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Abstract 

In this paper, we proposed a method for solving unconstrained optimization problems by 

Newton’s method with single valued neutrosophic triangular and trapezoidal fuzzy number 

coefficients. Also, some numerical examples demonstrate the effectiveness of the proposed 

algorithm. MATLAB programs are also developed for the proposed method. 

Introduction 

The concept of Neutrosophic Set (NS) was first introduced by 

Smarandache which is a generalization of fuzzy sets. Zadeh’s classical 

concepts of fuzzy set is a strong mathematics tool to deal with the complexity 

generally arising from uncertainty in the form of ambiguity in real life 

scenario. In 1965, Zadeh invented the “Fuzzy sets”, which play a significant 

role in dealing with ambiguity and impreciseness. In 1970, Bellman and 

Zadeh developed “a method for making decisions in a fuzzy environment”. In 

1983, Atanassov introduced his intuitionistic fuzzy set. “A Newton method for 

nonlinear unconstrained optimization problems with two variables” was 
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proposed by Porchelvi and Sathya [15]. Irene Hepzibah R. et al. [21] proposed 

a “neutrosophic multi objective linear programming problems”. This paper, 

deals with fuzzy Newton’s method with single valued neutrosophic triangular 

coefficient, single valued neutrosophic trapezoidal coefficient to solve 

unconstrained optimization problems. This paper is organised as follows. The 

second section provides some background information on this research topic. 

Several strategies for solving unconstrained optimization problems in a 

neutrosophic fuzzy environment are proposed in section three. In section four, 

some illustrative cases are offered to demonstrate this method. 

Preliminaries 

This section provides an introduction to fuzzy unconstrained optimization 

models and stressed the importance to consider the topics like linear and 

nonlinear optimization problems in fuzzy environment using arithmetic 

operations and provides certain definitions which are related to this research 

work. In this section, the concept of single valued neutrosophic number, 

single valued trapezoidal neutrosophic numbers and single valued triangular 

neutrosophic number with operations are introduced. 

Definition 1[7]. Let  ( ) ( )  1,0:,
~

~~ = xxxxA
AA

 is a fuzzy set. 

The first element  in the pair ( ( ))xx
A
~,   belongs to the classical set A, 

whereas the second element ( )x
A
~  belongs to the interval  1,0  known as 

membership function, indicated by  ( ) ( )  .1,0,:\
~

~~ = xAxxxA
AA

 

Definition 2[7]. Let   be the set of real numbers and  1,0:
~

→A  be 

a fuzzy set. Then we say that A
~

 is a fuzzy number that contains the 

following properties: 

(i) 0 is normal, i.e., there exist 0x  such that ( ) ,1
~

0 =xA  

(ii) A
~

 is convex, i.e., ( )( )  ( ) ( ),
~

,
~

min1
~

yAxAyttxA −+  where yx,  

and  .1,0t  
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(iii) ( )xA
~

 is upper semi-continuous on , i.e., 
( ) 









xA

x
~  is a closed 

subset of  for each  .1,0  

Definition 3[7]. Let us take a fuzzy number ~  on  is said to be a 

Triangular Fuzzy Number (TFN) or linear fuzzy number if its membership 

function  1,0:
~

→  meets the following features. It is a fuzzy number 

represents with three points as follows ( ).,,
~

321 aaa=  The following 

conditions apply to this representative, which is regarded as membership 

functions: 

(i) 1a  to 2a  is increasing function. 

(ii) 2a  to 3a  is decreasing function. 

(iii) 321 aaa   

( )















−

−


−

−



=

.otherwise0

for

for

for0

32
23

3

21
12

1

1

~

axa
aa

xa

axa
aa

ax
ax

x  

The TFN is diagrammatically shown below. 

 

Figure 1.1. Triangular fuzzy number. 

Let ( )F  to denote the set of all TFNs. The  level set of ~  is defined as 

( ) ( ) .,
~

233112 −−+−= aaaaaa  
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Definition 4[7]. Let take a fuzzy number ~  on  is said to be a 

trapezoidal fuzzy number (TrFN) or linear fuzzy number if the membership 

function  1,0:
~

→  of ~  on  meets the has the following features, it is 

said to be a trapezoidal fuzzy number (TrFN) or linearly fuzzy number. It’s a 

fuzzy number that would be expressed by four points ( )4321 ,,,
~

aaaa=  

such that 4321 aaaa   with the membership function defined as  

( )















−

−




−

−

=

.otherwise0

for

for,1

for

32
34

4

32

21
12

1

~

axa
aa

xa
axa

axa
aa

ax

x  

The TrFN is diagrammatically shown below. 

 

Figure 1.1. Trapezoidal fuzzy number. 

Definition 5[21]. Let G be a universe. A Neutrosophic Set (NS) A in G is 

characterised by a truth-membership function ,AT  a indeterminacy-

membership function ,AI  and a falsity membership function .AF  ( ),xTA  

( )xIA  and ( )xFA  are real standard elements of  .1,0  It can be written as 

 ( ( ) ( ) ( )) ( ) ( ) ( )   .1,0,,,:,, +−
= xFxIxTGxxFxIxTxA AAAAAA  There 

is no restriction on the sum of ( ) ( )xIxT AA ,  and ( ),xFA  so on 

( ) ( ) ( ) .3supsupsup0 +− ++ xFxIxT AAA  
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Definition 6[21]. Let G be a universe. A Single Valued Neutrosophic Set 

(SVNS) A, which can be used I a real scientific and engineering applications, 

in G is characterised by a truth membership function ,AT  an indeterminacy-

membership function AI  and a falsity membership function .AF  ( ),xTA  

( )xIA  and ( ),xFA  are real standard elements of  .1,0  It can be written as 

 ( ( ) ( ) ( )) ( ) ( )xIxTExxFxIxTxA AAAAA ,,:,, =  and  .1,0AF  There 

is no restriction on the sum of ( ) ( )xFxT AA ,  and ( ),xIA  so 

( ) ( ) ( ) .30 ++ xFxIxT AAA  

Definition 7[21]. Let  1,0,, ~~~ →aaa qhj  be any real numbers. A single 

valued neutrosophic number ((( ) ) (( ) ),,,,,,,,,,~ ~2222~1111 aa hgfdsjgfdsa =  

(( ) )),,,,, ~3333 aqgfds  is defined as a special single valued neutrosophic set on 

the set of real numbers R, whose truth-membership function 

 ,,0: ~~ aa jR →  a determinacy-membership function  aa hR ~~ ,0: →  and 

a falsity-membership function  aa qR ~~ ,0: →  as given by 

( )

( ) ( )

( )

( ) ( )




















=





otherwise0

11

11~

11

~

gxfxf

fxdj

dxsxf

x

r

a

l

a  

( )

( ) ( )

( )

( ) ( )




















=





otherwise1

33

33~

33

~

gxfxf

fxdh

dxsxf

x

r

a

l

a  

( )

( ) ( )

( )

( ) ( )




















=





otherwise.1

22

22~

22

~

gxfxf

fxdq

dxsxf

x

r

a

l

a  

2.2 Arithmetic operations of single valued triangular 

neutrosophic numbers [21]. Let (( ) )aaa qhjfdsa ~~~111 ,,,,,~ =  and  
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(( ) )
bbb

qhjfdsb ~~~222 ,,,,,
~
=  be two single valued triangular neutrosophic 

numbers. Then 

Addition. 

(( ) ( ))
bababa qqhhjjffddssba ~~~~~~212121 ,,,,,

~~ +++=+  

Subtraction. 

(( ) ( ))
bababa qqhhjjsfddfsba ~~~~~~131231 ,,,,,

~~ −−−=−  

Multiplication. 

(( ( ) ( ) ( )) ( )),,,,
~

,
~

,
~~~ ~~~~~~111 bababa qqhhjjbRfbRdbRsba =  where 

( ) (( ) ( )) 82
~

~~222 bbb qhjfdsbR −++++=  

Division. 

(( ( ) ( ) ( )) ( )),,,,
~

,
~

,
~~~ ~~~~~~111 bababa qqhhjjbRfbRdbRsba =  where 

( ) (( ) ( )) 82
~

~~222 bbb qhjfdsbR −++++=  

Scalar Multiplication. 

(( ) )aaa qhjfdsa ~~~111 ,,,,,~ =  where 0  

(( ) )aaa qhjdfga ~~~111 ,,,,,~ =  where .0  

Definition 8[21]. Let (( ) )aaa qhjfdsa ~~~111 ,,,,,~ =  be a single valued 

triangular neutrosophic number. Then ( ) (( )111
~ fdsaS ++=  

( )) 82 ~~~ aaa qhj −++  and ( ) (( ) ( )) 82~ ~~~111 aaa qhjfdsaA −−+++=  are 

called score and accuracy degrees of a~  respectively. 

Definition 9[21]. A Single Valued Trapezoidal Neutrosophic Number 

(SVTN) (( ) )aaa qhjgfdsa ~~~1111 ,,,,,,~ =  is defined as a special neutrosophic 

set on the real number set R, whose truth-membership, indeterminacy, and a 

falsity membership are given as follows: 
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( )

( ) ( ) ( )

( )

( ) ( ) ( )














−−



−−

=

otherwise0

1111~1

11~

1111~

~

gxffgjxg

fxdj

dxssdjax

x

a

a

a

a  

( )

( ( )) ( )

( )

(( ( )) ( ) ( )














−−+−



−+−

=

otherwise1

11111~1

11~

111~1

~

gxffgxghfx

fxdh

dxsdxhxs

x

a

a

a

a  

( )

( ) ( ) ( ) ( )

( )

(( ( )) ( ) ( )














−−+−



−−−

=

otherwise1

11111~1

11~

11111~1

~

gxffgxghfx

fxdh

dxsddsxhxd

x

a

a

a

a  

respectively. If 01 s  and at least ,01 d  then 

(( ) )aaa qhjgfdsa ~~~1111 ,,,,,,~ =  is called a positive single valued neutrosophic 

number denoted by .0~ a  Likewise, if 01 d  and 0~ a  at least, then  

(( ) )aaa qhjgfdsa ~~~1111 ,,,,,,~ =  is called a negative single valued trapezoidal 

neutrosophic number, denoted by .0~ a  A single value trapezoidal 

neutrosophic number (( ) )aaa qhjgfdsa ~~~1111 ,,,,,,~ =  may be represented as 

an ill-known quantity of the range, which is approximately equal to the  

interval  ., 11 fd  

2.3 Arithmetic operations of single valued trapezoidal 

neutrosophic numbers [21]. Let (( ) )aaa qhjgfdsa ~~~1111 ,,,,,,~ =  and 

(( ) )aaa qhjgfdsb ~~~2222 ,,,,,,
~
=  be two single valued trapezoidal 

neutrosophic numbers. Then 

Addition. 

(( ) ( ))
bababa qqhhjjggffddssba ~~~~~~21212121 ,,,,,,

~~ ++++=+  
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Subtraction. 

(( ) ( ))
bababa qqhhjjsgdffdgsba ~~~~~~14233241 ,,,,,,

~~ −−−−=−  

Multiplication. 

(( ( ) ( ) ( ) ( )) ( )),,,,
~

,
~

,
~

,
~~~ ~~~~~~1111 bababa qqhhjjbRgbRfbRdbRsba =  

where ( ) (( ) ( )) 162
~

~~~2222 bbb
qhjgfdsbR −+++++=  

Division. 

(( ( ) ( ) ( ) ( )) ( )),,,,
~

,
~

,
~

,
~~~ ~~~~~~1111 bababa qqhhjjbRgbRfbRdbRsba =  

where ( ) (( ) ( )) 162
~

~~~2222 bbb
qhjgfdsbR −+++++=  

Scalar Multiplication. 

(( ) )aaa qhjgfdsa ~~~1111 ,,,,,,~ =  where 0  

(( ) )aaa qhjsdfga ~~~1111 ,,,,,,~ =  where .0  

Definition 10[21]. Let (( ) )aaa qhjgfdsa ~~~1111 ,,,,,,~ =  be a single valued 

trapezoidal neutrosophic number. Then ( ) (( )1111
~ gfdsaS +++=  

( )) 162 ~~~
bbb

qhj −−+  and ( ) (( ) ( )) 162~ ~~~1111 bbb
qhjgfdsaA −+++++=  

are called score and accuracy degrees of a~  respectively. 

3. Proposed Algorithms to Solve Unconstrained Optimization 

Problems 

3.1 Newton’s Method [13]. Gradient search can be viewed as pursuing 

the move direction suggested by the first order Taylors series approximation. 

Aligning x  with gradient ( ( ))txf  produces the most rapid 

improvement in this first order approximation to ( ).xf  

To improve on the slow, zigzagging progress characteristic of gradient 

search requires more information. 

Newton Step. Until the first order Taylor approximation, which is linear 

in directional components ,jx  the quadratic second order version may have 
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a local optimum of the second order approximation, we may fix 1=  and 

differentiable 2f  with respect to components of x  with ,1=  the scalar 

notation form of 2f  is  

( ( )) ( ( ))  
= = =















+











++

n

i

n

i

n

ij

ji
ji

i
i

tt xx
xx

f
x

x

f
xfxxf

1 1

2

2 2

1
  


=

=













+











=




n

ij

i
jiii

ix
xx

f

x

f

x

f
.,3,2,1,

2
2   

or in matrix format ( ) ( ( )) ( ( )) .2 xxHxfxf tt +=  Either way, setting 

( ) 02 = xf  to find a stationary point produces the famous Newton step. 

“Consider ( ( )) ( ( )),tt xfxxH −=  solving the linear equation system, 

Newton step x  can be obtained, which moves to a stationary point (if there 

is one) of the 2nd order Taylor series approximation to ( )xf  at current point 

( )tX  immediately” in [11]. 

3.2 Algorithm for Newton method [13]. 

Step 1. Initialization. Choose any starting solution ( ( ) ),0x  pick stopping 

tolerance ,0  and the solution index .0t  

Step 2. Derivatives. Generate the gradient of both the objective function 

( ( ) )txf  as well as the Hessian matrix ( ( ) )txH  well at current point ( ( ) ).tx  

Step 3. Stationary point. If ( ( )) , txf  stop. Point ( ( ))0x  is 

sufficiently close to a stationary point. 

Step 4. Newton move. The linear system should always be computed. For 

the Newton move ( ( )) ( ( )) ( ( )).,1 ttt xfxxHx −= +  

Step 5. New point ( ( )) ( ( )) ( ( )).11 ++ + ttt xxx  

Step 6. Increment ,1+ tt  and return to step 1.  

3.3 Single valued neutrosophic fuzzy Newton algorithm 

Step 1. The objective function can be obtained by replacing crisp 
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parameters with single valued neutrosophic numbers. 

Step 2. Initialization. Choose any starting solution ( ( )),~ 0x  pick stopping 

tolerance ,0  and the solution index .0t  

Step 3. Derivatives. Generate the gradient of both the objective function 

with single valued neutrosophic numbers ( ( ))txf ~~
  as well as the Hessian 

matrix ( ( ))txH ~~
 well at current point ( ( )).~ tx  

Step 4. Stationary point. If ( ( )) ,~~
 txf  stop. Point ( ( ) )tx~  is 

sufficiently close to a stationary point. 

Step 5. Newton move. The linear system should always be computed. For 

the Newton move ( ( )) ( ( )) ( ( )).~~~~~
,~ 1 ttt xfxxHx −= +  

Step 6. New point ( ( )) ( ( )) ( ( )).~~~ 11 ++ + ttt xxx  

Step 7. Increment ,1+ tt  and return to step 1. 

4. Numerical Illustrations 

Here are some numerical examples to test the efficiency of the proposed 

techniques. 

Example 1. 

Case (i). Let us consider the unconstrained optimization problem with 

single valued neutrosophic triangular fuzzy number coefficients, 

( ) ( ) ( )( ) ( ) ( )( )xyxyx 5.0,6.0,6.04,3,25.0,5.0,6.0,5.1,1,5.0,
~ 3 −=T  

( ) ( )( ) .5.0,5.0,6.0,5.1,1,5.0 3y+  

Solving this problem by the algorithm proposed in section 3.3, the 

MATLAB outputs are tabulated here. 

 

 

 



ON SOLVING NEUTROSOPHIC UNCONSTRAINED … 

Advances and Applications in Mathematical Sciences, Volume 22, Issue 8, June 2023 

1841 

 

Iteration ( )ii yx ,  ( )11, ++ ii yx  

11 ((0.5000000, 1.0000000, 

1.5000000); (0.6600, 0.500, 

0.500))  

((1.5000000, 2.0000000,   

2.5000000); (0.6600, 0.500, 

0.500)) 

((0.21500000, 1.1428000, 

2.0718000); (0.6600, 0.500, 

0.500) 

((-0.1901000, 1.2860000, 

2.7648000); (0.6600, 0.500, 

0.500)) 

22 ((0.2150000, 1.1428000, 

2.0718000); (0.6600, 0.500, 

0.500)) 

((-0.1901000, 1.2860000, 

2.7648000); (0.6600, 0.500, 

0.500)) 

((0.0601000, 1.0279000, 

2.0010000); (0.6600, 0.500, 

0.500)) 

((-0.5543000, 1.0428000, 

0.6427000); (0.6600, 0.500, 

0.500)) 

Case (ii). Let us consider the following unconstrained optimization 

problems with single valued neutrosophic trapezoidal fuzzy number   

coefficients 

( ) ( ) ( )( ) 3~5.0,5.0,6.0,75.1,1,75.0,5.0,
~

xyx =T   

( ) ( )( ) yx~~5.0,5.0,7.0,25.5,3,25.2,5.1−  

( ) ( )( ) .~5.0,5.0,6.0,75.1,1,75.0,5.0 3y+  

Solving this problem by the algorithm proposed in section 3.3, the 

MATLAB outputs are tabulated here. 

Iteration ( )ii yx ,  ( )11, ++ ii yx  

1 ((0.5000000, 0.7500000, 

1.0000000, 1.7500000);  

(0.600, 0.500, 0.500)) 

(1.500000, 1.7500000, 

2.0000000, 2.7500000);  

(0.600, 0.500, 0.500)) 

(0.7500000, 0.8928570, 

1.1071430, 0.8214290); 

(0.600, 0.500, 0.500))  

(0.2500000, 1.0357140, 

1.4642860, 2.3928570); 

(0.600, 0.500, 0.500)) 
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2 ((0.7500000, 0.8928570, 

1.1071430, 0.8214290);  

(0.600, 0.500, 0.500)) 

((0.2500000, 1.0357140, 

1.4642860, 2.3928570);  

(0.600, 0.500, 0.500)) 

((0.5476, 0.7772, 

1.0204350, 1.7636); (0.600, 

0.500, 0.500)) 

(-0.1723, 0.7943, 1.2832, 

2.2721); (0.600, 0.500, 

0.500)) 

Illustrative Example 2 

Case (i). Consider the unconstrained optimization with single valued 

neutrosophic triangular fuzzy number coefficients as follows, 

( ) ( ) ( )( ) ( ) ( )( )yxyx 5.0,5.0,6.0,5.1,1,5.06.0,5.0,7.0,5.1,1,5.0,
~

−=T  

( ) ( )( ) ( ) ( )( ) 25.0,5.0,6.0,5.2,2,5.16.0,5.0,7.0,5.2,2,5.1 xxy ++  

( ) ( )( ) .7.0,5.0,6.0,5.1,1,5.0 2y+  

Solving this problem by the algorithm proposed in section 3.3, the 

MATLAB outputs are tabulated here. 

Iteration ( )ii yx ,  ( )11, ++ ii yx  

1 ((0,0,0), (0.76000, 0.5000, 

0.6000)) 

((0,0,0), (0.76000, 0.5000, 

0.6000)) 

(-0.510, -1.0012, -1.501), 

(0.7600, 0.50, 0.60) 

((0.7510, 1.5010, 2.2510), 

(0.7600, 0.500, 0.600)) 

Case (ii). Consider the unconstrained optimization with single valued 

neutrosophic trapezoidal fuzzy number coefficients shown below. 

( ) ( ) ( )( )xyx 6.0,5.0,7.0,75.1,1,75.0,5.0,
~

=T  

 ( ) ( )( )y5.0,5.0,6.0,75.1,1,75.0,5.0−  

 ( ) ( )( )xy6.0,5.0,7.0,75.2,2,75.1,5.1+  

 ( ) ( )( ) 25.0,5.0,6.0,25.2,2,75.1,5.1 x+   

 ( ) ( )( ) .7.0,5.0,6.0,75.1,1,75.0,5.0 2y+  
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Solving this problem by the algorithm proposed in section 3.3, the 

MATLAB outputs are tabulated here. 

Iteration ( )ii yx ,  ( )11, ++ ii yx  

1 (0, 0, 0, 0), 

(0.66, 0.5, 0.5) 

(0, 0, 0, 0), 

(0.66, 0.5, 0.5) 

(-1.5625, -1, -0.8125, -0.625); 

(0.66, 0.500, 0.500) 

(1.125, 1.3125, 1.5, 2.0625); 

(0.66, 0.500, 0.500) 

Conclusion 

A new technique for handling fuzzy unconstrained optimization 

algorithms is suggested in this work. In addition, single valued neutrosophic 

triangle and single valued neutrosophic trapezoidal coefficients are used. For 

tackling fuzzy unconstrained optimization problems, Newton’s approach is 

employed, and the validity of the proposed method is tested using numerical 

examples and MATLAB programme outputs. 
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