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Abstract

Let G be a connected graph on which an edge coloring c¢: E(G) > {1, 2, ..., k}, k € N, is

defined, where adjacent edges may be colored by the same color. The graph G is rainbow
connected and the edge-coloring ¢ is called rainbow coloring if there exists a rainbow path
between every two vertices of G. Rainbow connection number of a graph G, denoted by rc(G) is
the minimum number of colors which are needed in order to make G rainbow connected. In this

paper, the rainbow connection number for some graphs such as cocktail party graph, line and

middle graph of wheel graph are determined and rc(G) = Zn | re(B;) if G is a connected graph
i=

with a cut vertex and has ‘n’ number of blocks B;, is proved.

1. Introduction

Rainbow connection of graphs is a new developing concept in recent
times. It was first introduced by G. Chartrand, G. L. Johns, K. A. McKeon
and P. Zhang in [1]. It was developed to find the minimum number of distinct
passwords assigned to the edges of a path between every two vertices in a
network in order to transfer the high security information between the

vertices.

All graphs considered in this paper are non-trivial, simple, finite and
undirected graphs. Let G be a connected graph on which an edge coloring
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c: EG)—> {1, 2, ..., k}, is defined where adjacent edges may be colored by

the same color. A path in G is a rainbow path if no two edges of the path are
colored by the same color. The graph G is rainbow connected and the edge-
coloring c is called rainbow k-coloring if every two vertices in G are connected
by a rainbow path. The rainbow connection number of a graph G, denoted by
rdG) is the minimum number of colors which are needed in order to make G

a rainbow connected graph. For any connected graph G with size m and
diameter diam(G), then diamG)<rdG)<m [1]. If G is rainbow k-
colorable, then rdG) < k.

The following results are proved by Chartrand et al. in [1]. Using these
results, we will determine the rainbow connection number of certain graphs

in this paper.
Proposition 1.1[1]. Let G be a nontrivial connected graph of size m. Then
(@) rdG) =1 if and only if G is a complete graph

(®) rdG) = m if and only if G is a tree.

Proposition 1.2[1]. For each integer n > 4, r{C,,) = {g—‘

2. Rainbow Connection Number of Cocktail Party Graph

In this section, the rainbow connection number of the cocktail party
graph will be determined by using the results which were seen in the
previous section.

Definition 2.1. Cocktail party graph [6]. Let K, 5 denote the graph
with m =2n vertices. Each vertex u; 1is non-adjacent to u,,; for
1=1,2, ..., n and all other pairs of vertices are adjacent. This unique
(m — 2)-regular graph on m vertices is called cocktail party graph. The

diameter of K, ,9 is 2 when n > 1.

Theorem 2.1. Let K, o be the cocktail party graph of order 2n where
n > 1. Then ro(K,y9) = 2.
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Proof. Let K, be a cocktail party graph where n > 1. Let m = 2n.

Let V(K,x9) = {1y, Ug, Us, ..., Uy, Upil, Upsos ---> Unsn) DE a vertex set of
Kn><2-

Let E(Kpy2) = {wiuj € V(Kpuo) x V(Kygo) i # j,i+n = j and
1<1i,j<m}

Since diam(K,,9) = 2, rd(K,42) > 2. It remains to prove rdK,,s) < 2.
Since K,,.9 is (m —2) regular graph, it contains a cycle C,, of length m
formed by the vertices wy, ug, ..., U, Upi1, Unso, ---Upyp- Define the coloring
c: E(K,9) — {1, 2} as follows

clej))=1,Ve =wu;; € E(C,), where 1=1,2...,m and u,u,,

= Uply

cle)=2,Ve e E(K,,5) and e ¢ E(C,,)

Figure 2.1. Coloring of the graph Kjs,9 by the definition of c.

So that the edges between adjacent vertices are colored by the color 1 or 2
whereas the edges of the path between any two non-adjacent vertices are
colored by the colors 1 and 2 since diameter of K, o is 2. ¢ is a rainbow

2-coloring which implies rd(K,,,9) > 2. Therefore rdK,,.9) = 2.

3. Rainbow Connection Number of Line and Middle Graph of Wheel
Graph

In this section, the rainbow connection number of line and middle graph
of wheel graph will be determined by using the known results.
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Definition 3.1 Line Graph. A line graph L(G) of a simple graph G is a
graph whose vertices are edges of G and two vertices in L(G) are adjacent if

and only if the corresponding edges of G have a vertex in common. The

number of vertices in L(G) is | V(L(G)) | = | E(G)| and the number of edges
in L(G) is | E(I(G)) | = %(Z‘ifl(G)‘dlz) —| E(G)| where d; is a degree of a

vertex v;.

Theorem 3.1. Let L(W,) be a line graph of a wheel graph W,. Then

2ifn =3,
re(L(Wn) = {3 Z:Z > 5. )

Proof. Let V(L(W,)) = {u;, ug, us, ...u,, vy, Vg, ..., U, } be a vertex set of
L(W,). L(W,) contains a complete graph K, with vertices
V(K,) = {u, ug, us, ..., u,} and a cycle C,  with vertices
V(C,) = {v1, vg, Vs, ..., U, ). Let  E(K,)={ej, u, ujli,j...,1,2,n and
i<jh. Let E(C,)={e;,vv;s111=1,23, ...v, and vy, =v,v}. Let
M = E(LW,){E(K,)U E(Cy,)} = {a;; =vu; 1i=1,2,8,...,n and j=1i

and j=1i+1, vl = U4}
Therefore, E(L(W,)) = E(K,)U E(C,)U M.
Casel.n =3,4

diam(L(W,,)) = 2, where n = 3, 4. Therefore ro(L(W,)) > 2. It remains to
show that ro(L(W,)) > 2. Define a coloring ¢ : E(L(W,)) — {1, 2} as follows

cle;) =1,V e; € E(C,) and i is odd
cle;) =2,V ¢; € E(C,) and i is even
c(eij) = 2, A el-j S E(Kn)

c(ai) =1V aij eM
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Figure 3.1. Coloring of graphs L(W3) and L(W,) by the definition of c.

By the definition of ¢, there exists a rainbow path between every pair of

vertices of L(W,). Therefore ¢ is rainbow 2-coloring which implies that

rd L(W,)) = 2. Therefore rc(L(W,)) = 2, when n = 3, 4.
Case 2. Let n > 5.
Define a coloring ¢; : E(L(W,) — {1, 2} as follows
ci(e;)) =1, Ve; € E(C,) and i is odd
ci(e;) =2, Ve; € E(C,) and i is even
cle;) =2, Ve € E(K,)
c(a;)=1,Va; eviu; e M
¢(a;) =3, Va;; e M and j=i+1.

By the definition of ¢;, there exists a rainbow path between every pair of

vertices of L(W,,). Therefore, c is rainbow 3-coloring which implies that

roL(W,) < 3 1)
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Figure 3.2. Coloring of the graph L(W,)) by the definition of ¢;.
Sub case (i). n > 5
Since
diam(L(W,,) = 3, rd{ L(W,,)) > 3 2).
Therefore by (1) and (2) rd(L(W,,)) = 3 for n > 5.
Sub case (ii). n =5

Since (L(W5) = 2, rd{ L(W5)) > 2. Suppose that rdL(Ws)=2. L(W;)
contains a cycle Cs. Then re(C,)) = 3 by the proposition 1.2.

Figure 3.3. Coloring of L(W5) by definition of c.

If two distinct colors are assigned by the definition of ¢ which is shown in
the figure 3.5, then there is no rainbow path between the vertices vy and vj

which is a contradiction to the assumption that rc¢(L(Ws) = 2. Therefore
re(L(Ws) = 3 for n = 5.
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Definition 3.2. Middle Graph. Let G be a graph with the vertex set
V(G) and the edge set E(G). The middle graph M(G) of G is a graph whose
vertex set is the union of V(G) and E(G) and two vertices are adjacent if and
only if
(1) They are adjacent edges of G or

(1) One is a vertex and the other is an edge incident with it.

Theorem 3.2. Let G be the middle graph of Wheel graph W, with 3n+1

2 ifn=3

tices then the di t MW,) i
vertices then the diameter of M(W,,) is {3 —

Proof.
Case 1. Let n = 3.

Let V(G) = {u, us, us, u, vy, vy, ..., g} be a vertex set of G. Let A; be a
subgraph of G with vertex set E(A;) = {uy, us, us, vy, U9, U3} and edges set
E(A)) = {wu;, viu;q 11 =1, 2,3 and vguy = vsyy ). Let Ay be a subgraph of
G with vertex set V(Ay)={u, ug, us, vg, U5, bg} and edges set
E(As) = {ujv; 3 11 =1,2 3. Let Ag be a subgraph of G with vertex set
V(A3) = {1, vg, v3} and edges set E(A3) = {vvj |i,j,=1,2,3 and i< j}.
Let E(4) = {wv;, v;u;;1 11 =1,2,3 be a subgraph of G with vertex set
V(Ay) = {v1, vg, ..., vg} and edges set V(Ay) = {v;v;, 3, ViV 15, j=1,2,3
and vgu; =vguy). Let As be a subgraph of G with vertex set
V(A5) = {u, vy, vg, ..., U3} and edges set E(Ay) = {;v;, 3, VVja 15, 7 =1,2,3
and uvgu; =vguy). Let E(G) = E(E(G)= E(A;)UE(A3)U E(A3)U E(Ay)
UE(45)

W AZ A3 A4
u, Vv,
Vs Vi
Vs v, Vs \£!
Vg Ve Vs
Vg Vs
©
U3 Va U, Uz u, V2 V,
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As
Vy

VG V5
Figure 3.4. Subgraphs of the graph G.

rdG) = 2. Since diam(G) = 2, it remains to show that rdG) < 2. So define a
coloring ¢ : E(G) — {1, 2} as follows

cle)=1,Ve e E(4)) and e = y;v;, where i =1, 2, 3
cle)=2,Ve e E(A)) and e # wv;, where i =1, 2, 3
cle)=2, Ve e E(Ay)

cle) =2, Ve e E(A3)

cle)=1,Ve e E(A;) and e = vjv;,3, where i =1, 2, 3
cle)=2,Ve e E(Ay) and e # vv, 3, where i =1, 2, 3
cle)=1, Ve e E(A5)

So that there exists a rainbow path between every pair of vertices of G.
Therefore, ¢ is rainbow-2-coloring which implies that rc(G) < 2. Therefore

rdG) = 2 when n = 3.
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Figure 3.5. Coloring of the graph M(W, ) by the defining of c.
Case 2. Let n > 3

Let V(G) = {y, us, ..., Uy, 4, vy, Uy, ..., Uy, } be a vertex set of G. Let B;
be a subgraph of G with vertex set V(B) = {14, wo, ..., U, Uy, g, ..., U,} and
edges set E(B;) = {wv;, viu; 1 11 =1,2, ..., n and v,u,,; = U,y }. Let By be
a subgraph of G with vertex set V(By) = {1, Ug, ..., Uy, Upi1s Upss --v» Uop )
and edges set E(By) ={¢; = wv;,1 11 =1,2,..., n}. Let By be a subgraph of
G with vertex set V(Bs)={vj,vq,...,09,} and edges set
EBs)={e; =vvjip, i 11, j=1,2,...,n and k=n+1+i and
UpUonsl = UpUns1)- Let By be a subgraph of G with vertex set
V(By) = {u, vy, g, v} and edges set E(By)={uy, viv; li, j=n+1,
n+2..,2n and i<jtU{yuq1i=12...,n and vy, =v,0} Let

E(G) = E(B) U E(By) U E(Bs) U E(By).

rd(G) > 3. Since diam(G) = 3. It remains to show that r¢G) < 3. So
define a coloring ¢; : E(G) — {1, 2, 3} as follows

ci(e)=2, Ve e E(B)) and e = y;v;, where i =1, 2, ..., n
ci(e)=2, Ve € E(B)) and e # y;v;, where i =1, 2, ..., n
ci(e;) =1, Ve; € E(By) and i is odd

Advances and Applications in Mathematical Sciences, Volume 22, Issue 8, June 2023



1752 T. ARUNA and S. P. JEYAKOKILA
ci(e;) =1, Ve; € E(By) and i is even
ci(e)=2, Ve e E(Bg) and e = y;v;,,, where i =1, 2, ..., n
ci(e)=1, Ve € E(Bs) and e # v;v;,,, where i =1, 2, ..., n

ci(e)=3,Ve e E(By)

Figure 3.6. Coloring of the graph M(Wjs) by the defining of ¢;.

So that there exists a rainbow path between every pair of vertices of G.

Therefore ¢; is rainbow-3-coloring which implies that r¢(G) < 3. Therefore

rd(G) = 3 when n > 3. Hence proved. a]

4. Conclusion

In this paper, we have determined the rainbow connection number of

graphs such as cocktail party graph line and middle graph of wheel graph.
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