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Abstract 

In this paper, we evince the existence of an extended relaxed skolem mean labeling of helm 

graph ,nH  closed helm graph ,nCH  and flower graph nFl  for .3n  We also probe the 

necessary conditions for the extended relaxed skolem mean labeling of helm, closed helm and 

flower graphs. 

1. Introduction 

Graphs regarded here are finite, undirected and simple. The symbols 

( )GV  and ( )GE  denote the vertex set and the edge set of a graph G. A graph 
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labeling is an assignment of integer to the vertices or edges or both subject to 

certain conditions. Most graph labeling methods are derived from the 

descendants of by Rosa’s [9] findings of the year 1967. A graph labeling is an 

assignment of integer to the vertices or edges or both subject to certain 

conditions. Labelled graph has many branch out applications such as coding 

theory, missile guidance, X-ray, crystallography analysis, communication 

network addressing systems, astronomy, radar, circuit design, database 

management etc. Labelled graph has many branch out applications such as 

coding theory, missile guidance, X-ray, crystallography analysis, 

communication network addressing systems, astronomy, radar, circuit 

design, database management etc. D. S. T. Ramesh et al. [8] introduced 

relaxed skolem mean labeling for four star. A. Manshathi et al. [4] have 

proved non-existence of relaxed skolem mean labeling for star graphs. K. 

Murugan [5] introduced relaxed skolem mean labeling of bistars. Ruby 

Priscilla. A et al. [10,11] introduced an extended relaxed skolem mean 

labeling of crown, tadpole and gear graphs. In this paper, we probe an 

extended relaxed skolem mean labeling of helm graph ,nH  closed helm graph 

,nCH  and flower graph nFl  for .3n  

Definition 2.1. A graph G is a non - empty set of objects called vertices 

together with a set of unordered pairs of distinct vertices of G called edges. 

The vertex set and the edge set of G are denoted by ( )GV  and ( )GE  

respectively. ( ) qGE =  is called the size of G and ( ) pGV =  is called the 

order of G. A graph of order p and size q is known as a ( )qp, -graph. If 

uve =  is an edge of G, we say that u and v are adjacent and that u and v are 

incident with e. 

Definition 2.2. [7]. A vertex labeling of a graph G is an assignment of 

labels to the vertices of G that induces for each edge xy  a label depending on 

the vertex labels ( )xf  and ( ).yf  Similarly, an edge labeling of a graph G is an 

assignment of labels to the edges of G that induces for each vertex v a label 

depending on the edge labels incident on it. Total labeling involves a function 

from the vertices and edges to some set of labels. 

Definition 2.3 [7]. A graph G with p vertices and q edges is called a 

mean graph if it is possible to label the vertices Vx   with distinct elements 
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( )xf  from ( )xf  in such a way that when each edge uve =  is labeled with 

( ) ( )
2

vfuf +
 if ( ) ( )vfuf +  is even and 

( ) ( )
2

1++ vfuf
 if ( ) ( )vfuf +  is odd, then 

the resulting edge labels are distinct. The labeling f concedes a mean labeling 

of G. 

Definition 2.4 [7]. A graph ( )EVG ,=  with p vertices and q edges is 

said to be a skolem mean graph if there exists a function f from the vertex set 

of G to  p,,3,1   such that the induced map f  from the edge set of G to 

 p,,3,2   defined by ( )

( ) ( )
( ) ( )

( ) ( )
( ) ( )








+
++

+
+

==

oddisif
2

1

evenisif
2

vfuf
vfuf

vfuf
vfuf

uvef  is 

odd then the resulting edges get distinct labels from the set  .,,3,2 p  

Definition 2.5 [8]. A graph ( )EVG ,=  with p vertices and q edges is 

said to concede a relaxed skolem mean graph if there exists a function f from 

the vertex set of G to  1,3,2,1 +p  such that the induced map f  from 

the edge set of G to  1,,4,3,2 +p  defined by 

( )

( ) ( )
( ) ( )

( ) ( )
( ) ( )








+
++

+
+

==

oddisif
2

1

evenisif
2

vfuf
vfuf

vfuf
vfuf

uvef  is odd then the resulting 

edges get distinct labels from the set  .1,,3,2 +p  

Definition 2.6. The helm nW  is the graph obtained from a wheel nW  by 

attaching a pendant edge to each rim vertex. It contains three types of 

vertices: an apex of degree nn,  vertices of degree 4 and n pendant vertices. 

Definition 2.7. The closed helm nCH  is the graph obtained from a helm 

nH  by joining each pendant vertex to form a cycle. It contains three types of 

vertices: an apex of degree nn,  vertices of degree 4 and n vertices degree 3. 

Definition 2.8. The flower nFl  is the graph obtained from a helm nH  by 

joining each pendant vertex to the apex of the helm. It contains three types of 

vertices: an apex of degree nn,2  vertices of degree 4 and n vertices of degree 

3. 
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Theorem 2.9 [10]. The Crown 3,1 nKCn   admits an extended 

relaxed skolem mean labeling if there exists a function f from the vertex set of 

G to  ,2,,3,2,1 np +  where 4222 + pn  such that the induced map 

f  from the edge set of G to  1,,4,3,2 +p  are distinct iff 

( ) ,22 1KCVnp n =+  where ( ).2mod1,0n  

Theorem 2.10 [10]. The tadpole knT ,  graph admits an extended relaxed 

skolem mean labeling when ( ) 3,2mod1,0,  nkn  where 4+ kn  iff 

.1k  

Theorem 2.11 [11]. Gear graph nC  admits an extended relaxed skolem 

mean labeling iff 

(i) ( )
( )

( )




evenisnwhere

oddisnwhere
wf n

4mod0

4mod0
 for 3n  and for ( ) .26 −= nwf n   

(ii) ( ) 64 += iuf  where 3,2 += nin  and 1i  where ., nn Gnw   

3. Main Results 

Definition 3.1. A graph ( )EVG ,=  with p vertices and q edges is cleped 

to be an extended relaxed skolem mean graph if there exists an injection  

from the vertex set of G to  ( ) LVGV +,3,2,1  where 422 + pVL  

such that the induced map   from the edge set of G to 

 ( ) LVGV +,3,2,1  where 
2

35
1

+


p
VL  defined by 

( )

( ) ( )
( ) ( )

( ) ( )
( ) ( )








+
++

+
+

==

oddisif
2

1

evenisif
2

vu
vu

vu
vu

uve  

then the resulting edges get distinct labels from the set 

 ( ) LVGV +,3,2,1  where .
2

35
1

+


p
VL  

The motivation behind the study of an extended relaxed skolem mean 

labeling is predominantly based on heterogeneous network. Assume that the 
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set of nodes in the heterogeneous pharmaceuticals network like research 

nodes, manufacturing nodes, merchandising nodes, pharmaceuticals nodes 

and development nodes are labelled as    qn mmmrrr ,,,,,,, 2121   

   qb tttsss ,,,,,,, 2121   respectively  .,,, 21 nddd   The edges like 

expenditure edges exist between research and development, employee edges 

exist between merchandising nodes and pharmaceuticals nodes, 

manufacturer edges among development nodes, manufacturer edges among 

pharmaceuticals nodes. We have designed our extended relaxed skolem mean 

graph in such a way that it reflects the heterogeneous network model, by 

dividing the set of vertex labels which follows similar labeling fashion. All the 

edge labels are distinct in such a way that a link exist between the nodes 

having similar and distinct labeling pattern as well. 

Heterogeneous network necessitates the use of the extended relaxed 

skolem mean graphs for the following reasons (i) Duplication of links in the 

network can be figured out by existence of the reoccurrence of edge labels. (ii) 

Each type of node (For example: research node) in the heterogeneous network 

can receive similar labeling design in an extended relaxed skolem graph. 

Theorem 3.2. Helm graph nH  concedes an extended relaxed skolem 

mean labeling for every 3n  iff (i) ( ) ( )4mod01  w  for 3n  ( ) nw 41   

(ii) ( ) ( )2mod02 = ku  where 12 += nk  for ( )2mod1k  where 7k  and 

3n  and .,1 nHuw   

Proof. Let “u” be the centre vertex. Let nvvv ,,, 21   be the vertices of 

degree 4 and nwww ,,, 21   be the pendant vertices of helm graph .nH  Then 

the order of the graph nH  is ( ) 12 += nHV n  and the size of the helm 

graph is ( ) .3nHE n =  

Define ( ) ( ) ( ) 1212,3,2,1: +++→ nnHVf n   where 122 + n  

( ) 412 ++ n  

Sufficiency 

Let the centre vertex be labeled as ( ) 24 += nu  and ( ) nw 41 =   

Case 1. ( )2mod1n  
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( ) 11 = v   

( ) ;12 −= ivi  for 
2

1
2

+


n
i   

( ) ;32 −= iwi  for ,
2

1+


n
i  for 3n   

( ) ;22 −= iwi  for ,1
2

1
2 −

+


n
i  for 3n  

( ) ;2iwi =  for ,
2

1
3

+


n
i  for 3n  

( ) ;2ivi =  for ni
n


+

2

3
  

( ) ;12 −= iwi  

If ni =  

( ) ( ) iwiv ii 2;12 =−=  

Case 2. For ( )2mod0n   

( ) 11 = v  

For 
2

2
n

i    

( ) 12 −= ivi   

( ) 22 −= iwi   

For 1
2

2
−

+
ni

n
 

( ) ivi 2=  

( ) 12 −= iwi   

For ni =   

( ) 12 −= ivi  

( ) iwi 2=  
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The corresponding edge labelling   is defined as  

( )

( ) ( )
( ) ( )

( ) ( )
( ) ( )








+
++

+
+

==

oddisif
2

1

evenisif
2

vw
vw

vw
vw

wve   

The repercussion edge labels of G are ( ) nn 412,3,2 ++  distinct labels 

with .
2

35
41

+


p
n  Hence the aforementioned labeling design yields an 

extended relaxed skolem mean labeling of helm graph. 

Necessity  

(i) For 3=n   

Let ( ) ( ) ;12;11 −== ivv i  for ( ) ( ) 6;32;3,2 32 =+== wiwi   

Suppose ( ) nwn 412 1 +  

Let 8, 9, 10, 11 be the labels exist between 12 +n  and .4n  Then the edge 

labels ( )
( ) ( ) ( ) ( )

5
22

2211 =
+

=
+

=
wvwv

e  and ( )
( ) ( )

2
11 wv

e
+

=  

( ) ( )
6

2
33 =

+
=

wv
 

For .3n  For ( ),2mod1,0n  Suppose ( ) .42 1 nwn   

We get that the edge labels of c and the edge labels of ( ) ( ),,,, 3332 wvvv  

( ) ( ) ( ) ( ) ( ) ( ) ( ),,,,,,,,,,,,,,,

2

3

2

3

2

3

2

1

2

1

2

155544443 ++++++ nnnnnn vvvvwvwvvvvvvv    

( ) ( ) ( ) ( ) ( ) ( )nnnnnnnnnnnn wvvvwvwvvvvv ,,,,,,,,,,,, 1

2

7

2

7

2

7

2

5

2

5

2

5

2

5

2

3 −++++++++   

are same. Which is a contradiction (ii) Suppose ( ) ( )2mod112 −= ku  

where ( )2mod1k  with ,7k  where 3−= kn  for .3n  That is there 

exist label under  between n4  and for .3n  Then the induced edge label 

( )
( ) ( ) ( ) ( )

.12
22

111 +=
+

=
+

= n
uvwv

e  Which is a contradiction to the 

definition of an extended relaxed skolem mean graph. 
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Figure 3.1. An extended relaxed skolem mean labeling of helm graph .12H  

Theorem 3.3. Prove that closed helm graph nCH  concedes an extended 

relaxed skolem mean labeling for 3n  iff (i) for ( ) 22,3 1 +== nsn  and for 

( ) ( ) 64,2mod0 1 += isn  where .4,
2

2


−
= n

n
i  (ii) for ( ),2mod1,0n  

( ) 862 += is  where .3;2 −= nni  (iii) ( ) ( ) 1042mod1,5 1 += isnn  

where 
2

3−
=

n
i  (iv) ( ) ,24 −= nu  for .3n  

Proof. Let ‘u’ be the centre vertex and nttt ,,, 21   be the vertices of 

degree 4 and nsss ,,, 21   be the vertices of degree 3 of .nCH  Then the order 

of the closed helm graph nCH  is ( ) 12 += nCHV n  and ( ) .4nCHE n =   

Define ( ) ( ) ( ) 9612,3,2,1: −++→ nnCHVf n   where 962 − n  

( ) 4122 ++ n  

For Sufficiency assume the label for the centre vertex as ( ) .24 −= nu  

Case 1. ( )2mod0n  

Let ( ) .11 = t  Assign the label 3 to the vertex ‘ 2t ’, 5 to the vertex ‘ 3t ’, 7 to 

the vertex 4t  and so on upto 
2

1+nt  as 12 −i  and assign the vertices 

,,
1

2

3

2

3
+

++ nn tt  and 1−nt  as ( )12,5,4,3 −+++ nnnn   respectively and 

the vertex ‘ nt ’ as .12 −i  
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Let the vertices nsss ,, 21  of degree 3 be labeled as follows  

For ( ) 223 1 +== nsn   

For ( ) 425 1 +== nsn  

( ) ( ) ;426 −−+= insf i  for ;32  i   

for 3n  

( ) 42 += nsi  for 1=i  

for 1=i  

( ) ( ) 4226 −−+= insi  

Case 2. ( )2mod0n   

( ) 24 −= nu  

( ) 11 = t  

For 
2

2
n

i   

( ) 12 −= iti  

For 1
2

2
−

+
ni

n
  

( ) iti 2=  

For ni =  

( ) 12 −= iti   

Let the vertices nsss ,,, 21   of degree 3 be labeled as follows:  

( ) 221 += ns   

( ) ( ) 4226 −−+= insi  for ni 2  

The corresponding edge labeling   is defined as  
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( )

( ) ( )
( ) ( )

( ) ( )
( ) ( )








+
++

+
+

==

oddisif
2

1

evenisif
2

ts
ts

ts
ts

ste   

The repercussion edge labels of G are ( ) ( ) 10612,3,2 −++ nn  distinct 

labels with .
2

35
1061

+
−

p
n  

Hence the aforementioned labeling design yields an extended relaxed 

skolem mean labeling of the closed helm graph .nCH  

Following cases bring forth the proof of Necessity 

Case 1. For 3=n   

Suppose ( ) 221 + ns   

i.e., Assume ( ) .2212 1 +− nsn  

Let 12,2 +nn  be the labels exist between ( ) .2212 1 +− nsn   

Then ( )
( ) ( ) ( ) ( )

.1
22

3211 +=
+

=
+

= n
ttst

e  Which contradicts the 

definition of an extended relaxed skolem mean labeling. 

Case 2. For ( ),2mod0n  

Suppose, ( ) 641 + is  where 4,
2

2


−
= n

n
i   

i.e., Assume that ( ) .2212 1 +− nsn  

Then ( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

2222
4433211 sttttttst

e
+

=
+

=
+

=
+

=  

( ) ( )
.1

2
1 +=

+
== − n

tt nn  Which contradicts the definition of an extended 

relaxed skolem mean labeling. 

Case 3. For ( )2mod1n  where 5n  

Suppose ( ) 1041 + is  where 
2

3−
=

n
i  
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i.e., Suppose ( ) .4212 1 +− nsn  

Then the edge label ( )
( ) ( ) ( ) ( )

;
2

910

22
1 −

=
+

=
+

=
nstss

e nnn  

( )
( ) ( ) ( ) ( )

( )
14

2

1
2

1
2

22

11

1421 −=

++







+

=
+

=
+

=

++

 n

st

ttss
e

nn

 and   

( ) ( )
( )

.2
2

1
2

1
2

2

11

11 +=

++







+

=
+

=

++

n

st

st
nn

 Which contradicts. 

Case 4. For ( )2mod1n  

Suppose ( ) .2− nu  i.e., Suppose ( ) .2442 −+ un  Then the edge 

label ( )
( ) ( ) ( ) ( )

( )
( ) ( )

2
;3

22
1111 ut

en
stut

e
+

=+=
+

=
+

=    

( ) ( )
4

2
1 +=

+
== − n

tt nn  and also ( )
( ) ( ) ( ) ( )

22
12 utut

e
+

=
+

=  

( ) ( )
.6

2
1 +=

+
= − n

tt nn  Which is a contradiction. 

Case 5. ( )2mod1,0n  

Suppose ( ) 862 + is  where 3;2 −= nni  

i.e., Suppose ( ) .4624 2 −− nsn  Then the edge label of ( )22, st  and 

the edge labels of ( )uti ,  are identical where .2 ni   Which is a 

contradiction.  

Case 6. For ( )2mod0n  

Suppose ( ) .222 −+ nun  

Then the edge labels of ( )ut ,1  is same as that of ( )11, st  for all 4n  and 

( )ut ,1  is same as that of ( )54, tt  for 4=n  and for ( )utn ,,6 1=  is same as 

that of ( )54, tt  and ( )65, tt  and for ( )utn ,,8 1=  is same as that ( )65, tt  and 

( )ut ,2  is same as that ( )76, tt  and ( )87, tt  and so on. 
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Figure 3.2. An extended relaxed skolem mean labeling of closed helm graph 

.7CH  

Theorem 3.4. Flower graph nFl  concedes an extended relaxed skolem 

mean labeling for 3n  iff (i) For ( ) ( ) ( )uirn += ,411,2mod0 1  

,4,88 += ni  where ( ) ( ) 2312,1910;
2

2
87 +=+=

−
= irir

n
i  where 

6,
2

4


−
= n

n
i  (ii) For ( ) ( ) ( ) ( )72 ,128,94,2mod1 riuirn +=+=  

2312 += i  where 
2

3−
=

n
i  and ( ).,,,,5 871 nFlVrrurn   

Proof. Let u be the centre vertex, nddd ,,, 21   be the vertices of degree 

4 and nrrr ,,, 21   be the vertices of degree 2 of flower graph .lF  Then the 

order of the flower graph ( ) 12 += nFV l  and ( ) .4nFE l =  To define 

( ) ( ) ( ) 471512,,3,2,1: −=−++→ nnnFVf l   with ( )152 − n  

( ) 4122 ++ n  we consider following four cases. 

Case 1. .3=n  

Label the centre vertex as 12 and the vertices 321 ,, ddd  of degree 4 are 

labeled as 1, 3, 4 respectively and the vertices 321 ,, rrr  of degree 2 are labeled 

as 22, 18, and 14 respectively. Then all the induced edge labels are distinct. 
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Case 2 .4=n  

Label the centre vertex as 16 and the vertices 4321 ,,, dddd  of degree 4 

are labeled as 1, 3, 6, 7 respectively and the vertices 4321 ,,, rrrr  of degree 2 

are labeled as 30, 26, 22, 18, 16 respectively. Then all the induced edge labels 

are distinct. 

For the sufficiency assume the label for the centre vertex as ( ) .4nu =  

 Case 3. ( ) 5,2mod1  nn  

( ) 11 = d  

( ) ;12 −= ivi  for 
2

1
2

+


n
i  

( ) ;2ivi =  for ni
n


+

2
2

3
 

( ) ;12 −= ivi  if ni =  

Let the vertices nrrr ,, 21  of degree 2 be labelled as follows 

For 
2

1
1

+


n
i  

( ) ( ) ( )1212 −++= inri  

For ni
n

+
+

1
2

1
 

( ) .425 −+= inri  

Case 4. ( ) 6,2mod0  nn  

( ) 11 = d  

( ) ;12 −= idi  for 
2

2
n

i   

( ) ;2idi =  For 1
2

2
−

+
ni

n
 

( ) ;12 −= idi  for ni =  
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Let the vertices nrrr ,, 21  of degree 2 be labeled as follows: 

( ) ( ) ( );1232 −++= inri  For 
2

1
n

i   

( ) ;15 −= nri  for 1
2
+=

n
i   

( ) ;2
2

216













 +−+−=
n

inri  for ni
n

+ 2
2

 

The corresponding edge labelling   is defined as  

( )

( ) ( )
( ) ( )

( ) ( )
( ) ( )








+
++

+
+

==

odd.isif
2

1

evenisif
2

dr
dr

dr
dr

ede   

The repercussion edge labels of G are ( )  6512,,3,2 −+ nn  distinct 

labels where .
2

35
651

+
−

p
n  Hence the aforementioned labeling design 

yields an extended relaxed skolem mean labeling of flower graph. 

Necessity 

Case 1. For ( ) 6,2mod0  nn  

Subcase 1A. To Prove: ( ) ,4111 ir +=  where .
2

4−
=

n
i   

Suppose ( ) ir 4111 +  i.e., Assume that ( ) .3212 1 +− nrn  Then 

there exist vertex labels 22,12,2 ++ nnn  such that the edge labels of 

( ( ) ( ))11 , rd   and ( ( ) ( ))
1

22

,
+

 nn dd  and ( ) ( )( )( )1, ru   and ( ( ) ( )
1

2
1

2

,
++

 nn rd  are 

identical. Which is a contradiction. 

Subcase 1B. To Prove: ( ) ,128 += iu  where .4,
2

2


−
= n

n
i  Suppose 

( ) nun 413 +  for .6n  Then the edge labels of ( )udi ,  and 

( ) ( ) ( ) ( ) ( ) ( ) ( )nnnnnn ddrdrdrdrdrdrd ,,,,,,,,,,,,,,
5

2
5

2
5

222

66553333
+++

  are 

identical. Which is a contradiction. 
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Subcase 1C. To Prove: ( ) ,19107 += ir  where .
2

4−
=

n
i  Suppose labels 

exist between ( ) 154 7 − nrn  for .6n  Then the edge labels of 

( )
1

2
1

2

,
++

nn rd  and ( ) ( ) ( )ududud n ,,,,,,
2

2

65
+

  are identical which is a 

contradiction. 

Subcase 1D. To Prove: ( ) 23128 += ir  where 
2

4−
=

n
i  and .6n  

Suppose label exist between ( ) .1615 8 −− nrn  Then the edge labels of 

( )
2

2
2

2

,
++

nn rd  and ( ) ( ) ( )ururur n ,,,,,,

2

21   are same which is a contradiction.  

Case 2. For ( ) .5,2mod1  nn  

Subcase 2A. To Prove: ( ) ,942 += ir  where 
2

3−
=

n
i  and 

( ).,,,,5 872 nFlVrrurn   Suppose ( ) ,942 + ir  where .
2

3−
=

n
i  i.e., 

Assume that ( ) .3212 2 ++ nrn  Resulted edge labels of ( )1, ru  and 

( )2, ru  are identical. 

Subcase 2B. To Prove: ( ) 128 += iu  where .5.,
2

3


−
= n

n
i  Suppose 

( ) .43 nun   Then the edge labels of ( )
1

2

1
1

2

1 ,
+

+
+

+ nn rd  and ( ) ( )udud ,,, 32  

( ) ( ) ( ) ( )udududud n ,,,,,,,,
1

2

1654
+

+  are identical. Which is a contradiction. 

Subcase 2C. To Prove: ( ) 23127 += r  where .
2

3−
=

n
i  Suppose 

( ) 164 7 − nrn  Then the edge labels of ( )
1

2

1
1

2

1 ,
+

+
+

+ nn rd  and 

( ) ( ) ( )ududud n,,,,,, 76   and also ( )
1

2

1
1

2

1 ,
+

+
+

+ nn rd  and ( ),,1 ur   

( ) ( )urur n ,,,,

2

12 +  are identical which is a contradiction. 
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Figure 3.3. An extended relaxed skolem mean labeling of flower graph .12Fl   

Conclusion 

We have evinced helm, closed helm and flower graphs conceding an 

extended relaxed skolem mean labeling and also investigated the necessary 

conditions.  
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