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Abstract

From an algebraic perspective, semirings give the most natural basic speculation of the
hypothesis of rings and the vast majority of the methods utilized in analyzing semiring are
taken from ring theory and group theory. In this paper, the semiring hypothetical consequences
of [4] and [10] concerning the prime and semiprime ideals of semirings to I'-semirings are

generalized.
1. Introduction

The set of non negative integers N with addition and multiplication gives
a characteristic illustration of a semiring. There are numerous different

examples of semirings, for example, for a given integer n, the set {(a;j),.,,}

over a semiring R structures a semiring with usual addition and
multiplication over R. In any case, the circumstances for the arrangement of

the set of all negative integers and for the set of all {(g } over a semiring

i) nxn
R are different. They do not shape semirings with the above operations, since
multiplication in the above sense are no longer binary compositions. This
thought gives another sort of algebraic structure, what is known as a

I'-semiring.

“The idea of I'-semiring was presented by [7] in 1995” as a speculation of
semiring as well as I'-ring (it may be reviewed here that the thought of T' —
was first presented in algebra by N. Nobusawa in 1964). Later it was
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discovered that I'-semiring additionally give an algebraic home to the
negative cones of totally ordered rings and the set of rectangular matrices
over a semiring.

In this paper, we set up certain outcomes with respect to prime and
semiprime ideals of a TI'-semiring. We at that point get various
characterizations of prime and semiprime ideals of I'-semiring R.

2. Preliminaries

For preliminaries of I'-semirings, we refer to [1], [2], [3] and [6]. Some of
the following definitions are crucial in this paper. Throughout this paper, R
represents a I'-semiring.

Definition 2.1[9]. Let R and I" be two additive commutative semigroup.
Then R is called a I'-semiring if there exists a mapping RxI'x R — R
denoted by wxoy for all x,ye R and o eI satisfying the following

conditions:
(1) (x + y)oz = x0z + yoz.
(i) x(a + B)z = xaz + xPz.
(1) xoly + z) = xoy + x0z.
(iv) (xoy)Bz = xo(ypz) for all x, y, z € R and a, B e I.

Let Ac R Bc R and AcTI. Let us denote AABc R by
AAB = {Za;v;b;, where a; € A, b; € B and v; € I'} be a set of finite sums.

Definition 2.2[7]. “0 is the element of R if and only if Oyx = 0 = xy0 and
x+0=x=0+x and ‘1’ is the identity element if 1yx = x = xy1 for all

xeR and y e P.”

Definition 2.3[7]. “If xyy = yyx for all x, y e R and y € I', then Ris a
commutative I'-semiring”.

Definition 2.4[3]. “A non empty sub set I of R is said to be left (right)
ideal of R if I is subsemigroup of (R, +) and xyy e I, (yyx € I) for all
xe R, yel and y eT. If I is both left and right ideal of a I'-semiring R
then [ is called an ideal of R”.
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Definition 2.5[4]. “A proper ideal M of R is said to be maximal ideal if
there does not exist any other proper ideal of R containing M properly”.

Definition 2.6[9]. “An ideal P of R is k-ideal if ye P, x +ye P,x € R
implies that v € T'”.

Definition 2.7[6]. “Let R; and Ry be two I'-semirings. Then
f:R >Ry, be a TIhomomorphism if f(x+y)=/f(x)+/f(y) and
flxyy) = f(x)yf(y) forall x, y e R and y e I.”

OR

“‘Let R, be Ij-semiring and Ry be Ij-semiring. Then
(f, 2): (R, ) > (Ry, Ty) is called homomorphism if f: R — R, and

g: 1 oy are homomorphisms of semigroup such that
flx+y)=flx)+f(y) and flxyy)=f(x)g(v)f(y) for all x,ye R and
Y € Fl 7,

Lemma 2.8[6]. “Let A be a non empty index set and {I) }, 4 be a family

of ideals of a I'-semiring R. Then ﬂ I, is anideal of T-semiring R”.
reA

All through this paper, R will signify a I'-semiring with zero element ‘0’
and identity component ‘1’ except if in any case expressed.

3. Prime and Semiprime Ideals in a '-Semiring

In this segment, we set up certain outcomes with respect to prime and
semiprime 1ideals of a TI-semiring R. Further, we obtain different
characterizations of prime and semiprime ideals of R.

Remark [10] “Let R; and R, be two I'-semirings and 7" : B — Ry be an
onto I'-homomorphism. Let Ky = {x € R, | there exist y, z in R; such that
x=y+z and T(y)=T(z)}. Then Ky is an ideal of R; containing KerT,
where KerT = {x e R | T(x) = 0}".

Definition 3.1[3]. “An ideal P of R is prime if for any two ideals A and B
of R, ATB < P we have, either A c P or Bc P”.
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Theorem 3.2. Let R, and Ry be two I'-semiringsand T : Rj — R, be an
onto homomorphism. Let A; be an ideal of Ry and Ay an ideal of Ry. Then

(1) Ay is prime if and only if T_l(A2) is prime.

@) If Ay is a k-ideal and A) o Ky, then A; is prime if and only if
T(A;) is prime.

(iii) If T7Y(Ag) is maximal, then As is maximal.

(iv) Let A; be k-ideal containing Kp. If A; is maximal, then T(4;) is
maximal.

Proof. (i) Let Ay be given prime in Ry. Let P, and €, be two ideals of
R, such that BAQ < T (4;). Therefore T(P)AT(Q)=T(PAQ,)
c T(T71(Ay)) = Ay [cf. [11], Lemma 3.3 (i), (iii), (vii)]. But Ay is prime, so
either T(P,) = Ay or T(Q) = Ay. This implies that either B, = T (Ay) or

@ < T YA4,). Thus T71(A,) is prime. Conversely, let P, and @y be two
ideals of Ry such that P,AQs < Ay. Using [c.f. [11], Lemma 3.3 (vi), (x)], we

have T Y P)AT Q) < T H(PAR) < (T7H(Ay)). But T7Y(Ay) is prime,
therefore either (T71(R)) = (T Y(Ay)) or (T7H@,)) < (T71(A4y)) so by [c.f.
[11], lemma (i); (vii)])] we have either P, < T(T }(As)) or @ < T(T (As)).
So either P, < Ay or @y < As.

() Let 7T(A;)= Ay. Since A; 1is k-ideal containing Kp, so
T (Ay) = THT(4A)) = A ([cf. [11], Lemma 3.3 (vi); (viii)]. Then by (i) A;
is prime if and only if 7'(4,) is prime.

(111) Suppose T_l(AZ) is maximal. Let @9 be any other ideal of R, such
that Ay = @ < Ry then by [c.f. [11], Lemma 3.3 (vi)] T (4y) < T 1(@y)
c R,. Since T '(Ay) is maximal so either 7T 1(Ay)=T"%Q,) or
T71(A4;) = R;. Now result follows easily using the fact that 7(T }(A)) = Ay
for every ideal Ag of Rs.
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(iv) Follows exactly as (i1) and (ii1). o

Definition 3.3[3]. “Let P be an ideal of R. Then P is semiprime if for any
two ideals A of R, ATA < P givesthat A c P”.

The following theorem is proved in [1].

Theorem 3.4[1]. “Let R be a I'-semiring. For an ideal P C R the following

statements are equivalent

(1) Pis prime.

(1) For a,be R, al’'RI'b — P ifandonly if a € P or b € P.

(i) For a,b € R, (a)I'(b) < P ifand onlyif a € P or b e P.

(iv) For any left (right) ideals H, K of R, HTK < P implies that either
HcPorKcP”.

Theorem 3.5. Let PC R be an ideal of R. Then the following statements
are equivalent

(1) P is semiprime.

(1) If a € R, (a)l(a) < P then a € P.

(1) a € R, al'RT'a < P if and only if a € P.

(iv) If H is any left (right) ideal of R, HTH < P then H < P.

Proof. We omit, because it is a matter of routine verification. ]

Definition 3.6[12]. “An element x € R is multiplicative I'-idempotent if
there y eI, such that x = xyx. R is called multiplicative I'-idempotent
I'-semiring if every element of R is multiplicative I'-idempotent. It is denoted

by I*(TR)”.

Definition 3.7[7]. “Let C(R) = {x € R | xyx = yyx, for all y e R,y e ['}.
Then C(R) is called centre of I'-semiring R”.

Definition 3.8[5]. x € R is a unit if there exists an element y € R and

vy € T such that xyy =1 = yyx. The element y € R is called the inverse of x
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in R. The set of all elements of R having units is denoted by U(T'R). Clearly,
U(TR) # ¢, since 1 € U(TR) and is not all of R.

Definition 3.9[3]. “Let H # ¢. Then H is an m-system of R if

cazrood € H, forany ¢, d € H,r € R and a;, a9 € T'”.

Example 3.10. Let S be a submonoid of R with identity 1, then S is an
m-system. Specifically, U(TR), C(R) and I"(TR)( C(R) are m-systems and
I'(TR) is an m-system if R is commutative.

Definition 3.11[2]. “¢ # A = R is an n-system of R if afrya € A, for
aeAreRandB,yel”.
The following results are proved in [1] and [3], however for the

completeness we state the following.

Theorem 3.12[1]. “An ideal P of a I'-semiring R is prime if and only if
R\ P isan m-system of R”.

Theorem 3.13[1]. Let P be an ideal of a commutative I'-semiring R. Then
Pisprimeif al'b < P then either a € P or b € P”.

Theorem 3.14[1]. “An ideal P of a I'-semiring R is semiprime if and only
if for a € R, (a)[(a) c P implies that a € P.

Corollary 3.15[3]. “Let R be a I'-semiring. An ideal I of a I'-semiring R is

semiprime if and only if R\ I is an n-system”.

Theorem 3.16[3]. A non-empty subset A of a I'-semiring R is an n-system
if and only if it is union of m-systems”.

Now we have.

Theorem 3.17. Let A be an m-system of elements of a I'-semiring R. On
the off chance that if P is maximal ideal among each one of those of R which
are disjoint from A then P is prime.

Proof. Let I ¢ P and J ¢ P satisfying IT'J < P, where I and J are
ideals of R. Then P c I + P and P c J + P. Therefore (I + P)(1 A # ¢ and
(J+P)NA =0 Specifically, there exist finite subsets
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{p]_7 p29 ceey pn’ q]_; QQ, ey qm} Of P7 {l]_7 125 ey Ln} OfIand {-]19 .]2’ 7.])7’1} Of

J,1<k<n, 1<s<m so that p=22=l(ik+pk)eAﬂ(I+P) and

q= Z;nﬂ (js +gs) e AN(J +P). But A is an m-system, therefore for

reR,a el we  have aorpb € A. In any case, parfq
= > D ok + iorBag + > (g + i o]

= > " D prarBas + D, prorvis + D parBs + D, iparyis]
e P+PIrJ+ITP+1ITJ c P+ 1ITJ c P, since ITJ c P, logical
inconsistency to the theory that P (1 A = ¢. Hence P is prime. o

Corollary 3.18. If P be any maximal ideal of R. Then P is prime.

Proof. The result follows from Theorem 3.17 and example 3.10 and on
the off chance that an ideal of R is maximal among each one of those ideals of
R which are disjoint from U(I'R).

Theorem 3.19. Let P be a prime ideal of R. Then every prime ideal P
contains a minimal prime ideal.

Proof. Let {K; | i € A} be such that for i>j in A we have, K; c K,
where each K; is a descending chain of prime ideals of R. Let K =;cp K.
Therefore, K is an ideal of R [c.f. Lemma 2.10]. Further let a, b € R, a, B € T
be such that {aorBb |r € R} — K. Let a ¢ K. Then for any m € A we have
a ¢ K,,. So by Theorem 3.4, b € K,,,. Thus, b € K; for all i<m(K; 2 K,,,).
Further, if i > m then K; c K,, and so a ¢ K;. So by Theorem 3.4, b € K;
for all i € A. Thus b € K. Hence by Theorem 3.4, K is prime. Now the result

is self evident by Zorn’s lemma to the set of all prime ideals of R contained in
P. m]

Theorem 3.20. An ideal H of a I'-semiring R is semi prime if and only if

H is the intersection of all prime ideals of R containing H.

Proof. Let H be a semi prime ideal of R. Then by Corollary 3.15 R\ H 1is

an n-system. Also by Theorem 3.16, R\ H = UKi where each K; is an m-
ieA
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system and K; c R|H. But HNK; =¢ for each i e A, so by Zorn’s

Lemma, H c L;, where L; is maximal disjoint from K;. This implies that,

each such L, is prime [cf. Theorem 3.17]. Thus H c ﬂLi
ieA
c ﬂ(R\Ki) = H. Hence H is the intersection of all prime ideals of R
e
containing H. Conversely, the result follows exactly from Theorem 3.14,
Corollary 3.15 and Theorem 3.16. o

Theorem 3.21. Let @ be an ideal of R. On the off chance that if H is an
ideal of R minimal among each one of those ideals of R, properly containing @
then P = {x € R| xTH < @} is a prime ideal of R.

Proof. Let x, y € P. Therefore, x, y e R and xI'H < @, y' H < Q. Now
(x + y)TH = xTH + yTH < Q. This implies that x + y € P. Let x € P. Then
xe R xTH c Q. Now xyr e R,y e, we have (xyr)yH = xy(ryH) c xT'Q
c Q. Similarly, (ryx)TH = ry(xTH) < rTQ < Q. Thus P is an ideal of R. Let
AT'B c P, where A and B be two ideals of R and assume that B ¢ P. Now
we claim that A ¢ P. Since ATBc P and B ¢ P, we have ATUBI'H c
and BIH ¢ P. Therefore @ —c @ + BT H < H, since H is minimal, so we
have @ + BTH = H. Thus AI(Q + BTH) = ATH < Q. Hence A c P.

Definition 3.22. A I'-semiring R is said to be left noetherian if and only if
it satisfies the ascending chain conditions on left ideals. Similarly we can

define right noetherian.

Theorem 3.23. Let S be the set of all ideals of a commutative I'-semiring

R which are not finitely generated. If P is a maximal k-ideal such that P < S

then P is prime.

Proof. Let aypbe P,a,be R\ P,yel. Then clearly P +(a) and
P + (b) are ideals of R. Therefore, P — P + (a), P = P + (b) and so both are
finitely generated. Let P +(a) = ({p; + n71a, pa + yoq, ..., P, + Iypat) and
P +(b) = ({p1 + riv1b, o + 15y5b, ..., Dp + Tiy¥imb})s b, Pj € P < R, v;, ¥ €T,
1<i<n1<j<m Let K={re R|ryaeP,yeTl}. Thus K is an ideal of
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R. If 1<j<m then (pj+rjyb)Ba = pipa+ (riy;b)Ba = pipa +rjy;(bPa)
= piBa + rjyj(apdb) € K. Therefore P — P +(b) < K. Since P is maximal so K

is finitely generated. Let K ={k, ko, ..., k,

.- This implies that

?thiyiki eK, t;eR1<i<q If peP then for s, sg9,..., 5, of R we
have p= 2?21 s;ja;(p; + rPa) = 2?21 S;0;p; + Z?Zl (sjoyr)Ba,  for all
a;, B € I'. Since P is k-ideal, so Z?Zl (sjoy7;)Ba € P. Thus Z?zl (sjou1;) € K.
Therefore, there exist ¢, ¢y, ..., {; € R such that Z?:l S0t = 2?21 tivik;.

So P= Z?zl s;a;p; + Z?Zl ty;kpa. Thus P is  generated by
{D1, P2, ..., Pu> RiBa, ..., kBaj, which is logical inconsistency to the theory
that P is not finitely generated. Hence ayb € P gives that either a € P or
b € P. Hence P is prime. o

Theorem 3.24. Let P be a k-prime ideal of a commutative I'-semiring R.
Then P is finitely generated if and only if R is noetherian.

Proof. Let R be noetherian, then P is finitely generated [c.f. [11],
proposition 4.2]. Conversely, let P be finitely generated and M be the set of all
ideals of R which are not finitely generated. We will show that M = ¢ [c.f.

[11], proposition 4.2]. If possible let M = ¢. Let H = UHi’ where each
e

H;,i e A is a chain of elements of M. Then H cannot be finitely generated

and is an ideal of R. Otherwise, it must be one of H;, which is logical

inconsistency to the theory that none of H; is finitely generated. The result is

self evident by Zorn’s Lemma that, M has maximal element. Thus by theorem

3.23, P is prime, which is a contradiction to given. Hence R is noetherian.
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