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Abstract 

The aim of this paper is to apply the concept of Derivation Left-Right ( )-, RL Derivation 

and Right-Left ( )-, LR Derivation) to Intuitionistic Fuzzy Sub-Algebra, Intuitionistic Fuzzy Ideal 

and Intuitionistic Fuzzy Implicative Ideals and introduced the notions of Derivations of 

Intuitionistic Fuzzy Sub-Algebra, Derivations of Intuitionistic Fuzzy Ideal and Derivations of 

Intuitionistic Fuzzy Implicative ideals and finding the different results, learning the relation 

among Derivations of Intuitionistic Fuzzy Sub-Algebra, Derivations of Intuitionistic Fuzzy Ideal 

and Derivations of Intuitionistic Fuzzy Implicative Ideals and so many properties that are 

related investigated. 
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1. Introduction 

In 1966, K. Iseki and Y. Imai [11] introduced a new perception known as 

BCK-algebras. So many researchers investigated assorted houses of this 

algebra. Such Algebra generalized the thought of units with the set 

subtraction as the most effective nonnulary operation. In [9], Iseki and 

Tanaka introduce the idea of Sub-Algebra, Ideals and Positive Implicative 

Ideals in BCK-algebras. Meng [15], introduce the notion of Implicative best in 

BCK-Algebras and investigate the affiliation of it with the concept of Positive 

Implicative ideals and Commutative Ideals in BCK-Algebras. In Xi [26] 

functional the concept of Fuzzy Set to BCK-Algebras and had given some 

houses of it. Later then Jun and Meng examined similarly residences of 

Fuzzy BCK-Algebra and fuzzy beliefs (see [12, 13]), and because then. 

Jun collectively with Hung, Kim, Roh and Song, keep in mind the 

fuzzification of Sub-Algebras and Ideals in BCK-Algebras (cf. [33, 36, 39, and 

38]). In [41], Jun and Kim, the usage of the Atanassov’s concept, we located 

the Intuitionistic Fuzzification of the idea of Sub-Algebra and Ideals in BCK-

Algebra, and investigated a few of its houses. In this section, we gave the 

definitions and examples of Intuitionistic Fuzzy Sub-Algebra and 

Intuitionistic Fuzzy Ideals of BCK-Algebras and associated effects. Meng [59] 

establish the conception of Implicative Ideals in BCK-Algebras. In [15, 16], 

added the idea of fuzzy implicative ideals of BCK-algebras and related 

residences are investigated. In [25] Satyanarayana and Durga Prasad, added 

the idea of Intuitionistic Fuzzy Implicative Ideals in BCK-Algebras and 

associated residences are examined. 

The intention of present paper is to use the idea of Derivation 

( )-, RL derivation and ( )-, LR derivation) to Intuitionistic Fuzzy Sub-

Algebra, Intuitionistic Fuzzy Ideal and Derivations of Intuitionistic Fuzzy 

Implicative Ideals and introduced the Derivations of Intuitionistic Fuzzy Sub-

Algebra, Derivations of Intuitionistic Fuzzy Ideal and Derivations of 

Intuitionistic Fuzzy Implicative Ideals and discover the specific outcomes, 

reading the relation amongst Derivations of Intuitionistic Fuzzy Sub-Algebra, 

Derivations of Intuitionistic Fuzzy Ideal and Derivations of Intuitionistic 

Fuzzy Implicative ideals and a number of associated residences are tested. 
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2. Preliminaries 

Definition 2.1. The following are the elementary definitions. A BCK-

algebra is an algebra of type (2, 0) if it satisfies the following axioms for all 

.,, Krqp   

(BCK-1) ( ) ( )( ) ( ) 0= qrrpqp  

(BCK-2) ( )( ) 0= qqpp  

(BCK-3) 0= qp  

(BCK-4) 00 = p  

(BCK-5) 0= qp  and 0= pq  implies .qp =  

We can define a binary relation  on K by assuming qp   if and only if 

.0= qp  In that case ( ),K  is a partial ordered set with least element 0 

and ( )0,, K  is a BCK-algebra if and only if, it satisfies the following 

axioms: For all .,, Krqp   

(i) ( ) ( )( ) ( )qrrpqp   (ii) ( )( ) qqpp   (iii) pp   (iv) 

p0  

(v) qp   and pq   implies ,qp =  for all .,, Krqp   

The following are the properties in a BCK-algebra: 

(P1) ,0 pp =  (P2) ,pqp   (P3) ( ) ( ) ,qrprqp =  (P4) 

( ) ( ) ( )qprqrp   

(P5) ( )( ) ,qpqppp =  (P6) rqrpqp   and 

prqr   

(P7) qrprqp   for all .,, Krqp   

A BCK-Algebra K is said to be implicative if ( ),pqpp =  for all 

.,, Krqp   A non-empty subset I of K is said to be sub-algebra of K if 

Iqp   whenever ,, Kqp   an ideal of K if ( ) II 01  and ( ) qpI 2  and 

Iq   imply that Ip   for all ,, Kqp   an implicative ideal if ( )1I  and 
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( ) ( )( ) IrpqpI 3  and Ir   imply Ip   for all .,, Krqp   Once 

we recollect the contents of fuzzy set and intuitionistic fuzzy set. 

A fuzzy set in a set K is a function  1,0: →KM  and the complement 

of M denoted by M  the fuzzy set on K given by ( ) ( )pMpM −= 1  for all 

.Kp   Let M and N be the fuzzy sets on K. For  1,0, ts  the set 

( )  ( ) spMKpsMU A =,  is called upper s-level cut of M and the set 

( )  ( ) tpNKptNL A =,  is called lower t-level cut of N and can be used 

to characterize of M and N. An intuitionistic fuzzy set (briefly IFS) A in a 

non-empty set K is an object having the form  ( ) KppNMpA AA = ,,  

where the functions  1,0: →KM A  and  1,0: →KN A  denoted the 

degree of membership of each element Kp   to the set A respectively and 

( ) ( ) 10 + pNpM AA for all .Kp   Let K denotes a BCK-algebra. 

A map KK → :  is known as a left-right derivation (briefly (L, R)-

derivation of X if: 

( ) ( )( ) ( )( ),qpqpqp =  for all ., Kqp   

A map KK → :  is known as a right derivation (briefly 

( )-, LR derivation of K if: 

( ) ( )( ) ( )( ),qpqpqp =  for all ., Kqp   

A map KK → :  is known as a derivation of K if  is both a 

( )-, RL derivation and ( )-, LR derivation of K. Let ( )0,, K  be a BCK-

algebra, KK → :  be a self map. A non-empty subset A of BCK-algebra K 

and Krqp ,, is called (i) left derivation ideal of BCK-algebra K if it 

satisfies: ( ) AD 01  and ( ) ( ) AqpDL 2  and ( ) Iq   imply that 

( ) Ip   for all ., Kqp   (ii) right derivation ideal of BCK-algebra K if it 

satisfies: ( )1D  and ( ) ( ) AqpRD 2  and ( ) Iq   imply that ( ) Ip   for 

all Kqp ,  and called derivation ideal of BCK-algebra ( )1, DK  and 

( ) ( ) AqpD 2  and ( ) Iq   imply that ( ) Ip   for all ., Kqp   A 

non-empty subset A of BCK-algebra K and Krqp ,,,  is called DMI 

(derivation implicative ideal) of BCK-algebra K if it satisfies: (DMI-1) A0  
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(DMI-2) ( )( )( ) Arpqp   and ( ) Ar   imply ( ) .Ap   The same is 

applied for left and right derivation implicative ideals. 

Definition 2.2. A self mapping of BCK-algebra is called regular if 

( ) .00 =  

Corollary 2.3. Derivation on BCK-algebra is regular. 

Proposition 2.4. Let  be a regular derivation of BCK-algebra K, then the 

following are hold for all Kqp ,  

(i) ( ) pp   

(ii) ( ) ( )qpqp   

 (iii) ( ) ( ) ( ) ( )qpqpqp =  

(iv) ( )  ( ) 001 ==− pKp  is a sub algebra of K and ( ) +
−  K01  

3. DIFSA and DIFI’s in BCK-ALGEBRA 

(Derivations of Intuitionistic fuzzy sub-algebra and Derivations 

Intuitionistic fuzzy ideals in BCK-algebra) 

In this part, we apply the concept of Derivation (( )-, RL derivation and 

( )-, LR derivation) to Intuitionistic fuzzy sub-algebra (DIFSA), Intuitionistic 

fuzzy Ideals (IFI) and initiated the view of DIFSA, Derivations of 

Intuitionistic fuzzy Ideal (DIFI) and related properties are investigated. 

Derivation 3.1. A derivation KK → :  is a mapping of BCK-algebra. 

Let ( )AA NMKA ,,=  be a non-empty IFS of K for all Krqp ,,  is 

called left derivation intuitionistic fuzzy implicative ideal (briefly LDIFI) of K 

if it satisfies: 

(LDIFI-1) ( ) ( )pMM AA 0  and ( ) ( )pNN AA 0  

(LDIFI-2) ( )( )  ( ( ) ) ( ( ))qMqpMpM AAA  ,min  

(LDIFI-3) ( )( )  ( ( ) ) ( ( )).,max qNqpNpN AAA   

Right derivation intuitionistic fuzzy ideal (briefly RDIFI) of K if it 
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satisfies: 

(RDIFI-1) ( ) ( )pMM AA 0  and ( ) ( )pNN AA 0  

(RDIFI-2) ( )( )  ( ( )) ( ( ))qMqpMpM AAA  ,min  

(RDIFI-3) ( )( )  ( ( )) ( ( ))qNqpNpN AAA  ,max  

and derivation intuitionistic fuzzy ideal (briefly DIFI) of K if it satisfies: 

(DIFI-1) ( ) ( )pMM AA 0  and ( ) ( )pNN AA 0  

(DIFI-2) ( )( )  ( ) ( ( ))qMqpMpM AAA  ,min  

(DIFI-3) ( )( )  ( ) ( ( )).,max qNqpNpN AAA   

Proposition 3.2. Every DIFI AM  of K is of reversing order and AN  of K 

is of preserving order. (Or) 

Let ( )AA NMKA ,,=  be a DIFI of K. If ( ) ( )qp   in K, then 

( )( ) ( )( )qMpM AA   and ( )( ) ( )( )qNpN AA   (i.e.) AM  is of reversing 

order and AN  is of preserving order. 

Proof. Let ( ) ( ).qp   Since AM  is DIFI on BCK-algebra K. 

By DIFI-2, we have ( )( )  ( ( )) ( )( ).,min qMqpMpM AAA   

Since ( ) ( ),qp   then ( ) ( ) ,0= qp  we know that 

( ) ( ) ( ) ( ).qpqpqp =  

Therefore,  

( )( )  ( ( )) ( )( )  ( ( ) ( )),min,min qpMqMqpMpM AAAA    

( )( )qM A   

 ( ) ( )( ) ( )( ).,0min qMqMM AAA ==  

By DIFI-3, we have 

( )( )  ( ( )) ( )( )  ( ( ) ( )) ( )( )qNqpNqNqpNpN AAAAA  ,max,max  

 ( ) ( )( ) ( )( ).,0min qNqNN AAA ==  
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Therefore ( )( ) ( )( )qMpM AA   and ( )( ) ( )( ).qNpN AA   Hence proved. 

Proposition 3.3. An IFS ( )AA NMKA ,,=  satisfying DIFI-1 in BCK-

algebra K is a DIFI if and only if for all ( ) ( )rqpKrqp  ,,,  implies 

( )( )  ( )( ) ( )( )rMqMrM AAA  ,min  and ( )( )  ( )( ),max qNrN AA   

( )( ).rN A   

Proof. Assume ( )AA NMKA ,,=  is DIFI of K and ( ) ( ).rqp   We 

can say ( )( ) ( )( )qpMrM AA   and ( )( ) ( )( )qpNrN AA   (since 

AM  is of reversing order and AN  is of preserving order) and by DIFI-2, we 

have ( )( )  ( ( ) ( )( )  ( )( ) ( ))rMqMqMqpMpM AAAAA ,min,min   

and ( )( )  ( ( ) ( )( )  ( )( ) ( )).,max,max rNqNqNqpNpN AAAAA   

Therefore ( )( )  ( ( )) ( )( )rMqMpM AAA  ,min  and ( )( )pN A   

 ( ( )) ( )( )rNqN AA  ,max  if for all ( ) ( ).,,, rqpKrqp   

Conversely assume that if for all ( ) ( ).,,, rqpKrqp   

( )( )  ( ( )) ( )( )rMqMpM AAA  ,min  and 

( )( )  ( ( )) ( )( ).,max rNqNpN AAA   

Since ( ) ( ) 0= rqp  then ( ) ( ).rqp   

We have ( )( )  ( ( ) ( )( )  ( )( ),min,min qMrMqMpM AAAA   

( )( )qpM A   and ( )( )  ( ( ) ( )( )  ( )( ),max,max qNrNqNpN AAAA   

( )( ).qpN A   

Hence ( )AA NMKA ,,=  is DIFI of K. 

Definition 3.4. Let K be a BCK-algebra. An IFS ( )AA NMKA ,,=  is 

called to be a (left/right) DIFSA (derivation intuitionistic fuzzy sub-algebra) 

of K if it satisfies: 

(DIFSA-1) ( )( )  ( ( ) ( )( )qMpMqpM AAA  ,min  

(DIFSA-2) ( )( )  ( ( ) ( )( )qNpNqpN AAA  ,min  for all ., Kqp   

Theorem 3.5. Any DIFI ( )AA NMKA ,,=  must be a DIFS of K. 
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Proof. Since ( ) ( )rqp   since, AM  is of reversing order, so that 

( )( ) ( )( ).pMqpM AA   

So, by DIFI properties, we have 

( )( ) ( )( )  ( ( )) ( )( )qMqpMpMqpM AAAA  ,min  

 ( )( ) ( )( ).,min qMpM AA   

Since ( ) ( ) ANrqp   is order preserving, so that 

( )( ) ( )( ).pNqpN AA   

So, by DIFI properties, we have 

( )( ) ( )( )  ( ( )) ( )( )qNqpNpNqpN AAAA  ,max  

 ( )( ) ( )( ).,max qNpN AA   

This shows that A is DIFS of K. 

We are giving a clause now for an IFSA to be an IFI. 

Theorem 3.6. A DIFSA ( )AA NMKA ,,=  of K is a DIFI of K if for all 

,,, Krqp   the inequality ( ) ( )rqp   in K implies that 

( )( )  ( )( ) ( )( )rMqMpM AAA  ,min  and ( )( )  ( )( ),max qNpN AA   

( )( ).rN A   

Proof. Suppose that A is DIFSA of K, and satisfying ( ) ( )rqp   in 

K implies 

( )( )  ( )( ) ( )( )rMqMpM AAA  ,min  and 

( )( )  ( )( ) ( )( ).,max rNqNpN AAA   

Therefore, ( )( ) ( ),qqpp   it follows that 

( )( )  ( )( ) ( )( )qMqpMpM AAA  ,min  and ( )( )  ( )( ),max qpNpN AA   

( )( ).qN A   Hence A is DIFI. 

4. DIFII of BCK-Algebras 

(Derivation of Intuitionistic fuzzy implicative ideal of BCK-algebras) 
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In this part we pertain the idea of Derivation to IFII and introduced the 

view of Derivations of IFII’s and find the different consequences, reading the 

relation among DIFSA’s, DIFI’s and DIFII’s and a number of related 

properties are examined. 

Definition 4.1. A derivation KK → :  is a mapping of BCK-algebra. 

Let ( )AA NMKA ,,=  be a non-empty IFS of K for all Krqp ,,  is called 

left derivation intuitionistic fuzzy implicative ideal (briefly LDIFII) of K if it 

satisfies: 

(LDIFII-1) ( ) ( )pMM AA 0  and ( ) ( )pNN AA 0  

(LDIFII-2) ( )( )  ( ( )( )( ) ) ( )( )rMrpqpMaM AAA  ,min  

(LDIFII-3) ( )( )  ( ( )( )( ) ) ( )( ).,max rNrpqpNaN AAA   

Right derivation intuitionistic fuzzy implicative ideal (briefly RDIFII) of 

K if it satisfies: 

(RDIFII-1) ( ) ( )pMM AA 0  and ( ) ( )pNN AA 0  

(RDIFII-2) ( )( )  ( ( )( )( ) ( )) ( )( )rMrpqpMaM AAA  ,min  

(RDIFII-3) ( )( )  ( ( )( )( ) ( )) ( )( ).,max rNrpqpNaN AAA   

and derivation intuitionistic fuzzy implicative ideal (briefly DIFII) of K if it 

satisfies: 

(DIFII-1) ( ) ( )pMM AA 0  and ( ) ( )pNN AA 0  

(DIFII-2) ( )( )  ( ( )( )( )) ( )( )rMrpqpMaM AAA  ,min  

(DIFII-3) ( )( )  ( ( )( )( )) ( )( ).,min rNrpqpNaN AAA   

Example 4.2. Consider a BCK-algebra  4,3,2,1,0=K  with the 

following Cayley table 

 0 1 2 3 4 

0 0 0 0 0 0 

1 1 0 1 0 0 

2 2 2 0 0 0 
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3 3 3 3 0 0 

4 4 3 4 1 0 

Define a mapping KK → :  by ( )







=

=

=

.44

3,2,1,00

pif

pif

p  

Then it is clearly that  is derivation of K and we define a IFS 

( )AA NMKA ,,=  in K defined by ( ) ( ) ( ) ( ) ==== 31,20 0 AAAA MMsMM  

( ) 14 sM A =  and ( ) ( ) ( ) ( ) ( ) ,431,20 10 tNNNtNN AAAAA =====  where 

 1,0, ji st  and ,1+ ji st  where  1,0, ji  and if you define derivation 

on the IFS by KKM A →:  and KKN A →:  such that 

( )( ) ( )( ) ( )( ) ( )( ) ( )( ) 4.0431,120 ===== AAAAA MMMMM  and 

( )( ) ( )( ) ( )( ) ( )( ) ( )( ) .6.0431,020 ===== AAAAA NNNNN  

Then it is easily to check that ( )AA NMKA ,,=  is DIFII of K. 

Theorem 4.3. Every DIFII of K is an DIFI of K. 

Proof. As given ( )AA NMKA ,,=  be DIFII of K, then we have 

(DIFII -2) ( )( )  ( ( )( )( )) ( )( )rMrpqpMaM AAA  ,min  

(DIFII- 3) ( )( )  ( ( )( )( )) ( )( ).,max rNrpqpNaN AAA   

By taking 0=q  in (DIFII -2) and (DIFII- 3), 

We obtain 

( )( )  ( ( )( )( )) ( )( )rMrppMpM AAA  ,0min  

 ( ( )( )) ( )( )rMrpM AA = ,0min  

 ( ( )( )) ( )( )rMrrpM AA = ,min  

and 

( )( )  ( ( )( )( )) ( )( )rNrppNpN AAA  ,0max  

 ( ( )( )) ( )( )rNrpN AA = ,0max  

 ( ( )( )) ( )( ).,max rNrrpN AA =  
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This shows that ( )AA NMKA ,,=  is DIFI of K. 

Theorem 4.4. If K is an implicative BCK-algebra, then every DIFI of K is 

a DIFII of K. 

Proof. Since K is an implicative BCK-algebra, it follows that 

( ),pqpp =  for all .,, Krqp   

Let ( )AA NMKA ,,=  DIFI of K. 

Then ( )( )  ( ( )) ( )( )  ( ( )( )( )),min,min rpqpMrMrpMpM AAAA   

( )( )rM A   and ( )( )  ( ( )) ( )( )  rNrpNpN AAA ,max  

 ( ( )( )( )) ( )( )rNrpqpN AA  ,max  for all .,, Krqp   

Thus ( )AA NMKA ,,=  is a DIFII of K. 

Theorem 4.5. The intersection of any set of DIFII on BCK-algebra K is 

also DIFII. 

Proof. Let ( )
ii AAi NMKA ,,=  be a family of DIFII on BCK-algebra K 

and for any Krqp ,  we will show that the intersection of iA  is a DIFII. 

(DIFII-1): ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )pMpMMM
iiii AAAA  == inf0inf0  

(DIFII-2): ( ) ( )( ) ( ) ( )( ) ( 
iii AAA MpMpM mininfinf =  

( ( )( )( ) ( )( ) (  ( ( ( )( )( ),infmin, rpqpMrMrpqp
ii AA =  

( ( )( )) (  ( ( ( )( )( ) ( ( )( ).,mininf   rMrpqpMrM
iii AAA =  

Therefore, ( ) ( )( ) (  ( ( )( )( )) ( ( )( )) rrpqpMpM
iii AAA  ,min  

and that is 

DIFII-2. 

(DIFII-1): ( )( ) ( )( ) ( )( ) ( )( )pNpNNN
iiii AAAA supsup0sup0 ==  

(DIFII-2): ( ) ( )( ) ( ) ( )( ) ( 
iii AAA NpNpN maxsupsup =  

( ( ( )( )) ( )( ) (  ( ( )( )( )),supmax, rpqpNrNrpqp
ii AA =  

( ( )( )  ( ( ( )( )( ) ( ( )( )).,maxsup   rNrpqpNrN
iii AAA =  
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Therefore, ( ) ( )( ) (  ( ( ( )( )( )) ( ( )( ))  rNrpqpNpN
iii AAA  ,max  

and that is DIFII-3. The same result is applied for left and right DIFII of 

BCK-algebra K. 

Theorem 4.6. The union of many DIFII on BCK-algebra K is also DIFII. 

Proof. Let ( )
ii AA NMKA ,,1 =  and ( )

22
,,2 AA NMKA =  be two 

DIFMI on BCK-algebra K. We will show that 
21 AA MM   is also DIFII of K. 

(DIFMI-1): (( ) ( ) ( ) ( ) ( ) ( ) == pMpMMMMM AAAAAA 212121
000   

( ) ( )pMM AA 21
  

(DIFMI-2): ( ) ( )( ) ( )( ) ( )( )pMpMpMM AAAA =
2121

  

 ( ( ( )( ))) ( )( )  ( ( ( )( ))),min,min
211

rpqpMrMrpqpM AAA    

( )( )rM A 
2

 

 ( ( ( )( ))) ( ( ( )( ))) ( )( )rMrpqpMrpqpM AAA 
121

,min   

( )( )rM A 
2

  

( ) ( ( ( )( ) ( ) ( )( )rMMrpqpMM AAAA =
2121

,min   

( ) ( )( ) ( ) ( ( ( )( ),min
2121

rpqpMMpMM AAAA    

( ) ( )( )rMM AA 
21

  

and that is DIFII-2. 

(DIFII-1): (( ) ( ) ( ) ( ) ( ) ( ) == pNpNNNNN AAAAAA 212121
000   

( ) ( )pNN AA 21
  

(DIFII-2): ( ) ( )( ) ( )( ) ( )( )pNpNpNN AAAA =
2121

  

 ( ( ( )( ))) ( )( )  ( ( ( )( ))),max,max
211

rpqpNrNrpqpN AAA    

( )( )rN A 
2

 

 ( ( ( )( ))) ( ( ( )( ))),max
21

rpqpNrpqpN AA    

( )( ) ( )( )rNrN AA 
21

  
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( ) ( ( ( )( ) ( ) ( )( )rNNrpqpNN AAAA =
2121

,max   

( ) ( )( ) ( ) ( ( ( )( ),max
2121

rpqpNNpNN AAAA    

( ) ( )( )rNN AA 
21

  

and that is DIFII-3 

Therefore, the union of many DIFII on BCK-algebra K is also DIFII. The 

same result is applied for left and right DIFII of BCK-algebra K. 

Corollary. 4.7. Every IFII of K is an IFSA of K. 

Corollary. 4.8. Let ( )AA NMKA ,,=  be an IFII of K, if qp   in K, 

then ( ) ( ) ( ) ( ),, qNpNqMpM AAAA   that is, AM  is of reversing order and 

AN  is of preserving order. 

Theorem 4.9. An IFS ( )AA NMKA ,,=  of BCK-algebra K is DIFII of K 

if and only if K if and only if the non-empty upper s-level cut ( )sMU A ;  and 

the non-empty lower t-level cut ( )tNL A ;  are DII of K, for any  .1,0, ts  

Proof. Assume that ( )AA NMKA ,,=  be DIFII of BCK-algebra K then 

( ) ( )pMM AA 0  for any Kp   therefore ( ) ( ) spMM AA 0  then 

( )sMUp A ;  and so ( )sMU A ;0   and this gives ( ) .; sMU A  Let 

( )( ) ( ) ( )( ).;. sMUrrpqp A  So ( ( )( )( ) ,srpqpM A   

( )( ) .srM A   

Since A is DIFII we have: ( )( )  ( ( )( )( ),min rpqpMpM AA   

( )( ) .srM A   Implies ( ) ,spM A   so that ( ) ( )sMUp A ;  and 

( ) ( )pNN AA 0  for any Kp   therefore ( ) ( ) tpNN AA 0  then 

( )tNLp A ;  and so ( )tNL A ;0   and this gives ( ) .; tNL A  Let 

( ( )( )( ) ( ) ( ).;, tNLrrpqpN AA   So ( ( )( )( ) ,trpqpN A   

( )( ) .trN A   Since A is DIFII we have ( )( )  ( AA NpN max  

( )( )( ) ( )( ) ., trNrpqp A   Hence ( )( ) tpN A   so ( ) ( ).; tNLp A  

Therefore, upper s-level cut ( )sMU A ;  and the lower t-level cut ( )sNL A ;  are 

DII of K, for any  .1,0, ts  
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Conversely assume that the upper s-level cut ( )sMU A ;  and the lower     

t-level cut ( )sNL A ;  are DII of K, for any  .1,0, ts  Here we will show that 

both DIFII-1 and DIFII-2 are true. 

Suppose that DIFII-1 is not true, then there exist Kp   such that 

( ) ( ) pMM AA 0  and if we take 

( ) ( )

2

0AA MpM
s

+
=


  this gives us ( ) .0  sM A  (1) 

So, ( ) 10   pMs A  then ( ) ( )  sMUpspM AA ;  and 

those ( ) ,; sMU A  since ( )sMU A ;  is DII of K, then we have 

( )sMU A ;0   this gives ( )  sM A 0  and this is a contradiction with 

equation (1), so DIFII-1 is true. 

Suppose that DIFII-1 is not true, then there exist Kp   such that 

( ) ( ) pNN AA 0  and if we take 

( ) ( )

2

0AA NpN
t

+
=


  this gives us ( ) .0  tN A  (2) 

So, ( ) 10   pNt A  then ( ) ( )tNLptpN AA ;   and those 

( ) .; tNL A  

As ( )tNL A ;  is DII of K, then we have ( )tNL A ;0   this gives 

( )  tN A 0  and this is a contradiction with equation (2), so DIFII-1 is true. 

Now suppose DIFII-2 is not true then there exists Krqp  ,,  such that: 

( ( ))  ( (( ( ) )) ( ( )).,min   rMrpqpMpM AAA  Put 

( )  ( (( ( ) )) ( ( ))
.

2

,min 
 +
=

rMrpqpMpM
s AAA  

This give us 

( ( ))   spM A  (3) 

and 
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 ( (( ( ) )) ( ( )) .1,min0   rMrpqpMs AA  

Thus  ( (( ( ) )) ( ( )) .,min   srMrpqpM AA  

This means ( (( ( ) )) ( ( )) .,   srsrpqpM AA  

Implies that (( ( )) )) ( ) ( ).;, sMUrrpqp A   Since 

( )sMU A ;  is DII of K, it follows that ( ) ( )sMUp A ;   and we get 

( ( ))   spM A  and this is a contradiction with equation (3) and so DIFII-2 

is true. Now assume DIFII-2 is not true then there exists Krqp  ,,  

such that: ( ( ))  ( (( ( )) )) ( ( )).,max   rNrpqpNpN AAA  Put 

( )  ( (( ( ) )) ( ( ))
.

2

,max 
 +
=

rNrpqpNpN
t AAA  

This gives us 

( ( ))   tpdN A  (4) 

and  ( (( ( )) )) ( ( )) .1,max0   rNrpqpNt AA  This means 

that  ( (( ( ) )) ( ( )) .,max   trNrpqpN AA  Implies that 

( (( ( ) ))   trpqpN A  and ( (( )) .  trA  

Implies that (( ( ) )) ( ) ( ).;, tNLrrpqp A   Since ( )tNL A ;  

is DII of K, it follows that ( ) ( )tNLpd A ;  and we get ( ( ))   tpN A  this 

is a contradiction with equation (4) and so DIFII-2 is true and satisfied, 

therefore A is DIFII of K. 

Notation: For any intuitionistic fuzzy sets ( )AA NMKA ,,=  and 

( ),,, BB NMKB =  we write ,BA   that is, BA MM   and 

( ) ( )pMpMNN BABA   and ( ) ( )pNpN BA   for all .Kp   

Proposition 4.10. Let I and A be ideals of K with .AI   If I is a DII, 

then so is A. 

Theorem 4.11 (Extension theorem of DIFII). Let ( )AA NMKA ,,=  and 
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( ),,, BB NMKB =  are DIFI of K such that BA   and ( ) ( ).00 BA =  If A is 

DIFII of K, then so is B. 

Proof. To prove that B is a DIFII of K, it suffices to show that, for any  

  ( )sMUts B ;,1,0,   and ( )tNL B ;  are either empty (or) an DII of K. If the 

level subset ( )sMU B ;  is non empty, then ( ) sMU A ;  and 

( ) ( ).;; sMUsMU BA   

In fact, if ( ) ( ) ( ) ( ) ,; spMpMspMsMUp ABAA   implies 

that ( )sMUp B ;  and also if the level subset ( )tNL B ;  is non empty, then 

( ) tNL A ;  and ( ) ( ).;; tNLtNL BA   In fact, if ( ) ( ) ,; tpNtNLp AA   

implies that ( ) ( ) ( ).; tNLptpNN BAB   By hypothesis, 

( )AA NMKA ,,=  is an DIFII of K. By Theorem 4.9, for any  ,1,0, ts  

( )sMU A ;  and ( )tNL A ;  are derivation implicative ideals of K. By 

Proposition 4.10, for any   ( )sMUts B ;,1,0,   and ( )tNL B ;  are derivation 

implicative ideals of K. Hence, by Theorem 4.9, ( )BB NMKB ,,=  is DIFII of 

K. 

Theorem 4.12. Let ( )AA NMKA ,,=  be DIFI of K, then 

( )AA NMKA ,,=  is DIFII of K if and only if it satisfies the conditions 

( )( ) ( )( )( )( )pqpMpM AA   and ( )( ) ( )( )( )( )pqpNpN AA   for 

all .,, Krqp   

Proof. Let ( )AA NMKA ,,=  is DIFII of K. Put 0=r  in (DIFII-2) and 

(DIFII-3), we get 

( )( )  ( )( )( )( ) ( )( )rMrpqpMpM AAA  ,min  

 ( )( )( )( ) ( )( )0,0min  AA MpqpM  

 ( )( )( )( ) ( )( ) ( )( )( )( )pqpMMpqpM AAA = 0,min  

and 

( )( )  ( )( )( )( ) ( )( )rNrpqpNpN AAA  ,max  

 ( )( )( )( ) ( )( )0,0max  AA NpqpN  
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 ( )( )( )( ) ( )( ) ( )( )( )( )pqpNNpqpN AAA = 0,max  

( )( ) ( )( )( )( )pqpMpM AA   and ( )( ) ( )( )( )( ),pqpNpN AA   for 

all .,, Krqp   Conversely assume that, ( )( ) ( )( )( )( )pqpMpM AA   

and ( )( ) ( )( )( )( ),pqpNpN AA   for all .,, Krqp   

Since ( )AA NMKA ,,=  is DIFI of K, 

( )( ) ( )( )( )( )  ( )( )( )( ),min rpqpMpqpMpM AAA   

( )( )rM A   

 and 

( )( ) ( )( )( )( )  ( )( )( )( ),max rpqpNpqpNpN AAA   

( )( )rN A   

 for all .,, Krqp   

Therefore ( )AA NMKA ,,=  is DIFII of K. 

Theorem 4.13. Let ( )AA NMKA ,,=  be DIFI of K. Then the following 

are equivalent 

(i) A is DIFII ideal of K. 

(ii) ( )( ) ( )( )( )( )pqpMpM AA   and ( )( ) ( )( )( )( )pqpNpN AA   

for all ., Kqp   

(iii) ( )( ) ( )( )( )( )pqpMpM AA =  and ( )( ) ( )( )( )( ),pqpNpN AA =  

for all ., Kqp   

Proof. (i)  (ii) That is, Let A be DIFII of K. 

Put 0=r  in (DIFII-2) and (DIFII-3), we get 

( )( )  ( )( )( )( ) ( )( )rMrpqpMpM AAA  ,min  

 ( )( )( )( ) ( )( )0,0min  AA MpqpM  

 ( )( )( )( ) ( )( ) ( )( )( )( )pqpMMpqpM AAA = 0,min  
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and 

( )( )  ( )( )( )( ) ( )( )rNrpqpNpN AAA  ,max  

 ( )( )( )( ) ( )( )0,0max  AA NpqpN  

 ( )( )( )( ) ( )( ) ( )( )( )( )pqpNNpqpN AAA = 0,max  

( )( ) ( )( )( )( )pqpMpM AA   and ( )( ) ( )( )( )( ),pqpNpN AA   for 

all ., Kqp   Hence the condition (ii) holds. 

(iii)  (ii) Observe that in ( )( ) ( ) pqppqppK ,  by (ii). 

Applying Theorem 3.5, we have ( )( ) ( )( )( )( )pqpMpM AA   and 

( )( ) ( )( )( )( )pqpNpN AA   for all ., Kqp   

It follows from (ii) that ( )( ) ( )( )( )( )pqpMpM AA =  and 

( )( ) ( )( )( )( )pqpNpN AA =  for all ., Kqp   Hence the condition (iii) 

holds. 

(iii)  (i). Suppose the condition (iii) holds. Since ( )AA NMKA ,,=  be 

DIFI of K, we have ( )( )( )( )  ( )( )( )( ),min rpqpMpqpM AA   

( )( )rM A   and ( )( )( )( )  ( )( )( )( ),max rpqpNpqpN AA   

( )( )rN A   for all .,, Krqp   Combining (iii) we obtain 

( )( )  ( )( )( )( ) ( )( )rMrpqpMpM AAA  ,min  and 

( )( )  ( )( )( )( ) ( )( )rNrpqpNpN AAA  ,max  for all .,, Krqp   

Obviously A satisfies ( )( ) ( )( )pMM AA  0  and ( )( ) ( )( )pNN AA  0  

for all .Kp   Therefore ( )AA NMKA ,,=  is DIFII of K. Hence, the 

condition (i) holds. 

Theorem. 4.14. An DIFS ( )AA NMKA ,,=  of K is DIFII if and only if 

( )( ) ( )( )  ( )( ) ( )( )uMrMpMurpqp AAA  ,min  and 

( )( )  ( )( ) ( )( ) ( )  ( ) ( )uMrMpMuNrNpN AAAAAA ,min,max   and 

( )  ( ) ( ),,max uNrNpN AAA   for all .,,, Kurqp   

Proof. Assume that ( )AA NMKA ,,=  is a DIFII of K. 
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Let Kurqp ,,,  be such that ( )( ) .urpqp   

Since, ( )AA NMKA ,,=  is DIFII of K by Theorem 4.3, it follows from 

Theorem 3.3 that 

( )( )( )( )  ( )( ) ( )( )uMrMpqpM AAA  ,min  and 

( )( )( )( )  ( )( ) ( )( ).,max uNrNpqpN AAA   

Making use of the Theorem 4.12, we have (iii) 

( )( )  ( )( ) ( )( )uMrMpM AAA  ,min  and 

( )( )  ( )( ) ( )( ).,max uNrNpN AAA   

Conversely, assume that ( )AA NMKA ,,=  satisfies ( )( )  pqp  

( )( )  ( )( ) ( )( )uMrMpMur AAA  ,min  and ( )( )  AA NpN max  

( )( ) ( )( )uNr A  ,  for all .,,, Kurqp   

Obviously, ( )AA NMKA ,,=  satisfies ( ) ( )pMM AA 0  and 

( ) ( ).0 pNN AA   Since ( )( )( ) ( )( )( )( ) ( ),rrpqppqp   it 

follows from hypothesis ( )( )  ( )( )( )( ),min rpqpMpM AA   

( )( )rM A   and ( )( )  ( )( )( )( ) ( )( )rNrpqpNpN AAA  ,max  for all 

.,, Krqp   Thus ( )AA NMKA ,,=  is DIFII of K. 
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