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Abstract 

Circulant matrix is a square matrix whose rows are obtained by cyclically rotating by its 

first row. The purpose of this paper is to introduce some algebraic properties of circulant fuzzy 

matrices on compatible norm .cCFM  Some idea of reflexive, symmetric, transitive, idempotent 

determinant and adjoint of circulant fuzzy matrices cCFM  are discussed. A new type of 

semiring properties has been studied. 

1. Introduction 

The concept of fuzzy set was introduced by Zadeh [11]. In 1995 Ragab M. 

Z. and Eman E. G. [9] introduced the determinant and adjoint of square fuzzy 

matrix. Nagoorgani A. and Kalyani G. [6] introduced the bi normed sequences 

in fuzzy matrices. Nagoorgani A. and Manikandan A. R. [7] defined fuzzy det-

norm matrices. Some concept of matrix theory and applications in fuzzy 

matrices, Meenakshi A.R [3]. Dennis and Bernstein [1] introduced compatible 

norm in matrix mathematics theory, facts and formulas. Monoranjan 

Bhowmik, Madhumangal Pal and Anita Pal [4] presented some properties on 

circulant triangular fuzzy number matrices. Nagoorgani A. and Pappa A. [8] 
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defined determinant for non-square fuzzy matrices with compatible norm. 

Muruganantham P. Nagoorgani A. and Pappa A. [5] introduced some 

important results on adjoint of non-square fuzzy matrices with compatible 

norm. Loganathan C. and Puspalatha V. [2] obtained the concept of circulant 

inter valued fuzzy matrices. Sriram S. and Murugadas P. [10] introduced 

semiring of fuzzy matrices. 

In this paper our main intension is to introduced a new concept of 

circulant fuzzy matrices on compatible norm .cCFM  In Section 2 generalized 

circulant matrix and we recall the definition explained. In Section 3 

determinant and adjoint of cCFM  and some of its properties are presented. 

In Section 4 some binary operations on cCFM  are given. In Section 5 

semiring properties on cCFM  explained and some important theorems are 

proved. 

2. Preliminaries and Definitions 

In this section, we prove generalized circulant matrices and basic 

definitions have been studied. 

Definition 2.1. Generalized circulant matrix 

Converting Non-square (rectangular) matrix to a circulant 

matrix. 

 In the rectangular matrix, the elements are arranged in rows and 

columns  .nm   The arrangement of row (column) is in the nm   order and 

the same order which is less than the other eliminated. So that it would 

become of contains elements of same order is square matrix  mmnn   in 

which all row (column) composed of the same elements and each row (column) 

vector is rotated one element to the right relative to the preceding row 

(column) vector is called circulant matrix. 

Remark 2.1. The first row of the circulant matrices play important role.  

Definition 2.2. An nm   matrix  ijaA   whose components are in the 

unit interval [0, 1] is called fuzzy matrix. 

Definition 2.3. The determinant A  of a nn   fuzzy matrix A is 
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defined as follows:        
nS nnaaaA .2211   Where nS  denotes the 

symmetric group of all permutations of the indices  .,,2,1 n  

Definition 2.4 (minor). Let  ijaA   be square of order of nn   over 

.nn  The minor of an element ija  in Adet  is the order    11  nn  

which is obtained by deleting i-th row and the j-th column from  ijaA   

denoted by .ijM  

Definition 2.5. (Cofactor). Let  ijaA   be square of order of nn   

over .nn  The cofactor of an element ija  in A is denoted by ijA  and is 

defined as   .1 ij
ji

ij MA


  

Definition 2.6 (Adjoint). The adjoint matrix of an nn   fuzzy matrix 

over Ann  is denoted by the (i, jth) entry adj A and is defined as 

,jiij Ab   

where jiA  is the determinant of the    11  nn  fuzzy matrix formed 

by deleting row j and column i from A and .adjAB   

Remark 2.2. We can rewrite ijb  of  ijbBAadj   as follows 

    
injn ijS nnt ttij ab ,  where    jnn j \,,2,1    

and 
ijnnS  is the set of all permutations of set jn  over the set .in  

Definition 2.7 (Compatible fuzzy matrix) .cFM  Compatible fuzzy 

matrices which can be multiplied for this to be possible, the number of 

columns in the first fuzzy matrix must be equal to the number of rows in the 

second fuzzy matrix. 

Definition 2.8 (Compatible Norm c
 ). Let nn  is the set of all nn   

over  .1,0  Define the norms .
c
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3. Determinant of Circulant Fuzzy Matrix 

In this section, circulant fuzzy matrix, some algebraic properties, 

determinant and adjoint of circulant fuzzy matrix, some result of cCFM  over 

nn  are studied. 

Definition 3.1. Circulant Matrix. An nn   circulant matrix has the 

form 

.

1432

21543

1221

1321





























aaaaa

aaaaa

aaaaa

aaaaa

A

n

nnn

nn











 

Definition 3.2 Circulant Fuzzy Matrix (CFM). For any given  

nnnAAAA ,,,, 321   be the circulant matrix   nnijaA   is defined as 

   .mod1 njij aa   

A circulant fuzzy matrix is the form  





























1432

21543

1221

1321

aaaaa

aaaaa

aaaaa

aaaaa

A

n

nnn

nn











 

with entries in  .1,0  

Example 3.3. 

.

3.02.05.0

5.03.02.0

2.05.03.0

















A  

Remark 3.1. Here all the diagonal elements are equal. 

Definition 3.4. A fuzzy matrix A is said to be circulant fuzzy matrix of 

order nn   if all the elements of A can be determined completed by its first 

row. Suppose the first row of A  is  .,,, 21 naaa   The determinant of a 



A NOTE ON COMPATIBLE NORM OF CIRCULANT … 

Advances and Applications in Mathematical Sciences, Volume 22, Issue 8, June 2023 

1775 

CFM of order nn   is defined by A  and is defined as then 

  
ns

ii
n
i aA 1sgn  is the fuzzy matrix and ns  denotes the symmetric 

group of permutation of the indices  n,,2,1   and .1  

     












n

n





21

21
 is even or odd respectively. 

The computation  Adet  involves several products CFM. Since A is 

circulant fuzzy matrix the value  11  jinij aa  with   .11 kkn aa   

Remark 3.2. It is noted that the matrix CFM A is circulant if and only if 

   jkikij aa   for every  nkji ,,2,1,,   where  sum modulo n. This 

supply that the elements of the diagonal are all equals. 

Remark 3.3. For a matrix CFM A we notice that  11 iin aa  and 

 11  jin aa  for every  .,,2,1, nji   

Remark 3.4. For a matrix CFM A we notice that     11   jijni aa  for 

every  .,,2,1, nji   

Theorem 3.5. If   nnijc
aA   be a circulant fuzzy matrix. Then 

determinant of 
c

A  is the largest element in .
c

A  

Proof. Let    im aa 11   for every  ni ,,2,1   i.e.  ma1  is the largest 

element of A. Then by definition of ,
c

A  we have 

 



ns

ii
n
ic

aA
1

sgn  

  ii
n
is

ii
n
i

aa
n




 11
sgn  for some ns  

        nnaaa  2211  

Let   11   since A is circulant, we get 

           123121   nmnmmm aaaa     

Let the permutation  defined as 
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121

321

nmmmm

n




 

Therefore            123121   nmnmmmc
aaaaA   

 .1mc
aA   From now 

c
A  is largest element in A. 

Example 3.6. 



















3.07.09.0

9.03.07.0

7.09.03.0

c
A  then .9.0

c
A  

Hence 
c

A  is the largest element in A. 

Algebraic properties of circulant fuzzy matrices with compatible 

norm 3.7. 

For the circulant fuzzy matrix compatible norm is taken into 

consideration then the following properties will hold. 

Let A, B, C circulant fuzzy matrices then cCFM  over nn  

(i) cc
ABBA   

(ii) 
T
cc

AA   

(iii)    
cc

CBACBA   

(iv) ccc
BABA   

(v) 
T
c

T
c

T
c

BABA   

(vi) cc
AAA   

(vii) cc
AOA   

(viii) cc
JJA   

(ix) cc
AA   for any  in  1,0  

(x) 
T
c

T
c

AA   for any  in  1,0  
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(xi)  
ccc

BABA   for any  in  1,0  

(xii)  
ccc

BAA   for all   in  1,0  

(xiii) 
cc

AA   for any ,  in  .1,0  

Remark 3.5. (i)   ijij baBA ,max  

(ii)    .,minmax ijij baAB   

Definition 3.8. A circulant fuzzy matrix A in nn  is called idempotent if 

AA 2  (or) cc
AA 

2
 where  .ijaA   

Example 3.9. If 



















3.02.05.0

5.03.02.0

2.05.03.0

c
A  

then 5.0
c

A  

Note: From now c
A  is largest element in A 

.

2.02.05.0

5.03.02.0

2.05.03.0

3.02.05.0

5.03.02.0

2.05.03.0
2


































c

A  

5.0

3.05.03.0

3.03.05.0

5.03.03.0



















  

Therefore .5.0
2


cc

AA  

Theorem 3.10. An cc ACFMnn   is circulant if and only if 

cncn ACAC   where cnC  is the permutation matrix 
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.

010000

001000

000010

000001

100000







































cnC  

Proof. Let 
c

A  be a cCFM  and 
cnACU   then 

 


n

h hjihij cau
1

 (compatible). 

In first row only 11 nC  and all the other elements are 0 therefore we 

get  11  jij au  

Let ,
cnACV   then     

n

h jnihjihij acav
1 1  

By remark 3.4, ijij vu   for all  nji ,,2,1,   

Hence .
cncn ACAC   Therefore we get c

A  is cCFM  

The converse is straightforward. 

Example 3.11. Let c
A  and c

C  are compatible of two cCFM  of 

order 33   where 



















2.07.04.0

4.02.07.0

7.04.02.0

c
A  and 



















010

001

100

c
C  

Then 



















4.02.07.0

7.04.02.0

2.07.04.0

c
CA  and  



















4.02.07.0

7.04.02.0

2.07.04.0

c
AC  

Therefore .
cc

ACCA   
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Theorem 3.12. For the circulant fuzzy matrix cCFM  then 
c

A  and 

c
B  

(i) 
c

BA   is a ,cCFM  (ii) 
c

A  is a ,cCFM  (iii) 
c

AB  is also a 

.cCFM  

Proof. (i) Proof is straightforward 

(ii) Since A is cCFM  then 
c

A  commutes with .
cnC  

Therefore, we get 
cncn ACAC   transposing both sides, we get  

cncn CAAC   

Pre multiply by ,nC  we get ccnncnn ACACACC   

cnn CAC   [since nnnn CCICC   

Post multiply by ,nC  we get cncnnncn ACCCACCA   

Hence cncn ACCA   

So, c
A  is circulant fizzy matrix .cCFM  

(iii) Since A and B are cCFM  each of c
A  and c

B  commutes with 

.
cnC  

From now c
AB  commutes with cnC  by Remark 3.4 and theorem 

3.9, we get c
AB  is .cCFM  

Similarly, c
kA  and kA  is also .cCFM  

Since A and A  are cCFM  by Remark 3.4 c
AA   commutes with 

.
cnC  

Hence c
AA   is .cCFM  

Remark 3.6.  jiaA   (the transpose of A). 

Theorem 3.13. If c
A  and c

B  are ,cCFM  then .
cc

BAAB   
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Proof. Let UAB
c
  and iju  for  .,,2,1, nji   

Let VBA
c
  and ijv  for  .,,2,1, nji   

Then both the u and v are circulant by Theorem 3.12 (iii) and their first 

rows are  nuuuu ,,,, 321   and  nuvv ,,, 21   respectively. 

Then kth element of the first of u is 

       




























 









n

kp

kpnp

k

p

pkpk babaU

1

1

1

1  

               nkkkkk bababababa 1121121     

               11112   knknkk bababa   

Kth element of first row of v is 

       




























 









n

kp

kpnp

k

p

pkpk ababV

1

1

1

1  

               nkkkkk ababababab 1121121     

            11112   knknkk ababab   

From now, we get kk VU   i.e. ijij vu   

i.e. VU   therefore we have .
cc

BAAB   

Example 3.14. 



















3.02.05.0

5.03.02.0

2.05.03.0

c
A  and 



















4.07.02.0

2.04.07.0

7.02.04.0

c
B  

Then 5.0

5.03.04.0

4.05.03.0

3.04.05.0




















c

AB  

Then 5.0

5.03.04.0

4.05.03.0

3.04.05.0




















c

BA  
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.
cc

BAAB   

Remark 3.7. The determinant value is unchanged. 

Remark 3.8. Commutative properties satisfied. 

Theorem 3.15. If a circulant fuzzy matrices c
A  is circulant then 

c
EA  is symmetric, when 

c
E  is a permutation matrix of unit circulant 

fuzzy matrices. 

.

0001

00010

000

01000

10000













































c
E  

Proof. Let cc
EAG   then  


n

h hjihij aeg
1

 (compatible)  

   


n

h hjik ae
1

 for all  nji ,,2,1,   

Now E is a permutation matrix of unit circulant fuzzy matrix and only 

the elements     123121 ,, nnnn eeee   are 1 and are 0 then elements are 0. 

Then    jinij ag 1  since c
A  is CFM 

We get          jkkinjinij aag   11  for all  nkji ,,2,1,,   

When ,1k  then 

            jijinjikinjinij aaaag   1111  

and      ikkjnijnij aag   11  for all  nkji ,,2,1,,   

When ,jk   then 

           jijinjjjnijnji aaaag   11111  
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Therefore, we get jiij gg   

From now G is symmetric. 

Example 3.16. 



















001

010

100

c
E  and 



















3.02.05.0

5.03.02.0

2.05.03.0

c
A  



















2.05.03.0

5.03.02.0

3.02.05.0

cc
GEA   

.jiij gg   Hence G is symmetric. 

Theorem 3.17. If c
A  be circulant fuzzy matrix, then c

adjA  is 

circulant. 

Proof. By definition 2.6, we have to prove co factor of the elements 

 1jia  and    jnia 1  are same by remark 3.4, we have  1jia  and 

     .11 jniji aa    So the minor of  1jia  and    jnia 1  will be same. 

Co-factor of           


 
ns

kk
n

jkikk
ji

ji aa 1,,1
1

1 1  

Co-factor of       
      


 

ns
kk

n
nikikk

jni
jni aa

1,,1
1

1 1  

Now the sign of    


 1
1

ji
 the sign of     jni  1

1  (since n is fixed) 

So, the co-factor of  1jia  and    jnia 1  are same. 

From now c
Aadj  is circulant. 

Example 3.18. 



















3.06.05.0

5.03.06.0

6.05.03.0

c
A  

ijc
bAadj   

6.05.05.0 131211  bbb  
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5.05.06.0 232221  bbb  

5.06.05.0 333231  bbb  

T

cij Aadjb



















5.06.05.0

5.05.06.0

6.05.05.0

 

.

5.05.06.0

6.05.05.0

5.06.05.0

cjiij Ab 

















  

Theorem 3.19. For a circulant fuzzy matrix .
c

A  We have  
c

AadjA  

is weakly reflexive. 

Proof. Let c
A  be a circulant fuzzy matrix, let   nnijc

aA   

il aa 11   for every  .,,2,1 ni   

Let   .
c

AadjAC   Then C is circulant, since 
c

A  and 
c

adjA  are 

circulant. Now, we have    ll
n

k kk ACAaC 111 1111   
 for every 

 ,,,2,1 nl   now            
nls lllttl

n
aaaA

1 33221 sgn  

       lnnl aa  44  for some .nS  

Since 
c

A  is circulant, we get 

      123121   nlnlll aaaa   

Suppose nls  be defined as  

 










1321

432

nllll

n
 

Then         .1123121 lnlnlll aaaaA    Therefore .111 laC   

But    il aa 11   for every  .,,2,1 ni   Then iCC 111   for every 

 .,,2,1 ni   Again since C is circulant, the elements of its diagonal are all 

equal. 
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From now    ijii CC   for every  .,,2,1, nji   

Therefore  
c

AadjAC   is weakly reflexive. 

Theorem 3.20. If   nnijc
aA   be a  ,cCFM  then  

c
AadjA  is 

transitive. 

Proof. Let   ,
c

AadjAC   then        


n

k jtitjkikij AaAaC
1

 

     


n

k siisij CCC
1

2
 (compatible) 

          


n

s

n

p

n

q
jqsqspip AaAa

1 1 1
 

        


n

s
jkskshih AaAa

1
 

     jtitjkih AaAa   

From now     .
2

c
AadjAAadjA   

Therefore  
c

AadjA  is transitive. 

Theorem 3.21. If   nnijc
aA   be a ,cCFM  then  

c
AadjA  is 

idempotent. 

Proof. Let  
c

AadjAC   by Theorem 3.20    ijij CC 
2

 for every 

 .,,2,1, nji   

But           


n

k ijijiikjikij CCCCCC
1

2
 

From now we get    ijij CC 
2

 

Therefore  
c

AadjA  is idempotent. 

Example 3.22. Let 



















3.06.05.0

5.03.06.0

6.05.03.0

c
A  then 
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5.05.06.0

6.05.05.0

5.06.05.0

c
Aadj  

Let  



















6.05.05.0

5.06.05.0

5.05.06.0

c
AadjAC   

Now    ijii CC   

From now  
c

AadjA  is weakly reflexive. 

 



















6.05.05.0

5.06.05.0

5.05.06.0
2
c

AadjA   

From now     .
2

cc
AadjAAadjA   Therefore  

c
AadjA  is 

transitive. From now    ijij CC 
2

 therefore  
c

AadjAC   is idempotent. 

4. Operators on Circulant Fuzzy Matrices with Compatible Norm 

In this section, some binary operators viz.  ,,,   are defined and 

explained. De Morgan’s law properties satisfied. 

Definition 4.1. Let   nnijc
aA   and   nnijc

bB   are cCFM  

then over nn  

     .,max ijijijijcc
babaBA    

Theorem 4.2. If c
A  and c

B  are two circulant fuzzy matrix, then 

cc
BA   is also circulant fuzzy matrix. 

Proof. Proof is straightforward. 

Definition 4.3. The  operation is similar to  operation. 

Let   nnijc
aA   and   nnijc

bB   are two circulant fuzzy matrix, 

then      .,min ijijijijcc
babaBA    
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Theorem 4.4. If 
c

A  and 
c

B  are two circulant fuzzy matrix, then   

cc
BA   is also circulant fuzzy matrix. 

Proof. Proof is straightforward. 

Definition 4.5. The complement of   nnijcc aACFM   is defined 

    .1 nnijc
c

aA   

Definition 4.6. An cCFM  is called self-complement   .
cc

cc AA   

Theorem 4.7. If a   nnijcc aACFM   is self-complement then 

  .
cc

cc AA   

Proof. Let   .
c

c
AB   Then    .1 ijij ab   If  

c
c

BD   

  ,
c

ccA  then ijij bd  1  

  ija 11  

 
Cij Aa   

Therefore   .
cc

cc AA   

Theorem 4.8. De Morgan’s Law: 

Let   nnijc
aA   and   nnijc

bB   are two ,cCFM  then over nn  

(i)       
c

c
c

c
c

c
BABA    

(ii)        .
c

c
c

c
c

c
BABA    

Proof. (i) Let c
BAP   then  ijijij baP   

cPQ   then   ijijijij baRQ  1  

Let     ,
c

c
c

c
BAR   then  

       ijijijijijij QbabaR   111  
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From now       
c

c
c

c
c

c
BABA    

(ii) Proof is similar to (i). 

Theorem 4.9. If CBA ,,  are three ,cCFM  then over nn  more properties 

satisfied. 

(i)     
cc

CBACBA     

(ii)    
cc

CBACBA    

(iii)      
cc

CABACBA    

(iv)      
cc

CABACBA    

The proof is obviously. 

5. Semiring of Circulant Fuzzy Matrices with Compatible Norm 

In this section, we prove that cCFM  in fuzzy algebra and form a fuzzy 

vector space under the componentwise addition, componentwise 

multiplication and scalar multiplication  ,  is associative and distributive 

in .nn  Also, by using the definition of comparability of cCFM  some 

properties are proved. 

Theorem 5.1. The set cCFM  is fuzzy algebra under componentwise 

addition and multiplication operation  ,  defined as follows, if CBA ,,  

are ,cCFM  then 

(i)   ijij baBA ,max  

(ii)   .,min ijij baBA   

Proof. A semiring  ,, S  set S equipped with two binary operations 

 ,  and called addition and multiplication. Also, cc
AOA   and 

cc
AJA   for all ,nn  hence the zero matrix O is the additive 

identity and the universal matrix J is the multiplicative identity. Like this 

identity element relative to the operations + and  exist. Also 
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cc
JJA   and .

cc
OOA   Hence universal bond exists for all 

.nnA   

If     nnijcnnijc
bBaA   ,  and   nnijc

cC   over nn   

(1)  ,S  is a commutative monoid with identity element O 

(i)    
cc

CBACBA   (Associativity) 

(ii) 
ccc

OAAAO   (Additive identity) 

(iii) 
cc

ABBA   (Commutativity) 

(2)  ,S  is a monoid with identity element J. 

(i) cccc
CBACBA    

(ii) ccc
AJAJA    

(3) Multiplication left and right distributes over addition. 

(i)  
ccccc

CABACBACBA    

(ii)  
ccccc

CBCACBACBA     

(iii)  
ccc

CABACBA    

(4) If BA,  are cCFM  over nn  and any scalar ,  in  1,0  we have  

(i) cc
BAJBA    

   
cc

BJAJ    

cc
BA   

(ii)    
cc

AJA   

 
cc

AJJ   

 

.
cc

AA   

   
cc

AJAJ  
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Remark 5.1. If cCFM  a semiring multiplication is a commutative, then 

it is called a commutative semiring. 

Definition 5.2. Comparable .cCFM  Let  ijaA   and   cij CFMbB   

over nn  A is defined greater than B it cc
AB   B is greater than A if 

cc
BA   A and B cCFM  are said to comparable it either 

cc
BA   

or .
cc

AB   

Theorem 5.3. Let cCFMBA,  over .nn  Then 
cc

BA   

.
cc

BBA   

Proof. ,
cc

BA   then     .,max
cijijijcc

BbbaBA   

Conversely, if cc
BBA   then ijij ba   that is cc

BA   thus 

.
cccc

BBABA   

Theorem 5.4. Let BA,  be cCFM  over nn  if ,
cc

BA   then for 

any cCc BCACCFMC   and for any .
cCc DBDACFMD   

Proof. If ccc
CFMBA   for C is ,cCFM  then 

cc
BCAC   

     ijijij cCbBaA  ,,  thus 
cccc

DBDABCAC   can be 

proved in this same manner. 

6. Conclusion 

In this paper, some properties of circulant fuzzy matrices with compatible 

norm  CCFM  are discussed with the examples. The concept and some 

properties of determinant circulant fuzzy matrices are also discussed. De 

Morgan’s Law are proved using elementary operators. The elements of 

diagonal parallel to the main diagonal are the same. A linear combination of 

circulant fuzzy matrices is a circulant fuzzy matrices. The product of circulant 

fuzzy matrices is circulant matrices. Also, circulant fuzzy matrix form a 

commutative property in semiring satisfied. 
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