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Abstract

In this paper, we proposed a method for solving unconstrained optimization problems by
Newton’s method with single valued neutrosophic triangular and trapezoidal fuzzy number
coefficients. Also, some numerical examples demonstrate the effectiveness of the proposed
algorithm. MATLAB programs are also developed for the proposed method.

Introduction

The concept of Neutrosophic Set (NS) was first introduced by
Smarandache which is a generalization of fuzzy sets. Zadeh’s classical
concepts of fuzzy set is a strong mathematics tool to deal with the complexity
generally arising from uncertainty in the form of ambiguity in real life
scenario. In 1965, Zadeh invented the “Fuzzy sets”, which play a significant
role in dealing with ambiguity and impreciseness. In 1970, Bellman and
Zadeh developed “a method for making decisions in a fuzzy environment”. In
1983, Atanassov introduced his intuitionistic fuzzy set. “A Newton method for

nonlinear unconstrained optimization problems with two variables” was
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proposed by Porchelvi and Sathya [15]. Irene Hepzibah R. et al. [21] proposed
a “neutrosophic multi objective linear programming problems”. This paper,
deals with fuzzy Newton’s method with single valued neutrosophic triangular
coefficient, single valued neutrosophic trapezoidal coefficient to solve
unconstrained optimization problems. This paper is organised as follows. The
second section provides some background information on this research topic.
Several strategies for solving unconstrained optimization problems in a
neutrosophic fuzzy environment are proposed in section three. In section four,
some illustrative cases are offered to demonstrate this method.

Preliminaries

This section provides an introduction to fuzzy unconstrained optimization
models and stressed the importance to consider the topics like linear and
nonlinear optimization problems in fuzzy environment using arithmetic
operations and provides certain definitions which are related to this research
work. In this section, the concept of single valued neutrosophic number,
single valued trapezoidal neutrosophic numbers and single valued triangular

neutrosophic number with operations are introduced.

Definition 1[7]. Let A = {x, py(x):x epz(x) e [0, 1]} is a fuzzy set.
The first element X in the pair (x, uy(x)) belongs to the classical set A,
whereas the second element py(x) belongs to the interval [0, 1] known as

~

membership function, indicated by A = {ny(x)\ x : x € A, py(x) € [0, 1]

Definition 2[7]. Let R be the set of real numbers and A : R — [0, 1] be

a fuzzy set. Then we say that A is a fuzzy number that contains the

following properties:

(i) 0 is normal, i.e., there exist xy € R such that A(xg) = 1,

(i) A is convex, i.e., A(tx +(1—1¢))y > min {A(x), A(y)}, where x, y € R
and t € [0, 1]
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(iii) A(x) is upper semi-continuous on R®, i.e., {ZD(C ) > a} is a closed
x

subset of R for each a € [0, 1]

Definition 3[7]. Let us take a fuzzy number A on R is said to be a
Triangular Fuzzy Number (TFN) or linear fuzzy number if its membership

function A : R — [0, 1] meets the following features. It is a fuzzy number

represents with three points as follows A = (a1, ag, ag). The following

conditions apply to this representative, which is regarded as membership
functions:

(1) @ to ag isincreasing function.
(ii) ag to ag is decreasing function.
(111) aq < (%)) < as

0 forx < g

X—a
L fora; < x < ag

(x) =92 A

np) =12
3 forag < x < ag

as — Qg

0 otherwise

The TFN is diagrammatically shown below.

g (x)

0 aq sy ds X
Figure 1.1. Triangular fuzzy number.

Let F(R) to denote the set of all TFNs. The o level set of A is defined as

Ay =[lag —ay)a +ap, ag — (ag — ag)al
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Definition 4[7]. Let take a fuzzy number A on R is said to be a
trapezoidal fuzzy number (TrFN) or linear fuzzy number if the membership
function A : R — [0, 1] of A on R meets the has the following features, it is
said to be a trapezoidal fuzzy number (TrFN) or linearly fuzzy number. It’s a
fuzzy number that would be expressed by four points A = (a1, ag, as, ay)
such that ¢; < ay < ag < a4 with the membership function defined as

X —-—Qq
!
1, foras < x < ag

aqg — X

a4 —ag
0 otherwise

forag <x < a9

ng(x) =

forag < x < ag

The TrFN is diagrammatically shown below.

ug(x) 4

0 a, dao A3z dg X

Figure 1.1. Trapezoidal fuzzy number.

Definition 5[21]. Let G be a universe. A Neutrosophic Set (NS) A in G is

characterised by a truth-membership function 74, a indeterminacy-
membership function 14, and a falsity membership function Fjy. T4(x),

I4(x) and Fj4(x) are real standard elements of [0, 1] It can be written as

A = {x, (Ta(x), I4(x)F4(x)) > x € G, T4(x), [5(x), Fa(x) €] 0,1[*}. There
is no restriction on the sum of 7T4(x), [4(x) and Fy(x), so on

0~ < supTy4(x)+sup I4(x)+sup Fy(x) < 3%,
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Definition 6[21]. Let G be a universe. A Single Valued Neutrosophic Set
(SVNS) A, which can be used I a real scientific and engineering applications,

in G is characterised by a truth membership function 74, an indeterminacy-
membership function I, and a falsity membership function Fy. T4(x),
I4(x) and F4(x), are real standard elements of [0, 1]. It can be written as
A ={{x, (Ta(x), I4(x)Fs(x))) : x € E, Tg(x), I4(x) and F4 €0, 1]l. There
is no restriction on the sum of Ty(x), F4(x) and T4(x), so
0 <Ty(x)+ I4(x)+ Fa(x) < 3.

Definition 7[21]. Let jg, hz, g5 — [0, 1] be any real numbers. A single
valued neutrosophic number @ = (((sy, dy, fi, 81), Jz), (2, do, fo, 82), hg),
((s3, ds, f3, 83), q5)), is defined as a special single valued neutrosophic set on

the set of real numbers R, whose truth-membership function

ug : R — [0, jz], a determinacy-membership function vg : R — [0, hz] and

a falsity-membership function Az : R — [0, g5] as given by
fux) (51 < x < dy)
Ja (dy <x < f)

ho(®) (h < x < g1)

0 otherwise

ng(x) =

fulx) (s3 < x < ds)
hg (dy < x < f3)
fur(x) (f5 < x < g3)
1 otherwise

fu(x) (sg < x < dy)
gz (dy <x < fp)

fvr(x) (f2 fx s gZ)

1 otherwise.

vg(x) =

ha(x) =

2.2 Arithmetic operations of single valued triangular
neutrosophic numbers [21]. Let a = ((s;,d;, i), Jjg> A5, qz) and
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b = (s, do, f2), J5» hys @) be two single valued triangular neutrosophic

numbers. Then

Addition.

G+b=((s+s9, dy +da, i + o) (g A Jg» ha v g qa v @)
Subtraction.

@-b =6~ foodp i, f = 51) Ua Ay ha v 15, qa v g5))

Multiplication.

Q

:b = ((s1 - R(), d; - R®), ;- RB)), (ja A j5. ha v b, qa v q5)), where
R(b) = ((s2+dy + fo) x 2 + jy + By — q))/8

Division.

/b = ((s1/R(), di/R®), fi/RO®)) (ja A Jz. ha v by @z v q5)), where
R(b) = ((sg + da + fo) x (2 + jy + hy — q5))/8

Scalar Multiplication.

va = ((vs1, vdh, Yh), Jja ha, aa) where y > 0

va = ((v81, YA, Ydh), ja, ha, 9a) where y <0.

Definition 8[21]. Let a = ((s;, d;, 1), Jg, hg> Qz) be a single valued
triangular neutrosophic number. Then S@)=((s; +d + 1)
x(2+Jg +hg —qg))/8 and A(@@)=((s; +di +f1)x(2+Jz —hg —qg))/8 are
called score and accuracy degrees of @ respectively.

Definition 9[21]. A Single Valued Trapezoidal Neutrosophic Number
(SVIN) @ = ((s1, &1, fi, &1) Ja» hg> 9g) is defined as a special neutrosophic

set on the real number set R, whose truth-membership, indeterminacy, and a
falsity membership are given as follows:
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(x —a)jz/(dy — 1) (8 <x < dy)
Ja (dp <x <f)

ug(x) =
(g1 —x)ja/(e1 - h) (h <x < g)
0 otherwise
(s —x+hz(x—dy)) (s £x<dy)
hy (dy < x < f)
vg(x) =
(x =1 + hg(gr —x)/(&1 - i) (A <x < g1)
1 otherwise
(dy —x)hg(x —s1)/(dy —dp) (51 < x < dy)
NP LICEERYA
((x = f + hg(gr —x)/(e1 - i) (A <x < g)
1 otherwise
respectively. If 520 and at least dy >0, then

a = (s, d1, fi> &1) Jg» Mg, q5) is called a positive single valued neutrosophic
number denoted by a < 0. Likewise, if d; >0 and @ <0 at least, then
a = ((s1, 1, fi» &1) Ja» hg, qg) is called a negative single valued trapezoidal
neutrosophic number, denoted by @ <0. A single value trapezoidal
neutrosophic number @ = ((s;, d;, fi, 81), Jg> hg» ¢5) may be represented as

an ill-known quantity of the range, which is approximately equal to the
interval [d}, f; ]

2.3 Arithmetic operations of single valued trapezoidal
neutrosophic numbers [21]. Let a = ((s;, dy, fi, &1) Ja» hg> 9z) and

b = ((sg, do, fa, &2), ja» h5, az) be two single valued trapezoidal

neutrosophic numbers. Then

Addition.

G+b=((s+59,dy +do, fi +fo, & + &2). Uz A 5. ha v bz qq v q5)
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Subtraction.
G-b=s1-84.do—fs. f3 —do. 84 — 1), (Ja A Jg ha v bz a5 v q5)
Multiplication.
@ b=(s-R0®).d RO).f-RO) g  ROb)). (z A Jg. ha v by, ag v a5)),
where R(b) = ((sz +dy + fo + 82) x (2 + j; + hy —q))/16
Division.
/b = ((s1/R(). dy /R(), i/R®). g1/R®)) (ja A J5» ha v hg. a5 v a5))
where R(D) = ((sy +do + fo + 82) x (2 + jz + hy — q))/16
Scalar Multiplication.
va = ((vs1, v, v, v81), Jja> ha, 4z) where y >0
va = (&1, YA, v, ¥81), Ja> ha, qz) where v <O.

Definition 10[21]. Let @ = ((s{, dy, fi, &1); Ja» hg> Qz) be a single valued
trapezoidal  neutrosophic number. Then S@)=((s; +d; +fi + &1)
x(2+jp —hy —qz))/16 and  A@)=((s; +di +fi +81)x(2+j; +hz —q5))/16

are called score and accuracy degrees of @ respectively.

3. Proposed Algorithms to Solve Unconstrained Optimization
Problems

3.1 Newton’s Method [13]. Gradient search can be viewed as pursuing

the move direction suggested by the first order Taylors series approximation.

Aligning Ax with gradient Vf(x(t)) produces the most rapid

improvement in this first order approximation to f(x).

To improve on the slow, zigzagging progress characteristic of gradient
search requires more information.
Newton Step. Until the first order Taylor approximation, which is linear

in directional components Ax;, the quadratic second order version may have
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a local optimum of the second order approximation, we may fix A =1 and
differentiable f; with respect to components of Ax with A =1, the scalar

notation form of f; is

n

gy ) 3 o 133

1=1 =1 j=i

o _ (o), N[ P V. ;o
oA, _[axi)+z s Ax;,1=1,2,3,....
j=t

or in matrix format Afy(Ax)= Af(x(t)) + H (x(t) )Ax. Either way, setting

Afs(x) = 0 to find a stationary point produces the famous Newton step.

“Consider H (x(t))Ax = —Vf(x(t)), solving the linear equation system,
Newton step Ax can be obtained, which moves to a stationary point (if there

is one) of the 2nd order Taylor series approximation to f(x) at current point
x® immediately” in [11].
3.2 Algorithm for Newton method [13].

Step 1. Initialization. Choose any starting solution (x(O)), pick stopping

tolerance €< 0, and the solution index ¢ « O.
Step 2. Derivatives. Generate the gradient of both the objective function

\% f(x(t )) as well as the Hessian matrix H (x(t)) well at current point (x(t)).

Step 3. Stationary point. If | Vi) | <, stop. Point (x©))
sufficiently close to a stationary point.

Step 4. Newton move. The linear system should always be computed. For
the Newton move A(x®*V), H(x®)Ax = —vf(x®).

Step 5. New point (x?*1)) « (x®) + A(x®+D).

Step 6. Increment ¢ <— ¢ +1, and return to step 1.

3.3 Single valued neutrosophic fuzzy Newton algorithm
Step 1. The objective function can be obtained by replacing crisp
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parameters with single valued neutrosophic numbers.

Step 2. Initialization. Choose any starting solution (97(0)), pick stopping

tolerance €< 0, and the solution index ¢ <« 0.

Step 3. Derivatives. Generate the gradient of both the objective function

with single valued neutrosophic numbers Vf(a? (t)) as well as the Hessian
matrix H(x®) well at current point (¥®)).

Step 4. Stationary point. If | Vi (E®) | <e, stop. Point (X ®)y s
sufficiently close to a stationary point.

Step 5. Newton move. The linear system should always be computed. For
the Newton move A", H (E(t))Ao? = —Vf(a?(t)).

Step 6. New point (™)) « (®)) + AEE),

Step 7. Increment ¢ < ¢ + 1, and return to step 1.

4. Numerical Illustrations

Here are some numerical examples to test the efficiency of the proposed

techniques.

Example 1.

Case (i). Let us consider the unconstrained optimization problem with

single valued neutrosophic triangular fuzzy number coefficients,

T(x, y) = ((0.5, 1, 1.5), (0.6, 0.5, 0.5))x> — ((2, 3, 4)(0.6, 0.6, 0.5))xy
+((0.5, 1, 1.5), (0.6, 0.5, 0.5))y°.

Solving this problem by the algorithm proposed in section 3.3, the
MATLAB outputs are tabulated here.

Advances and Applications in Mathematical Sciences, Volume 22, Issue 8, June 2023
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2.0718000); (0.6600, 0.500,
0.500))

((-0.1901000, 1.2860000,
2.7648000); (0.6600, 0.500,
0.500))

Iteration (i, i) (41> Yit1)
11 ((0.5000000, 1.0000000, ((0.21500000, 1.1428000,
1.5000000); (0.6600, 0.500, 2.0718000); (0.6600, 0.500,
0.500)) 0.500)
((1.5000000, 2.0000000, ((-0.1901000, 1.2860000,
2.5000000); (0.6600, 0.500, 2.7648000); (0.6600, 0.500,
0.500)) 0.500))
22 ((0.2150000, 1.1428000, ((0.0601000, 1.0279000,

2.0010000); (0.6600, 0.500,
0.500))

((-0.5543000, 1.0428000,
0.6427000); (0.6600, 0.500,
0.500))

1841

Case (ii). Let us consider the following unconstrained optimization
problems with single valued neutrosophic trapezoidal fuzzy number
coefficients

T(x, ¥) = ((0.5, 0.75, 1, 1.75), (0.6, 0.5, 0.5))%>
—((1.5, 2.25, 3, 5.25), (0.7, 0.5, 0.5))%y
+((0.5, 0.75, 1, 1.75), (0.6, 0.5, 0.5))7°.

Solving this problem by the algorithm proposed in section 3.3, the
MATLAB outputs are tabulated here.

Iteration

(x;, i) (%415 Yis1)

1 ((0.5000000, 0.7500000,
1.0000000, 1.7500000);
(0.600, 0.500, 0.500))

(0.7500000, 0.8928570,
1.1071430, 0.8214290);
(0.600, 0.500, 0.500))

(1.500000, 1.7500000,
2.0000000, 2.7500000);
(0.600, 0.500, 0.500))

(0.2500000, 1.0357140,
1.4642860, 2.3928570);
(0.600, 0.500, 0.500))
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((0.7500000, 0.8928570,
1.1071430, 0.8214290);
(0.600, 0.500, 0.500))

((0.2500000, 1.0357140,
1.4642860, 2.3928570);
(0.600, 0.500, 0.500))

((0.5476, 0.7772,
1.0204350, 1.7636); (0.600,
0.500, 0.500))

(-0.1723, 0.7943, 1.2832,
2.2721); (0.600, 0.500,
0.500))

Illustrative Example 2

Case (i). Consider the unconstrained optimization with single valued
neutrosophic triangular fuzzy number coefficients as follows,

T(x, y) = (0.5, 1, 1.5), (0.7, 0.5, 0.6))x — (0.5, 1, 1.5), (0.6, 0.5, 0.5))y

+((1.5, 2, 2.5), (0.7, 0.5, 0.6))xy + (1.5, 2, 2.5), (0.6, 0.5, 0.5))x>

Solving this problem by the algorithm

+((0.5, 1, 1.5), (0.6, 0.5, 0.7)) y2.

MATLAB outputs are tabulated here.

proposed in section 3.3, the

Iteration

(x;, ¥;)

(%41 is1)

1

((0,0,0), (0.76000, 0.5000,
0.6000))

((0,0,0), (0.76000, 0.5000,
0.6000))

(-0.510, -1.0012, -1.501),
(0.7600, 0.50, 0.60)

((0.7510, 1.5010, 2.2510),
(0.7600, 0.500, 0.600))

Case (ii). Consider the unconstrained optimization with single valued
neutrosophic trapezoidal fuzzy number coefficients shown below.

F(x, y) = ((0.5, 0.75, 1, 1.75), (0.7, 0.5, 0.6))x

~((0.5, 0.75, 1, 1.75), (0.6, 0.5, 0.5)) y

+((1.5,1.75, 2, 2.75), (0.7, 0.5, 0.6))xy

+((1.5, 1.75, 2, 2.25), (0.6, 0.5, 0.5))x>

+((0.5, 0.75, 1, 1.75), (0.6, 0.5, 0.7)) 2.
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Solving this problem by the algorithm proposed in section 3.3, the

MATLAB outputs are tabulated here.

Iteration (%, ;) (%41, Yit1)
1 (0, 0, 0, 0), (-1.5625, -1, -0.8125, -0.625);
(0.66, 0.5, 0.5) (0.66, 0.500, 0.500)
(0, 0, 0, 0), (1.125, 1.3125, 1.5, 2.0625);
(0.66, 0.5, 0.5) (0.66, 0.500, 0.500)
Conclusion

A new technique for handling fuzzy unconstrained optimization

algorithms is suggested in this work. In addition, single valued neutrosophic

triangle and single valued neutrosophic trapezoidal coefficients are used. For

tackling fuzzy unconstrained optimization problems, Newton’s approach is

employed, and the validity of the proposed method is tested using numerical

examples and MATLAB programme outputs.
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