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Abstract 

The picture fuzzy ideals in gamma semigroups have been introduced and some of their 

properties have been investigated. In this paper, the theory is illustrated by some examples 

connected with the notion of picture fuzzy bi-gamma ideals in gamma semigroups. 

1. Introduction 

The fuzzy set theories were developed by Zadeh [20]. The study of fuzzy 

algebraic structures started with the introduction of the concepts of fuzzy 

(left, right) ideal, which were pioneered by Rosenfeld [13] while Kuroki [8, 9] 

introduced and studied fuzzy (left, right) ideals and fuzzy bi-ideals in 

semigroups. Γ-groups and Γ-regular semigroups and established a relation 

between Γ-groups and Γ-regular semigroups were studied and characterized 

by Sen and Saha [17], Saha [14, 15]. The Γ-semigroups were defined by Sen 

[16]. Mustafa et al. [19] studied the intuitionistic fuzzification of several types 
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of Γ-ideal in a Γ-semigroup and their properties. The concept of a bi-Γ-ideal in 

a Γ-semigroup was introduced by Chinram and Jirojkul [4]. Prince Williams 

et al. [12] investigated the fuzzification of bi-Γ-ideals in Γ-semigroups. The 

intuitionistic fuzzy set (IFS) was proposed by Atanassov [2, 3]. IFS have been 

applied in different areas by various researchers. It is seen that one of the 

important concept of neutrality degree is lacking in IFS theory. Concept of 

neutrality degree can be seen in situations when we involving more answers 

of type yes, abstain, no, refusal (Palash Dutta and Silpashree Ganju [10]. For 

example, in a democratic election station, so the picture fuzzy set was 

introduced by B. C. Cuong [7]. Some aspects of picture fuzzy sets were 

studied by Palash Dutta and Silpashree Ganju [10] in medical diagnosis 

degree of neutrality which can be considered. Phong et al. [11] studied some 

compositions of picture fuzzy relations. B. C. Cuong and Kreinovich [6] 

introduced Picture Fuzzy Set (PFS) which is a direct extension of fuzzy set 

and intuitionistic fuzzy set by incorporating the concept of positive, negative 

and neutral membership degree of an element and suggested distance 

measures between PFSs. In this paper, Sujit Kumar et al. [18] were 

introduced the notion “Atanassov’s intuitionistic fuzzy ideals of Γ-semigroups” 

based on the concept of the paper, we introduce picture fuzzy ideal of gamma 

semigroups and investigate some of properties connected with level cut. Also 

we illustrate picture fuzzy bi-gamma ideal of gamma semigroups by suitable 

examples. 

2. Preliminaries 

Definition 2.1[5]. Let S be a semigroup and a non-empty subset A of S is 

a sub semigroup if .2 AA   

Definition 2.2[14]. A fuzzy set  in S is called a fuzzy subsemigroup of S 

if       yxxy  ,min  for all ., Syx   

Definition 2.3[1]. A subsemigroup A of a semigroup S is called bi-ideal if 

.AASA   

Definition 2.4[14]. A fuzzy subsemigroup  of a semigroup is called a 

fuzzy bi-ideal of S if  

      zxxyz  ,min  for all, yx,  and .Sz   
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Definition 2.5[1]. Let  ,,, zyxS   and  ,,,   be two non-

empty sets. Then S is called a Γ-semigroups if it satisfies 

(i) Syx   

(ii)    yzxzyx   for all Sxyx ,,  and .,   

Definition 2.6[1]. Let S be a Γ-semigroup, A non-empty subset A of a     

Γ-semigroup S is said to be a Γ-subsemigroup of S if .AAA   

Definition 2.7[1]. A left (right) ideal of a Γ-semigroup S is a non-empty 

subset A of such that  .ASAAAS   

Definition 2.8[1]. If A is both a left and a right ideal of a Γ-semigroup   

then we say that A is a Γ-ideal of S. 

Definition 2.9[1]. Let M be a Γ-semigroup. A Γ-semigroup of is called a 

bi-Γ-ideal of M if .AAMA   

Definition 2.10[20]. A fuzzy set  of a Γ-semigroup is called a fuzzy       

Γ-subsemigroup of M if       yxyx  ,min  for all Myx ,  and .  

Definition 2.11. A PFS  ppPP  ,,  of S is called picture fuzzy 

subsemigroup if it satisfies 

(i)       2121 ,,,min xxxx PPP   

(ii)       2121 ,,,max xxxx ppp   

(iii)       2121 ,,,max xxxx ppp   for all .,, 21  Sxx  

Definition 2.12[3]. An picture fuzzy set (PFS)P is an object             

having the form         MzzzzzP ppP  :,,,  where the functions 

 1,0:  MP  and    1,0:1,0:  MM pp  and denote the degree 

of membership the degree of neutral membership and the degree of non 

membership of each element Mz   to the set P respectively, and 

      10  zzz ppP  for all  .Mz   

For the sake of simplicity, we shall use the symbol  ppPP  ,,  for 

the PFS 
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        .:,,, MzzzzzPFS ppP   

Definition 2.13[18]. Let P and Q be to  XP  then the following 

expressions are defined as 

1. QP   iff        xxxx QpQP  ,  and    xx Qp   

2. QP   iff QP   and PQ   

3. QP   

                Xxxxxxxxx QpQpQP  ,max,,max,,min,  

4. QP   

                .,min,,min,,max, Xxxxxxxxx QpQpQP   

3. Picture Fuzzy Ideal of Γ-Semigroups 

Definition 3.1. Let S be a -semigroup. A PFS,  ppPP  ,,  of S is 

a picture fuzzy left Ideal of S (PFLI(S)) if it satisfies 

1.    yyx PP    

2.    yyx pp    

3.    ,yyx pp   for all Syx ,  and for all .  

Picture fuzzy right ideal of S (PFRI(S)) is defined in an analogous way. 

A PFS  ppPP  ,,  in S is called picture fuzzy ideal of S(PFI(S)) if it 

is both a picture fuzzy left ideal and picture fuzzy right ideal of S. 

It is clear that any picture fuzzy left (right) ideal of S is a picture fuzzy   

Γ-semigroup of S. 

Definition 3.2. For any  1,0t  and a fuzzy subset  of S, the set 

    txXxtU  ,,  (resp.     txXxtL  ,, ) is called an 

upper (resp. lower) t-level cut of . 

Definition 3.3. Let S be a Γ-semigroup. Let  MMMM  ,,  and 
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   SPFLIN NNN  ,,  (PFRI(S), PFI(S)). Then the product NM   of 

M and N is defined as 
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Theorem 3.1. If  ppPP  ,,  is a PFLI(S) (PFRI(S), PFI(S)) then 

the upper and the lower level cuts    tLtU pP ,,,   and  tL p ,  are LI(S) 

(RI(S), I(S)) for every      .ImImIm ppPt    

Proof. Let      .ImImIm ppPt    Let  ,Sx  and 

 .Im Py   Then   .tyP   

Since  ppPP  ,,  is a PFLI(S), then     .tyyx PP   Thus 

 tUyx P ,  now, let  ,Sx  and  ., tLy p  Then   .typ   Since 

 ppPP  ,,  is a PFLI(S), then     tyyx pP   consequently 

 ., tLyx p  Again let  ,Sx  and  ., tLy p  Then   .typ   

Since  ppPP  ,,  is a PFLI(S). Hence     .tyyx pP   Thus 

 ., tLyx p  Therefore      tLtLtU ppP ,,,,,   are LI(S) (RI(S), I(S)). 

Theorem 3.2. Let  MMMM  ,,  be a PFRI(S) and 

 NNNN  ,,  be a PFLI(S). Then .NMNM    

Proof. Let  MMMM  ,,  be a PFRI(S) and  NNNN  ,,  be 

a PFLI(S) 

Let .Sz   Suppose there exist Svu ,  and   such that .vuz   

Then, we have 
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         vuz NMNM  ,minsup  

vuz   

     vuvu NM  ,minsup  

vuz   

    zz NM  ,min  

   zNM    

         vuz NMNM  ,maxinf  

vuz   

     vuvu NM  ,maxinf  

vuz   

    zz NM  ,max  

   zNM    

and 

         vuz NMNM  ,maxinf  

vuz   

     vuvu NM  ,maxinf  

vuz   

    zz NM  ,max  

   .zNM    

Suppose, there do not exist Svu ,  and   such that .vuz   

Then            zzzz NMNMNMNM   0,0   

and        .0 zz NMNM    

Hence the proof. 

From the above theorem and definition NM   of the following theorem 

follows easily. 
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Theorem 3.3. Let  MMMM  ,,  be a PFRI(S) and 

   .,, SPFIN NNN   Then MNMNM    and N. 

Theorem 3.4. Let S be a regular Γ-semigroup and  MMMM  ,,  

and  NNNN  ,,  be two PFS(S). Then .NMNM    

Proof. Let .Sa   Since, S is regular, then there exists an element Sx   

and  21,  such that aaaxaa  21  where .21  x  Then 

         vua NMNM  ,minsup  

vua   

    aa NM  ,min  

   aNM    

         vua NMNM  ,maxinf  

vua   

    aa NM  ,max  

   aNM    

and 

         vua NMNM  ,maxinf  

vua   

    aa NM  ,max  

   .aNM    

Hence .NMNM    

4. Picture Fuzzy bi-Γ-Ideal of Γ-Semigroups 

Let M denote a Γ-semigroup unless otherwise specified. 

Definition 4.1. A PFS  ppPP  ,,  of M is called a picture fuzzy bi- 

Γ-ideal of M if it satisfies: 
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(i)       31321 ,min xxxxax PPP   

(ii)       31321 ,max xxxxax ppp   

(iii)       31321 ,max xxxxax ppp   for all Mxxx 321 ,,  and 

.,   

Example 4.1[12]. Let  cbaM ,,,0  and   ,  be a non empty set 

of binary operations defined below 

 0 a b c 

0 0 0 0 0 

a a a a a 

b 0 0 0 b 

c 0 0 0 c 

 

 0 a b c 

0 0 0 0 0 

a 0 b 0 a 

b 0 b b 0 

c 0 0 0 b 

Clearly M is a Γ-semigroup. Moreover the picture fuzzy set 

 ppPP  ,,  is defined by 

            ,1.0,1.003.0,,,6.0,,7.00,  acba ppPPPP  

    3.0 cb p  and         .6.0,5.0,4.0,3.00  cba pppp  

Let .,,0 321 bxaxx   Take LHS    baxxx PP  0321  

    .7.000  PP b  

Then RHS             6.0,7.0min,0min,min 31  bxx PPPP  

.6.0  
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Therefore       .,min 31321 xxxxx PPP   Similarly we calculate 

other conditions also. 

 Hence,  ppPP  ,,  picture fuzzy bi-Γ-ideal of M. 

Theorem 4.1. If   iiP  is a family of picture fuzzy bi-Γ-ideal of M, 

then iP  is a picture fuzzy bi-Γ-ideal of M where  pipiPiiP  ,,  

and piPi  ,  and pi  are defined as follows: 

     Mxixx PiPi  111 ,inf  

     Mxixx PiPi  111 ,sup  

     .,sup 111 Mxixx PiPi   

Proof. Let Mxxx 321 ,,  and .,   

Then we have 

(i)         Mxxixxxxx PiPiPi  3131321 ,,,mininf  

      Mxxixx PiPi  3131 ,,,infmin  

        MxixMxix PiPi  3311 ,inf,infmin  

    31 ,min xx PiPi   

(ii)         Mxxixxxxx pipipi  3131321 ,,,maxsup  

      Mxxixx pipi  3131 ,,,maxsup  

      Mxxixx pipi  3131 ,,,supmax  

        MxixMxix pipi  3311 ,sup,,supmax  

    31 ,max xx pipi   

(iii)         Mxxixxxxx pipipi  3131321 ,,,maxsup  

      Mxxixx pipi  3131 ,,,supmax  

        MxixMxix pipi  3311 ,sup,,supmax  
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    31 ,max xx pipi   

Hence iP  is a picture fuzzy bi-Γ-ideal of S. 

Theorem 4.2. If a  ppPi PFSP  ,,  in M is a picture fuzzy bi-Γ-

ideal of M, then so   .1,, PPPPP   

Proof. It is sufficient to show that P  satisfies the condition (i) of picture 

fuzzy bi-Γ-ideal of M 

For any Mxxx 321 ,,  and ,,   we have 

   321321 1 xxxxxx PP   

    31 ,min1 xx PP   

    31 1,1max xx PP   

    .,max 31 xx PP   

Hence the proof. 

Theorem 4.3. Let  ppPP  ,,  be a FSPi  in M. Then P is a picture 

fuzzy bi-Γ-ideal of M if and only if the fuzzy sets ,, pP   and p  are fuzzy  

bi-Γ-ideal of M. 

Proof. Let  ppPP  ,,  in M is a picture fuzzy bi-Γ-ideal of M. Then 

clearly P  is a picture fuzzy bi-Γ-ideal of M 

Let Mxxx 321 ,,  and ,,   

   321321 1 xxxxxx pp   

    31 ,max1 xx pp   

    31 1,1min xx pp    

    31 ,min xx pp   

Then    321321 1 xxxxxx pp   

    31 ,max1 xx pp   
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    31 1,1min xx pp   

    .,min 31 xx pp   

Hence pp  ,  is a fuzzy bi-Γ-ideal of M  

Conversely,  

P  and pp  ,  are fuzzy bi-Γ-ideal of M  

Let Mxxx 321 ,,  and ,  

Then    3213211 xxxxxx pp   

    31 ,min xx pp   

    31 1,1min xx pp   

    31 ,min1 xx pp   

      31321 ,max xxxxx ppp   

and    3213211 xxxxxx pp   

    31 ,min xx pp   

    31 1,1min xx pp   

    31 ,min1 xx pp   

which implies that       31321 ,max xxxxx ppp   

This completes the proof. 

Theorem 4.4. If a  ppPi PFSP  ,,  in S is a picture fuzzy bi-Γ- 

ideal of M if and only if    ppPP PP  ,,  and  ppP  ,  are a 

picture fuzzy bi-Γ-ideal of M. 

Proof. The proof is straightforward by using above theorem. 

 



R. HEMA and ANITHA ALIAS PONNAMMAL D 

Advances and Applications in Mathematical Sciences, Volume 22, Issue 8, June 2023 

1740 

5. Conclusion 

In this paper, picture fuzzy ideal of gamma semigroups and picture fuzzy 

bi-gamma ideal of gamma semigroup have been defined. Subsequently, the 

theorem of PFLI(S) (PFRI(S), PFI(S)) and iP  have been proved respectively. 
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