Y(w;) = 2i
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The corresponding edge labelling y* is defined as

" ) M if y(w) + y(v)iseven
7 (e = wv) =
Lg(l))-‘rl 1if Y(ZU) + ,Y(v) isodd

The repercussion edge labels of G are {2, 3, (2n + 1) + 4n} distinct labels

with 1 <4n < . Hence the aforementioned labeling design yields an

5p+3
2
extended relaxed skolem mean labeling of helm graph.
Necessity
(1) For n=3
Let y(v;) = L,y(v;) = 2i = 1; for i = 2, 3;y(wg) = 2i + 3; y(ws3) = 6
Suppose 2n +1 < y(wy) < 4n

Let 8, 9, 10, 11 be the labels exist between 2n +1 and 4n. Then the edge

o) = Y(v1);Y(w1) _ Y(vg);y(wz) _5 and y(e) = y(vl);y(wl)

labels

(ug) + v(ws)
_ 1\s 2Y 3) _ g

For n > 3. For n =0, 1(mod2), Suppose 2n < y(w,) < 4n.

We get that the edge labels of ¢ and the edge labels of (vg, v3), (3, w3),

(03’ U4)a (U47 U4)’ (U4’ 05)’ (US’ w5)’ EEE) (vn_-l—l’ wn_—l—l)’ (vn_-i—l’ Un_+3)’ (Un_+3’ Un_+3)’
2 2 2 2 2 2

(Un+3’ Un+5 ), (Un+5’ Un+5 ), (Un+5’ Wn+7 ) (Un+7’ Wn+7 )’ ) (Unfl’ vn)’ (Un’ wn)
2 T2 2 T2 2 T2 2 T2

are same. Which is a contradiction (ii) Suppose y(u)= 2k —1 =1(mod2)
where k =1(mod2) with k> 7, where n=%k—-3 for n>3. That is there

exist label under y between 4n and for n > 3. Then the induced edge label

*(e) = Y(Ul)EY(wl) = Y1) ; v(u) = 2n +1. Which is a contradiction to the

definition of an extended relaxed skolem mean graph.
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Figure 3.1. An extended relaxed skolem mean labeling of helm graph Hjs.

Theorem 3.3. Prove that closed helm graph CH,, concedes an extended
relaxed skolem mean labeling for n > 3 iff () for n =3, y(s;) = 2n + 2 and for

n = 0(mod2), y(s,) = 4i + 6 where i = 2= 2

,n>4. (i) for n=0,1(mod2),
Y(s9) =60 + 8 where i =n—2,n>3. (iii) n =5, n =1(mod2)y(s;) = 4 +10

. n
where | =

53 (v) 7(w) = 4n - 2, for n > 3.

Proof. Let ‘v’ be the centre vertex and ¢, tg, ..., ¢, be the vertices of
degree 4 and s;, Sy, ..., 5, be the vertices of degree 3 of CH,,. Then the order
of the closed helm graph CH,, is | V(CH,)| =2n+1 and | E(CH,)| = 4n.

Define f:V(CH,)—> {1,283, ...2n+1)+(6n—9)} where 2<6n-9
<22n+1)+4

For Sufficiency assume the label for the centre vertex as y(u) = 4n — 2.
Case 1. n = 0(mod 2)

Let y(t;) = 1. Assign the label 3 to the vertex ‘ty’, 5 to the vertex ‘t3’, 7 to

thil

the vertex ¢, and so on upto as 2i—1 and assign the vertices

tpes>tpss »...and ¢, ;1 as n+3, n+4,n+5,...2(n—1) respectively and

2 2

the vertex ‘t,, " as 2i — 1.
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Let the vertices sy, s, ...s,, of degree 3 be labeled as follows
For n=32>y(s;) =2n+2
For n=52>7v(s;) =2n+4
fs;)=6n+(@—-2)—4; for 2<i<3;
for n >3
Y(s;)=2n+4 for i =1
fori=1
y(s;)=6n+2(0-2)—4
Case 2. n = O(mod 2)
y(u) = 4n - 2

v(th) =1

..n
<i<Z
For2_z_2

W) =2i-1

) = 2

Fori=n

y(E)=2i-1

Let the vertices s;, 9, ..., s, of degree 3 be labeled as follows:
Y(s1) = 2n + 2

Y(s;)=6n+2(0—-2)—4 for 2<i<n

The corresponding edge labeling y* is defined as
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M if y(s) + y(¢)iseven

w if y(s) + 1(t)isodd

v (e =st)=

The repercussion edge labels of G are {2, 3, (2n + 1)+ (6n —10)} distinct

5p+3

labels with 1 < 6n —10 < 5

Hence the aforementioned labeling design yields an extended relaxed
skolem mean labeling of the closed helm graph CH,,.

Following cases bring forth the proof of Necessity
Case 1. For n =3

Suppose y(s;) # 2n + 2
i.e., Assume 2n—1<y(s;) < 2n + 2.

Let 2n, 2n +1 be the labels exist between 2n —1 < y(s;) < 2n + 2.

Then v*(e) = Y(tl)EY(Sl) = Y(tZ); v(ts) =n+1. Which contradicts the

definition of an extended relaxed skolem mean labeling.

Case 2. For n = 0(mod2),

Suppose, y(s;) # 4i + 6 where i = n; ,n>4
i.e., Assume that 2n —1 < y(s;) < 2n + 2.

ey = M) +y(sy) _ vlee) +v(ts) _ vlts) +v(ta) _ v(a) + ()
Then Y (e) = 5 = 5 = 5 = 5

=..= w = n + 1. Which contradicts the definition of an extended

relaxed skolem mean labeling.

Case 3. For n = 1(mod2) where n > 5

Suppose y(s;) < 41 +10 where i = nT—S
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i.e., Suppose 2n -1 < y(s)) < 2n + 4.

Then the edge label 7y*(e)= Y(Sl);Y(S") _ Atn) ; Wsn) _ 1On2— 9;

tn+1 Sn+1
y( nt +1)+y(—+1)
e) = 'Y(Sl)‘;Y(32) _ “/(154);r vi) _ L2 5 2 —dn-1 and

tn+1 ) Sn+1
+1|+y(E=+1
) y(t1>+v<sl>zy( I A I

5 5 = n + 2. Which contradicts.

Case 4. For n = 1(mod2)

Suppose y(u) < n—2. i.e., Suppose 2n +4 < y(u) < 4 — 2. Then the edge

label v'(e) = Y(tl);‘ v(w) _ Y(tl)‘;Y(Sl) =n+37e) = Y(tl); v(w)
_ w “nid and also 7(e) = Y(tz); 1) _ v(ﬁ);v(u)
'Y(tnfl ) + Y(tn)

= = n + 6. Which is a contradiction.

Case 5. n = 0, 1(mod 2)
Suppose y(sy) # 6i + 8 where i =n—2;n >3

i.e., Suppose 4n —2 < y(sy) < 6n — 4. Then the edge label of (f9, s9) and
the edge labels of (¢, u) are identical where 2 <i<n. Which is a

contradiction.

Case 6. For n = 0(mod2)
Suppose 2n + 2 < y(u) < n — 2.

Then the edge labels of (¢, u) is same as that of (¢, s;) for all n >4 and
(t;, u) is same as that of (¢4, t5) for n =4 and for n = 6, (¢, u) is same as
that of (¢4, t5) and (¢5, tg) and for n = 8, (¢, u) is same as that (5, t5) and

(t3, 1) is same as that (fg, t7) and (¢7, tg) and so on.
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L

Wy

Figure 3.2. An extended relaxed skolem mean labeling of closed helm graph

CH;.

Theorem 3.4. Flower graph Fl, concedes an extended relaxed skolem
mean labeling for n>3 iff (i) For n=0(mod2), y(r) =11+ 4i, y(u)
=8 +8 n>4, where i= nT—Z; y(r7) =100 +19, y(rg) = 120 + 23 where

i= ”54, n>6 (i) For n=1Lmod2),y(r)=4i+9, ) =S8i+12 v(r)

n—

5 3 and n > 5,1, u, rr, 13 € V(FL,).

=121 + 23 where 1 =

Proof. Let u be the centre vertex, dj, ds, ..., d,, be the vertices of degree
4 and n, ry, ..., 1, be the vertices of degree 2 of flower graph Fj. Then the
order of the flower graph |V(F})|=2n+1 and | E(F})|=4n. To define
f:V(F)—>{1,23 ...,2n+1)+5n-1)=Tn -4} with 2<5(n-1)

< 2(2n +1) + 4 we consider following four cases.

Case 1. n = 3.

Label the centre vertex as 12 and the vertices d;, dy, d3 of degree 4 are
labeled as 1, 3, 4 respectively and the vertices nr, ry, r3 of degree 2 are labeled

as 22, 18, and 14 respectively. Then all the induced edge labels are distinct.
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Case 2 n =4.

Label the centre vertex as 16 and the vertices dj, dy, d3, dy of degree 4
are labeled as 1, 3, 6, 7 respectively and the vertices r, 1y, 13, ry of degree 2

are labeled as 30, 26, 22, 18, 16 respectively. Then all the induced edge labels

are distinct.

For the sufficiency assume the label for the centre vertex as y(u) = 4n.
Case 3. n = 1(mod2), n > 5
y(dy) =1

Y(v;) =20 —1; for 2<i < n+l

n+3

y(v;) = 2i; for 2

2<i<n

yv;)=2i-L ifi=n
Let the vertices 1, 1y, ...1;, of degree 2 be labelled as follows

For1<i<tl

y(r;)=2n +1)+2(G -1)

n+1
2

For +1<i<n
v(r;) = 5n + 2i — 4.

Case 4. n = O(mod2), n > 6
vd) =1

Wd;) =21 for2<i< g

n+2 .
<i1<n-1

1(d;) = 2i; For

Y(d;)=2i-1; for i =n
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Let the vertices nr, m, ...1;, of degree 2 be labeled as follows:

() = (2n+3) +2(i - 1) Forlgig%

y(r;) = 5n -1, fori:%+1

y(ri)=6n—1+2[i—(%+2ﬂ; for%+2$i£n

The corresponding edge labelling y* is defined as

v(r) + v(d)

i if y(r) + y(d)iseven
== s o1
2

if y(r) + y(d)isodd.

The repercussion edge labels of G are {2, 3, ..., [(2n +1)]5n — 6} distinct

labels where 1 < 5n -6 < 5p_2+3

. Hence the aforementioned labeling design
yields an extended relaxed skolem mean labeling of flower graph.
Necessity

Case 1. For n = O(mod2), n > 6

Subcase 1A. To Prove: y(r;) = 11 + 4i, where i = nT_él

Suppose y(r;) # 11+ 4i i.e., Assume that 2n—1<y(ry) < 2n+3. Then

there exist vertex labels 2n, 2n +1, 2n + 2 such that the edge labels of
(v(d1), ¥(11)) and (v(dy,), v(d, ) and (v(w), (v(1))) and (v(d, ), v(r, ) ave
E §+1 §+1 §+1

identical. Which is a contradiction.

2
3n+1<vy(w)<4n for n>6. Then the edge labels of (d;, ) and

(ds, 13), (ds, 13), (d5, 75), (dg> 76)s -.os (dps 7 ) (dfy 7 ) (dy, . dy) arve
E E §+5 §+5 §+5

Subcase 1B. To Prove: y(u) = 8i +12, where i = n , n > 4. Suppose

identical. Which is a contradiction.
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Subcase 1C. To Prove: y(r;) = 10i + 19, where i = nT_él Suppose labels

exist between 4n <y(r)<5n-1 for n>6. Then the edge labels of
(d, ,r, ) and (ds, u), (dg, ), ..., (d,, ,u) are identical which is a
—+1 =+1 =+2
2 2 2
contradiction.

Subcase 1D. To Prove: y(rz) =12i +23 where i = n;

Suppose label exist between 5n —1 < y(r3) < 6n —1. Then the edge labels of

and n > 6.

(d2 , r£+2) and (r, w), (1, ), ..., (ry, u) are same which is a contradiction.

2 2 2

Case 2. For n =1(mod2), n > 5.

Subcase 2A. To Prove: y(p)=4i+9, where 1=

n=>5, 1, u 15 € V(FL,). Suppose y(ry)# 4i+9, where i=2""2_ ie,

Assume that 2n+1<y(ry) < 2n+3. Resulted edge labels of (u, r;) and

(u, ) are identical.

Subcase 2B. To Prove: y(u) = 8 +12 where i = nT_3" n > 5. Suppose

3n < y(u) < 4n. Then the edge labels of (d,,.1 o Tl 1) and (dy, u), (ds, u)
ot 2t

(dy, w), (ds, u), (dg, w), ..., (dn_+1+1, 1) are identical. Which is a contradiction.
2

Subcase 2C. To Prove: 7y(r;) =12+ 23 where i:nT—fi. Suppose

4n <y(m)<6n-1 Then the edge labels of (d, 1 o Tned ) and
—

g 5l
(dg, u), (d7, w), ..., (d,, v) and also (dn_+1 X rn_ﬂﬂ) and  (n, w),
2 2
(r9, W), ..., (r,41, u) are identical which is a contradiction.
2
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Figure 3.3. An extended relaxed skolem mean labeling of flower graph FJ .

Conclusion

We have evinced helm, closed helm and flower graphs conceding an

extended relaxed skolem mean labeling and also investigated the necessary

conditions.
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