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Abstract 

Convexity is a fundamental and significant function in the theory of geometric functions 

with extensive applications in both pure and applied mathematics. In this article, an equality of 

quantum estimate of convex function is extended to an m-convex function. Taking so obtained 

result a few novel Hermite-Hadamard type integral inequalities whose first order q-derivatives 

are m-convex functions are established. The results are further presented in q-analogues. 

1. Introduction 

Quantum calculus, or q-calculus, is the study of calculus without the 

concept of limits, first appeared in the eighteenth century and reached its 

pinnacle in the twentieth due to its extensive use in physics and several 

mathematical disciplines. By bringing the number q into Newton’s work on 

infinite series, Euler launched his research in the eighteenth century. The 

theory of q-hyper-geometric functions and Jacobi’s triple product identity 

were discovered in the nineteenth century. Jackson (1910) established 

definitive q-integrals and began a systematic study of q-calculus. Multiple 

areas of mathematics and physics, including number theory, fundamental 

hyper-geometric functions, combinatorics, orthogonal polynomials, 
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mathematical inequalities, quantum theory, mechanics, and the theory of 

relativity, all have numerous uses for the subject of quantum calculus, and, 

hence the q-calculus is appeared as an inter-disciplinary subject between 

mathematics and physics, a blend of the subjects. We refer to go through the 

books by Ernst [9], Kac and Cheung [10], and the paper by Gauchman [4] for 

some recent developments on quantum calculus and the theory of 

inequalities. 

Convexity is a fundamental and significant function in the theory of 

geometric functions with extensive applications in both pure and applied 

mathematics. It has been noted that the theories of inequalities and convex 

functions are very interdependent. According to the literature, a classical or 

normal convex function is defined as follows: 

Definition 1.1. Let ,:  → I  be a real valued function. Then, the 

function  is said to be a convex function, if the inequality 

( )( ) ( ) ( ) ( )vsusvsus −+−+ 11  (1.1) 

holds, for all ,, Ivu   and,  .1,0s  

If the inequality in (1.1) is reversed, then the concavity of  holds. Toader 

[3] introduced the concept of m-convexity of the function  as follows. 

Definition 1.2[3]. The function   ,0,,0: → bb   is said to be m-

convex function if  

( )( ) ( ) ( ) ( ))vsmusvsmus −+−+ 11   (1.2) 

holds for all      .1,0,1,0,,0,  msbvu   

The m-convexity is intermediate concept between usual convexity and 

star-shaped function. We recall that a function   → b,0:  is called a star-

shaped function, if 

( ) ( )ussu   

holds for all    .1,0,,0  sbu  

Example 1.1. The function  ) → ,0:  given by 

( ) bauu +=  

is an m-convex function  ( )1,0m  if .0b  
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There are numerous significant inequalities for the category of convex 

functions, but one of the most well-known is the so-called Hermite Hadamard 

integral inequality, which was independently found by Ch. Hermite and J. 

Hadamard in 1881 and 1893 and goes as follows. 

Definition 1.3. Let  → I:  be a convex function where, Ivu ,  

with .vu   Then, the following inequality holds: 

( )
( ) ( )

.
2

1

2 
+


−








 +


v

u

vu
dxx

uv

vu
 (1.3) 

This famous result is considered as a necessary and a sufficient condition 

for a function to be convex. It provides a lower and an upper estimation for 

the integral mean of any convex function defined on a compact interval 

involving the mid-point and the end points. Hermite-Hadamard’s inequality 

has raised many scholars’ attention, and thus, a variety of refinements, 

extensions, variants and generalizations have been found in literatures. 

In this paper, we aim in developing some quantum estimates of Hermite- 

Hadamard type of integral inequalities for m-convex functions by considering 

the results of quantum estimates of convex functions. 

2. Preliminary Results 

In this section, we first review and state some previously understood 

ideas and findings on q-calculus that will be applied in the following paper. 

Let   ( )vuJvuJ ,,, 0 ==   be intervals and 10  q  be a constant. 

We define q-derivative of a function → J:  at a point Jx   on 

 vu,  as follows: 

Definition 2.1[5]. Assume that → J:  is a continuous function and 

let .Jx   Then the expression 

( )
( ) ( )( )

( ) ( )
( ) ( )xDuDux

uxq

uqxqx
xD qu

ux
ququ =

−−

−+−
=

→
lim,,

1

1
  (2.1) 

is called the q-derivative of the function  at x on J. We say that  is              

q-differentiable on J provided ( )xDqu   exists for all .Jx   
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Note that if 0=u  in (2.1), then ,0 = qq DD  where qD  is the well 

known q-derivative of the function ( )x  defined by 

( )
( ) ( )
( )xq

qxx
xDq −

−
=

1
 

For more details, see [5]. 

Definition 2.2[5]. Assume that → J:  is a continuous function and 

let .Jx   Then the q-integral on J is defined by 

( ) ( ) ( ) ( ( ) ) 


=

−+−−=
x

u
n

nnn
qu uqxqquxqsds

0

11   (2.2) 

for .Jx   

Moreover, if ( ),, xuc   then the definite q-integral on J is defined by 

( ) 
x

c
qc sds  

( ) ( ) ( ) ( ) ( ( ) )  


=

−+−−=−=
x

u

c

u
n

nnn
ququ uqxqquxqsdssds

0

11  

( ) ( ) ( ( ) ).11

0




=

−+−−−

n

nnn uqcqqucq  

Note that if ,0=u  then equation (2.2) reduces to the classical q-integral 

of a function ( ),x  defined by 

( ) ( ) ( )  ) 


=

−=
x

n

nn
q xxqqxqsds

0
0

0 .,0,1  

Theorem 2.3[10]. Assume → J:, 21  are continuous functions, 

.  Then, for Jx   

(i) ( ( ) ( )) ( ) ( )   +=+
x

u

x

u

x

u
quququ sdssdssdss .2121  
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(ii) ( ) ( ) ( )  =
x

u

x

u
ququ sdssds .11  

(iii) ( ) ( ) =
x

c

x
cququ sdsDs 2121  

( )( ) ( ) ( ) −+−
x

c
ququ xucsdsDuqqs .,,1 12  

Alp et al. [7] in 2018 introduced the correct form of Hermite-Hadamard 

type integral inequality in quantum framework as follows: 

Theorem 2.4[7]. Let → J:  be a continuous function on J and 

.10  q  Then, we have 

( )
( ) ( )

 +

+


−









+

+


v

u
qu q

vuq
sds

uvq

vqu
.

1

1

1
  (2.3) 

Lemma 2.5[11]. Let → J:  be a continuous function and .10  q  

If qu D  is an integrable function on ,0J  then the following equality holds: 

( ) ( )
( ) 

−
−

+

+ v

u
qu sds

uvq

vuq 1

1
 

( )
( )( ) ( )( ) −++−

+

−
=

1

0
0111

1
sdussvDsq

q

uvq
qqu  

Lemma 2.6[11]. Let 10  q  be a constant. Then, the following 

equalities hold: 

(i)  =
1

0
0 .11 sdq  

(ii)  +
=

1

0
0 .

1

1

q
sds q  

(iii)  ++
=

1

0 2
0

2 .
1

1

qq
sds q  

Lemma 2.7[11]. Let 10  q  be a constant. Then, the following equality 

holds: 
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( )
( )

( ) +

++
=+−

1

0 3

2

0 .
1

2
11

q

qqq
sdsq q  

Lemma 2.8[11]. Let 10  q  be a constant. Then, the following equality 

holds: 

( )
( )

( ) ( ) +++

++
=+−

1

0 23

2

0 .
11

41
11

qqq

qqq
sdsqs q  

Lemma 2.9[11]. Let 10  q  be a constant. Then, the following equality 

holds: 

( ) ( )
( )

( ) ( ) +++

++
=+−−

1

0 23

32

0 .
11

231
111

qqq

qqq
sdsqs q  

Theorem 2.10[11]. Let → J:  be a continuous function. If qu D  is 

convex and integrable on ,0J  then the following inequality holds: 

( ) ( )
( ) 

−
−

+

+ v

u
qu sds

uvq

vuq 1

1
 

( )

( ) ( )
(( ) ( ) ( ) ( )).23141

11

32

24

2

uDqqvDqq
qqq

uvq
ququ +++++

+++

−
  

Theorem 2.11[11]. Let → J:  be a continuous function. If 
r

quD   

is convex and integrable on ,0J  and ,1r  then the following inequality 

holds: 

( ) ( )
( )

( ) ( )

( )4

22

1

21

1 q

uvqqq
sds

uvq

vuq v

u
qu

+

−++


−
−

+

+
  

( ) ( ) ( ) ( )

( ) ( )

rr
qu

r
qu

qqqq

uDqqvDqq

1

232

322

2231

23141















++++

+++++
 

Theorem 2.12[11]. Let 1  and 2  be two real-valued, non-negative and 

convex functions on J. Then, the following inequality holds: 
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( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

( ) ( )
.

11

,1

1

1
2

2
21

2

2
21

21 +++

++
+

++




−

v

u
qu

qqq

vuNqvvqq

qq

uu
xdxx

uv
 

Theorem 2.13[11]. Let 1  and 2  be two real-valued, non-negative and 

convex functions on J. Then, the following inequalities hold: 

(i) 
( ) ( )

( )2

211

uv

qqq

−

+++
 

( )( ) ( )( )
( )

( )uv

qq
ydxdsdxssyxssy

v

u

v

u
ququq −

++
−+−+  

21

0
021

21
11  

( ) ( )
( )

( ( ) ( ) ( ) ( )) ( ) ++
+

+
v

u
qu vuqNvvuuq

q

q
xdxx ,

1

2
2121

2
2

2

21  

(ii) ( ) ( )  






 +
−+







 +
−+

−

++ v

u
quq ydsd

vu
ssy

vu
ssy

uv

qq 1

0
021

2

2
1

2
1

1
 

( ) ( )
( )
( )

( ) ( )( ) +
+

+
+

−


v

u
qu vuNvuM

q

qq
xdxgx

uv
,,

14

11 2

21  

( )
( ( ( ) ( ) ( ) ( )) ( ) ( ))vuNqvvuuq

q

q
,12

12
21212

2

+++
+

+  

where ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ).,,, 21212121 uvvuvuNvvuuvuM +=+=  

3. Main Results 

In this section, first of all, we extend Lemma 2.5 assuming that qu D  is 

q-integrable m-convex function and then present some quantum estimates of 

Hermite-Hadamard type integral inequalities for m-convex function on 

 ., vmu   

Lemma 3.1. Let → J:  be a continuous function and .10  q  If 

qu D  is q-integrable m-convex function on ,0J  where 0J  is interior of J, 

then the following equality holds: 
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( )
( ) ( )

 +

+
−

−

v

mu
qmu q

vmuq
sds

muv 1

1
 

( )
( )( ) ( )( ) −++−

+

−
=

1

0
0111

1
sdusmsvDsq

q

muvq
qqu  

Proof. Using q-derivative on a finite interval, we have 

( )( ) ( )( ) ( )( )  −+=−++−
1

0

1

0
00 11111 sdusmsvDsdusmsvDsq qquqqu  

( ) ( )( ) −++−
1

0
011 sdusmsvDsq qqu  

( )( ) ( )( )
( ) ( ) −−

−+−−+
=

1

0
01

11
sd

muvqs

uqsmqsvusmsv
q  

( )
( )( ) ( )( )

( ) ( ) −−

−+−−+
+−

1

0
01

11
1 sd

muvqs

uqsmqsvusmsv
sq q  

( ( ) ) ( ( ) )













−−−−+

−
=  



=



=

++

0 0

11 11
1

n n

nnnn uqmvquqmvq
muv

 

( ( ) ) ( ( ) )













−−−−+

−

+
−  



=



=

++

0 0

11 11
1

n n

nnnnnn uqmvqquqmvqq
muv

q
 

( ) ( )
( ( ) )



=

−+
−

+
−

−

−
=

0

1
1

n

nnn uqmvqq
muv

q

muv

muv
 

( ( ) )


=

++ −+
−

+
+

0

11 1
1

n

nnn uqmvqq
muv

q
 

( ) ( )
( ( ) )



=

−+
−

+
−

−

−
=

0

1
1

n

nnn uqmvqq
muv

q

muv

muv
 

( )
( ) ( ) ( ( ) )














−+−

−

+
+ 



=

++

0

11 1
1

n

nnn uqmvqquv
muvq
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( ) ( ) ( ) ( )
( ) ( )

( ( ) )
0

1 1
1n n n

n

v mu q v q
q q v m q u

v mu q v mu q v mu



=

 − +  +
= − +  + −

− − −   

( ( ) )


=

−+
−

+
−

0

1
1

n

nnn uqmvqq
muv

q
 

( ) ( )
( )

( )( ) ( )
( ) ( )

( ( ) )


=

−+
−−

−−+
+

−

+
−=

0

1
11

n

nnn uqmvqq
muvmuvq

muvqq

muvq

vmuq
 

( ) ( )
( )

( )

( )
( ) 

−

+
+

−

+
−=

v

mu
qmu sds

muvq

q

muvq

vmuq
2

1
 

( )
( )

( ) ( )
.

1

11









+

+
−

−−

+
= 

v

mu
qmu q

vmuq
sds

muvmuvq

q
 

Thus, we have 

( )
( ) ( )

 +

+
−

−

v

mu
qmu q

vmuq
sds

muv 1

1
 

( )
( )( ) ( )( ) −++−

+

−
=

1

0
0 .111

1
sdusmsvDsq

q

muvq
qqu  

The proof is now complete. □ 

Remark 3.2. If ,1=m  and then it reduces to the result as given in 

Lemma 2.5, and if ,1,1 =→ mq  then it reduces to the following result: 

( ) ( )
( ) ( ) ( )( )  −+−

−
=

−
−

+ v

u
dsussvs

uv
dxx

uv

vu 1

0
.121

2

1

2
 

Theorem 3.3. Let → J:  be a continuous function. If qmuD  is  

m-convex and integrable on ,0J  then the following inequality holds: 

( ) ( )
( ) 

−
−

+

+ v

mu
qu sds

muvq

vmuq 1

1
 

( )

( ) ( )
(( ) ( ) ( ) ( ) ).23141

11

32

24

2

uDqqvDqq
qqq

muvq
qmuqmu +++++

+++

−
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Proof. Using lemma 3.1 and m-convexity of qmuD  on 0J  and lemmas 

2.8 and 2.9, we have 

( )
( ) ( )

 +

+
−

−

v

mu
qmu q

vmuq
sds

muv 1

1
 

( )
( )( ) ( )( ) −++−

+

−
=

1

0
0111

1
sdusmsvDsq

q

muvq
qqu  

( )
q

muvq

+

−


1
 

( )  ( ) ( ) ( )  sduDsmvDssq qqmuqmu 0

1

0
111 −+−−  

( )
q

muvq

+

−


1
 

 ( ) ( ) ( ) ( ) ( ) 
1 1

0 0
0 0

1 1 1 1 1q q q qmu mu
D v s q s d s m D u s q s d s − + +  − − +   

( )
( )

( )

( ) ( )

( )

( ) ( )
( ) 










+++

++
+

+++

++


+

−
= uD

qqq

qqmq

qqq

qqq
vD

q

muvq
qmuqmu 23

32

23

2

11

231

11

41

1
 

( )

( ) ( )
 ( ) ( ) ( ) ( ) .23141

11

322

24

2

uDqqmqqvD
qqq

muvq
qmuqmu +++++

+++

−
=  

The proof is complete. □ 

Remark 3.4. If ,1=m  then it reduces to the previous result as in 

Theorem 2.10. 

Remark 3.5. If 1,1 →= qm  then, the above result reduces to the 

following already established result  

( ) ( )
( )

( )
( ) ( ) .

8

1

2
uv

uv
dss

uv

vu v

u
+

−


−
−

+
  

We, now present the second result of q-integral inequality for m-convex 

function on  ., vmu   
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Theorem 3.6. Let → J:  be a continuous function. If 
r

qmuD   is 

m-convex and integrable on 0J  and ,1r  then the following inequality 

holds: 

( ) ( )
( )

( ) ( )

( )4

22

1

21

1 q

muvqqq
sds

muvq

vmuq v

mu
qu

+

−++


−
−

+

+
  

( ) ( ) ( ) ( )

( ) ( )

rr
qmu

r
qmu

qqqq

uDqqvDqq

1

32

322

21

23141















++++

+++++
 

Proof. From lemma 3.1 and using power-mean inequality and                 

m-convexity of ,r
qmuD   and lemmas 2.7, 2.8 and 2.9, we have 

( )
( ) ( )

 +

+
−

−

v

mu
qmu q

vmuq
sds

muv 1

1
 

( )
( )( ) ( )( ) −++−

+

−
=

1

0
0111

1
sdusmsvDsq

q

muvq
qqu  

( )
( )

( )( ) ( )( ) −++−
+

−


1

0
0111

1
sdusmsvDsq

q

muvq
qqu  

( )
( )

r

qsdsq
q

muvq
1

11

0
011

1

−









+−

+

−
   

( ) ( )( )
r

q
r

qma sdasmsbDsq

1
1

0
0|111 








−++−   

( )
( )

r

qsdsq
q

muvq
1

11

0
011

1

−









+−

+

−
   

( ) ( ) ( ) ( ) ( )
r

q
r

qmuq
r

qmu sdsqsuDmsdsqsvD

1
1

0

1

0
00 11111 








+−−++−    

( ) ( )

( )
.

1

2

1

1
1

3

2 r

q

qqq

q

muvq
−















+

++

+

−
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( )( )
(( ) ( ) ( ) ( ) )

1

2 2 3

32
1 4 1 3 2

1 1

r
r r

q qmu mu

q
q q D v m q q D u

q q q

 
 + +  + + + 
 + + + 

 

( ) ( )
( )

( ) ( )

( )4

22

1

21

1 q

muvqqq
sds

muvq

vmuq v

mu
qu

+

−++


−
−

+

+
=   

( ) ( ) ( ) ( )

( ) ( )

rr
qmu

r
qmu

qqqq

uDqqvDqq

1

32

322

21

23141
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+++++
 

This completes the proof. □ 

Remark 3.7. If ,1=m  then it reduces to Theorem 2.11. 

Remark 3.8. If 1=m  and ,1→q  then we have the following previously 

known result 

( ) ( )
( )

( ) ( )
.

24

1

2

1

rrrv

u

vuuv
dss

uv

vu











 +−


−
−

+
  

Theorem 3.9. Let 1  and 2  be two real-valued, non-negative m-convex 

functions on J. Then, the following inequality holds: 

( ) ( )
( ) ( )

 ++




−

v

mu
qmu

qq

vu
xdxx

muv 2
21

21
1

1
 

( ) ( ) ( ) ( )

( ) ( )
.

11

,1
2

2
21

22

qqq

vuNmqvvqqm

+++

++
+  

where, ( ) ( ) ( ) ( ) ( )., 2121 uvvuvuN +=  

Proof. Using m-convexity of 1  and 2  and for all  ,1,0s  we have 

( )( ) ( ( ) ( ) ( )).11 111 usmvsusmsv −+−+  

( )( ) ( ( ) ( ) ( )).11 222 usmvsusmsv −+−+  

Multiplying above inequalities, we have 

( )( ) ( )( ) ( ) ( ) ( ) ( ) ( )uusmvvsusmsvusmsv 21
22

21
2

21 111 −+−+−+  

( ) ( ( ) ( ) ( ) ( )).1 2121 uvvusms +−+  
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Taking q-integral with respect to s over  1,0  and using lemma 2.6, we 

have 

( )( ) ( )( ) −+−+
1

0
021 11 sdusmsvusmsv q  

( ( ) ( ) ( ) ( ) ( ) −+
1

0
21

22
21

2 1 uusmvvs  

( ) ( ( ) ( ) ( ) ( ))) .1 02121 sduvvusms q+−+  

( )( ) ( )( ) −+−+
1

0
021 11 sdusmsvusmsv q  

( ) ( ) ( ) ( ) ( )

( ) ( )

( )
( ) ( )

.
11

,

11

1

1

2

2
21

22

2
21

qqq

vuNmq

qqq

uuqqm

qq

vv

+++
+

+++

+
+

++


  

Substituting ( ) ,1 usmsvx −+=  on left-side of above inequality, we have 

( ) ( )
( ) ( )

 ++




−

v

mu
qmu

qq

uu
xdxx

muv 2
21

21
1

1
 

( ) ( ) ( ) ( )

( ) ( )qqq

vuNmqvvqqm

+++

++
+

11

,1
2

2
21

22

 

where, ( ) ( ) ( ) ( ) ( )., 2121 uvvuvuN +=  

This completes the proof. □ 

Remark 3.10. If ,1→q  then the above inequality reduces to 

( ) ( )  ( ) ( ) ( ) ( ) ( ) ++
−

v

mu
vuNuumvvdxxx

muv
.,

6

1

3

11
21

2
2121  

Remark 3.11. If 1→q  and ,1=m  then the inequality reduces to 

( ) ( ) ( ) ( ) +
−

v

u
vuNvuMdxxx

uv
.,

6

1
,

3

11
21  

Theorem 3.12. Let 1  and 2  be two real-valued, non-negative m-convex 

functions on J. Then, the following inequalities hold: 
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(i) 
( ) ( )

( )2

211

uv

qqq

−

+++
 

( )( ) ( )( )
( )

uv

qqmq
ydxdsdxssyxsmsy

v

u

v

u
ququq −

+++
−+−+  

221

0
021

11
11  

( ) ( )
( )

( ( ) ( ) ( ) ( ) ( )).,
1

2
2121

2
2

2

21 ++
+

+
v

u
qu vvvuqNuuq

q

mq
xdxx  

(ii) 

( ) ( )  






 +
−+







 +
−+

−

++ v

u
quq ydsd

vu
smsy

vu
smsy

uv

qq 1

0
021

2

2
1

2
1

1
 

( ) ( )
( )
( )

( ) ( )( ) +
+

+
+

−


v

u
qu vuNvuM

q

qqm
ydyy

uv
,,

14

11 22

21  

( )
( ( ( ) ( ) ( ) ( )) ( ) ( ))vuNqvvuuq

q

mq
,12

12
21212

2

+++
+

+  

where ( ) ( ) ( ) ( ) ( ),, 2121 vvuuvuM +=  and ( ) ( ) ( ) ( ) ( )., 2121 uvvuvuN +=  

Proof. From the definition of m-convexity of 1  and ,2  for all 

  ,,,1,0 Jyxs   we have 

( )( ) ( ) ( ) ( ).11 111 xsmysxsmsy −+−+  

( )( ) ( ) ( ) ( ).11 222 xsmysxsmsy −+−+  

Multiplying above inequalities, we have 

( )( ) ( )( ) ( ) ( ) ( ) ( ) ( )xxsmyysxsmsyxsmsy 21
22

21
2

21 111 −+−+−+  

( )( ( ) ( ) ( ) ( )).1 2121 xyyxsms +−+  

Taking q-integral with respect to s over  1,0  and using lemma 2.6 

( )( ) ( )( ) −+−+
1

0
021 11 sdxsmsyxsmsy q  

( ( ) ( ) ( ) ( ) ( ) −+
1

0
21

22
21

2 1 xxsmxys  
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( )( ( ) ( ) ( ) ( )) )1 2 1 2 0
1 .qms s x y y x d s+ −   +   

( )( ) ( )( ) −+−+
1

0
021 11 tdxtmtyxtmty q  

( ) ( ) ( ) ( ) ( )

( )( )

( )

( )( )

2 2 2
1 2 1 2

2 2 2

1 ,
.

1 1 1 1 1

y x m q q x x mq N u v

q q q q q q q q

  +  
 + +

+ + + + + + + +
 

Next, taking double q-integral to both sides of the above inequality with 

respect to yx,  on  ,, vu  we have 

( )( ) ( )( )   −+−+
v

u

v

u
ququq ydxdsdxssyxsmsy

1

0
021 11  
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22 2

1 2 1 2 1 2 1 2 0
0

1 1 .qs y y m s x x ms s x y y x d s   + −   + −   +    
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0
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u
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v

u
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u
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xdxgxf
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On simplifying, we have 

( )( ( ))

( )( )
( ) ( ) 

+++

+++−
=

v

u
qu xdxx

qqq

qqmquv
212

22

11

11
 

( )

( ) ( )
( ( ) ( ) ( ) ( ) ( )).,

11

2
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2

23

22

vvvuqNuuq
qqq

uvmq
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+++

−
+  

Multiplying both sides by 
( ) ( )

( )
,

11
2

2

uv

qqq

−

+++
 we have 

( )( )
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+++ v

u

v

u
ququq ydxdsdxssyxsmsy

uv

qqq 1

0
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22 11
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2

2
1 2 1 2 1 22

2
,

1

v
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u

q m
x x d x q u u qN u v v v

q
  +   + +  

+
  

Now, we begin the proof of (ii) part: 

From the definition of m-convexity of 1  and ,2  for all 

  ,,,1,0 Jyxs   we have 

( ) ( ) ( ) 
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−+







 +
−+

2
1

2
1 111

vu
smys

vu
smsy  

( ) ( ) ( ) .
2

1
2

1 222 
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 +
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vu
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Multiplying the above inequalities, we obtain 
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2
1 21
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Taking q-integral with respect to s over  ,1,0  we have 

( ) ( ) 






 +
−+







 +
−+

1

0
021 2
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2
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Applying q-integral with respect to y over  vu,  and using m-convexity of 

functions of 1  and ,2  we observe 
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Multiplying both sides by 
( ) ( )

,
11 2

uv

qqq

−

+++
 we get 
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−
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v
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1

2
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2
2

2
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+

+
v

u
qu vgvfvuqNuuq

q
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This completes the proof. □ 

Remark 3.13. If ,1=m  then it reduces to the result as given in Theorem 

2.6. 
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