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Abstract

We consider an M /G /1 queuing system with k-types of service, random breakdowns, delay

times for repairs to start and a second optional vacation. All arriving customers may choose
k

either of type j services with probability p; where z pj=1,je {1,238, ..,k . Whenthe
j=1

system becomes empty, the server goes for regular vacation and at the end of the first vacation
the server may take a second optional vacation with pro (1 - 6). bability 6, otherwise he

remains in the system with probability. The system may breakdown at random, its repairs do
not start immediately and there is a delay time. The delay times and the repair times follow a
general distribution. Using supplementary variable technique, we derive the probability
generating function for the number of customers in the system, the average number of
customers in the system and the average waiting time of customers in the system. Particular
case is deduced to check the validity of the present model with already existing models.
Numerical examples are also provided.

1. Introduction

In many examples such as production system, bank services, computer
and communication networks, besides feedback the system have vacation.
Vacation queues with different vacation policies including Bernoulli

schedules, assuming a single vacation policy or multiple vacation policy have
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been studied by many researchers. Levy and Yechiali [12], Fuhrman [9],
Doshi [7] and [8], Keilson and Servi [11], Baba [1], Cramer [6], Borthakur and
Chaudhury [3], Madan [13], [14] and [15], Choi and Park [5], Takagi [18] and
[19], Rosenberg and Yechiali [17] ,Chaudhury [4], Badamchi Zadeh and
Shankar [2] and many others have studied vacation queues with different P.
Manoharan and K. Sankara Sasi vacation policies. Madan and Chaudhury
[16] have studied a single server queue with two phase of heterogeneous
service under Bernoulli schedule and a general vacation time. In this system,
without feedback, the server after completing the service can take vacation
with probability © or remain in the system with probability (1 - 6) Madan

and Anabosi [15] have studied a single server queue with optional server
vacations based on Bernoulli schedules and a single vacation policy. In this
system, without feedback, the server provides two types of heterogeneous
exponential service and a customer may choose either type of service.
Moreover, the server after completing the service can take vacation with

probability 6 or remain in the system with probability (1 - ).

In this paper, we consider an M /G /1 queuing system with k-types of

service, random breakdowns, delay times for repairs to start and a second
optional vacation. Using supplementary variable technique, we derive the
probability generating function for the number of customers in the system,
the average number of customers in the system and the average waiting time
of customers in the system. The paper is organaized as follows. In section two
the model is described. In section three the distribution of the system is
obtained. In section four the performance measures are calculated. In section
five a particular case is discussed. In section six numerical illustrations are

presented.
2. Model Description

The arrival follows Poisson distribution with mean arrival rate » > (0).

The server provides k-types of service to all arriving customers. Customer

may choose either of type j services with probability p; where ) k L pj=1
j=

The service times follows a general distribution, with distribution function

B;(x) and density function b;(x) for j e {1, 2, ..., k}. Further it is assumed
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that p;(x)dx 1is the conditional probability of completion of the jt service

given that the elapsed service time is x, so that

bj(x)
pi(x)de = m (1)

SINTL
and therefore b;(x) = p;(x)e ,je{l,2, ..., k.

We assume that the services are mutually independent of each other. Let
Bj(s), E(Bj), (c = 1), j e {1,2, ..., k} denote the Laplace-Stieltjes Transform

(LST) and finite moments of service times respectively. Thus the total time
required by the server to complete a service cycle which may be called as
modified service period is given by

( B, with probabilit y p;
| By, with probabilit y p,
B = |
LB . With probabilit y p,.

The system may breaks down at random, and the breakdowns are
assumed to occur according to a Poisson stream with mean breakdown rate
a > 0. Further we assume that once the system breaks down, the customer
whose service is interrupted, comes back to the head of the queue. Once the
system breaks down, its repairs do not start immediately and there is a delay
time. The delay times follow a general (arbitrary) distribution with
distribution function S(x) and density function s(x). Let v(x)d(x) be the

conditional probability of a completion of the delay process given that the
delay time is x, so that

_ s
v(x)dx = 05k 2

1 Tv)a
and hence s(x) = v(x)e *°

Further, the repair times follow a general distribution with distribution

function G (x) and density function g(x). Further it is assumed that n(x)dx

is the conditional probability of the completion of the repair process given
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that the elapsed repair time is x, so that

o sx)
n(x)dx = T-cml 3

—jxn(t)dt
and hence g(x) = n(x)e

Whenever the system becomes empty, the server goes for a first phase of
regular vacation (FRV) of random length v,. Let v,(x) and v, (x)

respectively denote the distribution function and density function of the first
vacation time. At the end of FRV, the server may take a second optional
vacation (SOV) with probability 0, otherwise he remains in the system with

probability (1 - ) until a new customer arrives. Let V,(x) and wv,(x)

respectively denote the distribution function and density function for the SOV

time. Further it is assumed that v;(x)dx 1is the conditional probability of the

completion of the ith vacation given that the elapsed vacation time is x, so that

vi(x)
- Vi(x)]

4

v;(x)dx =
and hence v, (x) = vi(x)e_Iovi(t)dt; ie{1,2).

It is also assumed that the vacation times v, and v, are mutually
independent of each other having LSTs Vv,'(s) and finite moments,
E(Vik ), (k 21),i e {1, 2}. Thus the total time required to complete the
vacation cycle, which may be called as modified vacation period is given by

( Vi, + V, with probabilit y 6
V = |
\V; with probabilit y (1 - 0).

3. System size Distribution

We set up the steady state equations for the stationary queue size
distribution by treating elapsed service time, delay time, repair time, FRV

time and SOV time as supplementary variables. Using these equations, we
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derive the probability generating functions, assuming that the system is in
steady state condition. Let N (:) be the system size (including one being

served, if any), B;O)(t) be the elapsed service time at ¢ for type j. s ) () be

the elapsed delay time at :, ®°)(¢) be the elapsed repair time at ¢, VI(O)(t) be

the elapsed vacation time at ¢ for the FRV, VZ(O)(t) be the elapsed vacation

time at ¢ for the SOV. For further development of this model, introduce the

random variable Y () as follows.

(0 if the server is on FRV at time ¢

|

|1 if the server is on SOV at time ¢
|

Y(t) = |2 if the server is busy providing type j service at time ¢
|

|

| 3 if the system is under delay for repair at time ¢

|

|

{

4 if the system is under repair at time ¢

The supplementary variables v,’(¢), V. (1), B;)(t); jef, 2 ..k, 894 and

R () are introduced in order to obtain a bivariate Markov process

{(N (), 6()); t = 0} where

(Vf(t) if Y(t) =0
| vy (¢) i Y(t) =
a(t) = } B?(t) if Y(t) =2
ls©u) i v =3
LR(O)(t) if Y(t) = 4

and we define the limiting probability as follows.

@1, (x)dx = Tim Pr (N()=n,00) =V, () x <V @)sx+dr}.nz0x>0

t— o

Ry, (x)dx = lim Pr (N(t)=n,0(t)=V," (), x <V (t)sx+dx},n20x>0

t— o

P, ,(x)dx = lim Pr {N()=n,o()= B;O)(t), x < B;O)(t) <x+dcl,n>0,x>0

t— o
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D, (x)dx = tm Pr {N(t)=n,0() =50, 2<850)<x+dr},nz0 x>0

R,(x)dx = lim Pr {N(t)=n,a(t)=R") x

Further it is assumed that B;(0) = 0, B;(») = 1; S(0)

t— o

A

t— o

R(O)(t)£x+dx},n20,x>0.

0, S(w) =1,

R(0)=0,R(»)=1 and are continuous at x = 0, where V,(0) = 0, V;() = 1

are distribution functions for j < {1, 2, ..., £} and i € {1, 2} so that,
- dB ;(x) . ~_dS(x) __dG (x)
T o Y T s " T e
v;(x)dx = dVL—(x)
[1-V;(x)]

The differential-difference equations governing the system are

d

Epj,n(x)*' A+ pj(x)+a)P; ,(x)=2P; , q(x),n21,j=1,2, ..,k

d .
EPij(x)Jr (A +pi(x)+a)P; (x)=0,j=1,2, ..,k

iDn(x) + (M +v(x)+a)D,(x)= 4D, ;(x)
dx

N
[\
—

d
— Dy(x) =0,x >0
dx

[\
[

%Rn(x) + (0 +n(@)R, (x) = AR, ,(x) n
d
ERO(JC) + (A +n(x))Ry(x) = 0,
d
d—Ql,n(x)+ A+v; (x)@ ,(x)=2@y , 1(x)n 21
X

Q) () + 00y (3@, (x) = 0

d
EQz,n(x)"' (A + vy (x))Qz’n(x) = )&Qz,nfl(x)v n 21
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%Qz,o(m (h+ 0y ())Qy o(x) = 0,

k
KQLO = Z .[0 Pm,o(x)um(x)dx +.[0 Ry(x)n(x)dx + (1 -96)
m=1

j Q1,0 (x)vy (x)dx +I Qg o (x)vy(x)dx
0 0
where
Q@10 :I Q1 o(x)dx.
0

The boundary conditions are

Ql,o(o) = le,o

@ ,(0)=0,n21
Qz,n(O):GJ‘ @y ,(x)vy(x)dx,n 20
0
k 0 00
P;(0) = ijIIO P (x)u,, (x)dx + ij'O Ry (x)n(x)dx
+pjpj(1_9)_[ Ql,l(x)lﬁ(x)dx
0

+pjj Qo (x)vy(x)dx j=1,2,...,k
0

k
P; ,(0) = pjzjlj.o P (00, (x)dx + pjjo R, . (x)n(x)dx

+p]'(1_e).[ Ql,n+1(x)vl(x)dx
0

+pjj Qo i (xJvy(x)de j=1,2,...,k
0
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D,(0) = azk: J.:Pm’nﬂ(x)dx, no>1 (21)
m=1

D, (0) =0 (22)

R,(0) = J': D, (x)0(x)dx, n > 1 (23)

R,(0) =0 (24)

and the normalizing condition is

Z Z J.O P, n(x)dx +£ J‘: R, (x)dx
- n=1

” w 2
+ ;;110 [hlﬁﬁdx + 2: 2: IO th(x)dx = 1. (25)

n=0 i=1
For x >0;]z|<1,je{1,2 ..,k};iefl, 2}, we define the following
Probability Generating Functions

Pi(x, 2z) = z znPj’n(x); P;(0, z) = Z znPj’n(x); Pi(z) = IO P(x, z)dx
n=0 n=0

© ©

D(x, z) = z 2"D, (x); D(0, z) = z 2"D,(0); D(z) = jm D(x, z)dx
0
n=0 n=0
R(x, z) = Z z2"R,(x); R(0, 2) = Z 2"R,(x); R(2) = Iw R(x, z)dx
0
n=0 n=0
Qi(x, z) = Z ani,n(x); Qi((): z) = Z ani’n(O); Qi(z) = J‘w Qi(x, z)dx .
0
n=0 n=0

Multiplying equation (5) by 2" and summing from » = 1 to o and adding

the resultant with equation (6), we get
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%Pj(x, 2)+ (0 + pj(x)+ a)P;(x, 2) = 2P ;(x, 2)

iP<(x z)
' = - - Az + pj(x)Jr a).

Pi(x, 2)

Integrating the above equation with respect to x between 0 and x, we get

Pj(x, z) - e—(l—Xz+a)x_I;uj(t)dt
P, (0, 2)
From equation (1)
b (t)
Sn)dt = —— =, 2, ., k).
l»lj() [I—Bj(t)] J { }

Integrating the above equation with respect to x between 0 and x, we get

—Iguj(t)‘ﬂ
e

= (lfBj(x)L]: {172’ ’k} (26)
Using equation (26) in (25), we get

Pi(x,2) = P;(0, 2)[1 - B (x)]e " * % o2, L k). 27)

Multiplying equation (7) by z" and summing from » = 1 to « and adding the

resultant with equation (8), we get

%D(x, z)+ (A + v(x))D(x, z) = 22D (x, z)
TD(x, z)
D(x. 2) = —(A = 2z + v(x))

Integrating the above equation with respect to x between 0 and x, we get

O=hx)x—[ v(t)de
D(x, 2) _ e o ) (28)
D0, z)
From equation (2)

—v(t)dt = —L.

1 - s@)]
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Integrating the above equation with respect to x between 0 and x, we get

e 0 = (1 - S(x)). (29)
Using equation (29) in (28), we get

D(x,2) = D(0, 2)[1 - S(x)]e *7*2)*, (30)

Multiplying equation (9) by 2" and summing from » = 1 to o and adding the

resultant with equation (10), we get

%R(x, z)+ (A + n(x)R(x, z2) = rzR(x, 2z)
d
—R(x, z
2 ) = —(h = Az + n(x)).
R(x, z)

Integrating the above equation with respect to x between 0 and x, we get

COv=nx)x—[ m(t)de
Rix, 2) Jomre. (31)
R(0, z)
From equation (3)
g()
-n(t)dt = - ——L—.
L RETTS)
Integrating the above equation with respect to x between 0 and x, we get
—J’ JCn(t)dt
e 0 = (1 - G(x)). (32)
Using equation (32) in (31), we get
R(x,z) = R(0, 2)[1 - G (x)]e” * 743~ (33)

Multiplying equation (11) by z" and summing from » = 1 to o and adding

the resultant with equation (12), we get
Q@ (x, 2) = Q,(0, 2)[1 -V, (x)]e " TH%, (34)
Multiplying equation (13) by 2" and summing from » =1 to o« and adding
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the resultant with equation (14), we get
Qy(x, 2) = Q,(0, 2)[1 - Vy(x)e "7, (35)
Multiplying equation (17) by z" and summing from » =1 to o and using
equation (16), we get

Q,(0,2) = 1@ ;- (36)
Multiplying equation (18) by z" and summing from » = 0 to oo, we get

Q,(0,2) = 0Q,(0, 2)V,"(» - 1r2). (37)

+1

Multiplying equation (20) by """ and summing from » =1 to c and adding

with z times equation (19), we get

k
zP ;(0, z) = p]-z::l.l.o P, (x, z)u,, (x)dx + ij.O R(x, z)n(x)dx

+p;(@ - G)IO Q(x, z)vy (x)dx + -[0 Qq(x, z)vg(x)dx - p;AQy 4. (38)

Multiplying equation (21) by z" and summing from r = 1 to o, we get

k
D(0, z) = azz P, (2) (39)

m=1

Multiplying equation (23) by z" and summing from » = 1 to o, we get

R(0, z) = I D(x, z)v(x)dx (40)
0

Multiplying equation (27) by p ;(x) and integrating over O to o, we get

©

J’ Pi(x, z)u;(x)dx = P;(0, 2)B;(A - %z + a), j e {1, 2,3, ..., k}. (41)
0

Multiplying equation (30) by v(x) and integrating over O to o, we get
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j': D(x, 2)o(x)dx = D(0, 2)S" (1 - h2).

Multiplying equation (33) by n(x) and integrating over 0 to o, we get
I: R(x, z)n(x)dx = R(0, 2)G" (. - 22)

Multiplying equation (34) by v, (x) and integrating over O to «, we get

j: @, (x, 2)v; (¥)dx = (0, 2)V, (n - 12).

Multiplying equation (35) by v, (x) and integrating over 0 to o, we get

I: Qy(x, 2)vy (x)dx = Q4(0, 2)Vy (A — 12).

Integrating equation (27) between 0 and oo, we get

;(7\,*7\.21’(1)-}
A -2+ a) J

[1-B
Pi(z) = P;(0, 2)I

L je {1,2,38, .., k}.

Integrating equation (9.30) between 0 and oo, we get

[1-8*(n = 2z2)]
D(z):D(O,z)\%.
L -2

Integrating equation (33) between 0 and «, we get

R(z) = R(0, Z){M]
L (7»*7\,2) J

Integrating equation (34) between 0 and oo, we get

) . M1 -v, (n - 2z)]
Q) = @0, 2| =

Integrating equation (35) between 0 and oo, we get

Fov, (x = 22)[1 = Vg (1 - 22) ]
Ql(z):Ql(O:Z)i_ (r - 22) J
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Using equations (41) to (44) in equation (38), we get

k k

987

2P ;(0,z2) = pjz P, (O,Z)B;(X—kz+a)+ pjazz P, (2)S* (A = 22)G (A - 12).

m=1 m=1
+ 0l -0)+ 0V, (A - 22)] V(A - 22) - 1}AQy 4.
Put j =1 and £ = 1 in equation (50), we get

pr(A =2z + a){[@-0)+ 0V, (A - 22)[V] (A - 22) - 1}AQ,
Dl(z)

P, (0, z) =
where
Dy(z) = z2(A = Az + o) — pl{Bl*(k - rz+a)[(A - Az + a)

—azS "(A - Ax2)G (A - az)]+ azS (2 - 12)G (h - 1z2))

Putting j = 1 and 2 = 2 in equation (50), we get

Py(0, 2)A;(2) = py Py (0, 2)Ay(2) + p1Ag(2) (A —hz + 0)X@, ¢

where

Aj(z) = z(h =%z + a) - p{B, (A -2z + a)[(A -1z + a)
—azS (L - 22)G (A - 2z2)] + azS "(h - 2z)GT(h - Az))
Ay(2) = Bo(h —rz + a)[(h =2z + a) - azS " (A - 22)G (1 - 22)]
+ 028 (A - 2z)G (L - rz)
Ag(z) = {[A-0)+ 0V, (A - 22)]V, (% - r2z) - 1}.

Putting j = 2 and 2 = 2 in equation (50), we get

Py(0, 2)By(2) = py Py (0, 2)By(2) + py B3(h -~ Lz + a)r@, ¢

where

By(z) = z(h — Az + a) - pZ{B;(k—kz+ a)[(A =2z + a)

—azS (A - A2)G (A = rz)+ azS (A - 22)G (A - 12)}]
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By(2) = Bi(h —hz + a)[(r -z + a) - azS "(h - 22)G (A - 12)]
+az8"(h - 2z2)G (A - A2)
Bo(2) = {[1-8)+0V,y,(r - 22)]V, (A - a2) - 1}.

Using equation (53) in (52), we get

PL(0, ) = Pi(M =2z + a)hQ o[pyAy(2)B3(2) + Az(2)B;(2)] 54)
A, (2)B(2) - pypyAy(2)By(2)

where

pyAy(2)By(z) + Ag(2)By(2) = z(A — 4z + a)
(@ -8)+ 0V, (h - 22)]V,"(h - 22) - 1} (55)
A (2)B,(2) = py Py AyBy(2) = 2(h — %z + a){z(h — Az + )
- p{B; (= %z + a)[(h - 2z + a)
—0z8 "(A-2z2)G (A -rz)]+azS (A -2z)G (A -2rz))
—py{By(h =2z + a)[(h - bz + )
—azS "L -22)G (A -2r2)]+azS (A -21z2)G (A -rz)}}. (B6)
Using equations (55) and (56) in equation (54), we get

L—rz+o){1-0)+0V, (L -2r2)]V, (A - Ax) -1}
PO, 2) = P ( + a) {[( ) + Dz(() NV ( ) - 11aQ 57)
22

where

Dy(z) = z(0 = hz + o) — [plBl*(A - Az + o)+ pZB;(k - rz + )] [(X = Az + a)

—azS8 (A - 22)G (A - 22)] - 0z8 (A - 22)G (A - 12).
Using equation (52) in (53), we get

py(h — rz + (x)le!O [p1By(2)A4(2) + By(2)A,(2)]

(58)
Al(x)Bl(z) - P1 Py Az(z)Bz(z)

P, (0, z) =

Advances and Applications in Mathematical Sciences, Volume 20, Issue 6, April 2021
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P1By(2)A5(2)+ By(2)A, (2)=2(r —hz+a){[(1-0)+0V, (L -22)]V,"(r —r2)-1}.(59)
Using equations (56) and (59) in equation (58), we get

A - A a){[@-0)+0V,(h-22)]V, (A - Ax)-1}2
P, (0, 2) = Pol z + a){[( ) + D2(() 2)] vy ( x) -1} Ql‘o. (60)
22

From equations (51), (54) and (60), we get

pj(v =2z + a){[1-0)+ 0V, (h—22)]V, (b - dx)-1}2Q g
Dz(z) ,

Pj(O, z) =

i=1,2, ...,k (61)
where
Dy(z) = 2(h —rz + a) = [0 =%z + a) - az8 "(h = 22)G (% - r2)]
k
x Z {(p, By (A —hz+a)-aS (L -22)G (1 - r2)}
m=1

[p;(r=2rz+a){1-0)+0Vy (A -22)]V, (h-2rz)-1}

i L-Bj(h-2rz+a)rQ; ]
= (A=2rz+a)Dgs(z)

Pj(z)

Pl -0)+ 0V, (- 22)]Vy (A - az)-1}[1 - B;(h - hz + 0)]h@Q (]
Dg(z) '

j=1,2, .., k. (62)

Using equations (39) and (62) in equation (46), we get

D(O,z)(l—S*(X—XZ)): 1-8*(h - az)

k
_ (
Diz) = (n - 2z) @z, P (2) (n - 2z)
m=1

az(l -8 (h = 2z){[1 -08)+ 08V, (A - 22)]V, (L - Az) - 1}
(A — xz)D4(2)
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k
> Pl =B, (L -2z+a)hQ ,. (63)

m=1
Using equations (39), (40), (42) and (62) in equation (47), we get

az(l -G "(h —22)S (A = 22){[1 -8)+ 08V, (A - 22)]V,"(r - 2z) -1}

R(z) =
(2) (A = Az)D4(2)

k
z pm[l—B;(k—Kz+a)]kQ1’O. (64)

m=1

Using equation (36) in (48), we get

’— —V* — Az -I
Qe - T e (65)

Using equation (36) in (49), we get

) ‘Fevl"(x —az)[1 -V, - 22)]]

Q,(2) €2 JQLO' (66)
Adding equations (62) to (64), we get
Zk: P, (z)+ D(z)+ R(z)+ R(z) = NI(Z)AQIO (67)
Dy(z)

m=1
where
Ni(2) = uy(2)ug(2)uz(z)

u(2) = [0 -0)+0Vy(h - 22)]V,"(h - 22) -1

uy(z2) = (A —2z)+ 0zl -G (A - 22)S" (% - 12)

k
ug(z) = Z p,1 - B, (-%rz+a)
m=1

D,(z) = (A - 2z)Dg4(2).
At z =1, u,(2) becomes
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wp(1) = [(1-0)+ 08V, (0)V, (0)-1 =0

uy(1)- = A =2z +a(l -G (0)S"(0)) = 0

k k
ug(1) = Y ppll-By()]=1-3% p,B, ()
m =1 m=1
N,(1) = u;(Vuy(Lug(l) = 0. (68)

Differentiating N, (z) with respect to z, we get ~,.(1) and N,.(1) as
Ny = uy () [uy (g (1) + uy(W)ug, 1))+ 1y ()uy(@)uy1) = 0
Ny (1) = uy () [ty ug (1) + 20y (V) ug (1) + uy (1)ug(1)]
420 (1) [y (Vg (1) + 1y (D)1g ()] + tge()uy(1)ug (1)
= 2u; (Wuy)ug ). (69)
Differentiating «, (z) with respect to z, we get »,.(1) as
wy (1) = (=2){[(1 - 0) + 8V, (0)]V," (0) + 6V, (0)V, (0)}
= A[E(Vy) + 0E(V,)]. (70)
Differentiating u, (z) with respect to z, we get u, (1) as
uy (1) = =2 + a(l - GT(0)S"(0)) + 2 {G(0)S*(0) + G*(0)S™ (0)}
= —A[1 + a(E(G) + E(S))]. (71)
Using equations (68), (70) and (71) in equation (69), we get

[ k 1
Ny.(1) = =227 [E(V,) + 0E(Vy)][1 + a(E(G) + E(S))]|1 - > by Byl

m

m=1
At z =1, D,(2) and D, (z) becomes

k
Dy(1) = o« [~ aS (0)GT(0)] Y b, B, (a)-aS (0)G7(0) =0

m=1

D,(1) = Dyg(1)x 0 = 0.

Advances and Applications in Mathematical Sciences, Volume 20, Issue 6, April 2021



992 P. MANOHARAN and K. SANKARA SASI
Differentiating D, (z) with respect to z, we get D,.(1) as
D,(1) = -2D4(1)(0) + D4 (1) (0) = 0
Differentiating D'(z) with respect to z, we get D" (1) as
D,.(1) = Dgu(1)(0) - 22D 4 (1) = —20D 4 (1),
Differentiating D, (z) with respect to z, we get D,.(1) as
k

k
Dg(1) = &[1 + a(E(S) + E(G))]jz P By () - 1} ta D by B, (a)
m=1

m=1
Using equation (74) in (73), we get

k

k
D,(1) = -22{A[1 + a(E(S) + E(G))]jz p, B, (a)- 1} + az p, B, (a)
m=1

m=1
Putting z = 1 in equation (67), we get

k
N, (1)

z P,(1)+ DQ)+ R(Q1) = 5,0) Qo = % for m.
m=1
Using L’Hospital’s rule, we get
Ny (1)

0
MRio = o for m.

k
Elpm 1)+ D)+ R(1) = Do)

Again using L’Hospital’s rule, we get

k

N,.(1)
> P, 1)+ D)+ RA) = Do) Qo
m=1

rook 7
ME(V) + 0B (VI + a(E(G) + E(S)II1 - me;(a)J
m=1

= 7‘Q1,0'

k k
(L + a(E(G)+ E(S))]{Z DB la) - 1} +a3 p,B, ()
m=1 m=1

Adding equations (65) and (66), we get
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(1 -[1-8)+0V,(n - 22)]V. (n - %2)]
Q(2)+ @y (2) = ‘1 [ )+ 6V, ( NV ( )|Q1’0
L 1 -z2) |

Q, +Q,() = %for m.

So after using L’Hospital’s rule, we get

- V*—zV*,—z V*'—ZV*/—Z
Q1(2)+Q2(z)=k[(1 0)+0 2(k A )] 1 (k(_f) )+ 210 9 (A -212) 1 (A -2 )Ql’o

Q,(1)+ Q,(1) = A[E(V}) + 0E(V)]Q, ,- (75)
Using the fact that 3 fn:lpm 1)+ D)+ R1)+Q,(1)+@,(1)+Q,(2)=1, we get

X(z)

Yoo T A BW) 0B (V)] (76
where,
X((z)=1-p )
where
k
ML+ a(E(S) + E(G))]Jl -y me,’i,(a)l
p = - [ m=1 J ) (78)
«> ppB, (a)
m=1
Using equation (77) in (76), we get
Qo - P (79)

ME (V) + 0E(Vy)]

and S (0) = ~E(S) is the mean of delay time, ¢ " (0) = —~E(S) is the mean of

repair time, v, (0) = —E (V,), Vz*'(o) = -E(V,) are the mean of vacation times
of FRV and SOV respectively. @, , is the steady state probability that the

system 1s idle due to server’s vacation. Also we have p < 1, which is the

stability condition under which steady state solution exists.
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k
P(z) = z P,(z)+ D(z)+ R(2)+ Q,(2) + Q4 (2) =

m=1

N (z)
D(z)

2@y 0

N(z)={1 -a)+08Vy(r -22)]V; (A —22) =1} (A — Az + az(l - G (% - A2)

k
xS (L - az) {1 - Z ij;(l - rz+ o)} -z(h - Az + a)

m=1
+r -2z + —azS (A - 22)G (A - A2)]

k
> me;(k—Xz+a)+ azS (A -2z2)G (h-nz)

m=1

—{1-0)+08V, (A -22)]V, (A -A2z)-1}{A -Az+az-azG "(A-42)S (A -Lz)

k
- Zme;(k—kz+a){k—Xz+az—azG (h-2z)S (L -nz))
m=1

k
—z(}»—kz)—az+z me;(k—kz+u)[k—kz+a—chS*(l—kz)G*(}»—kz)]

m=1

+az8 T(A-Az)G (A -2rz))

={la-0)+08Vy (A -22)V, (A -2rz)-1}{A (1 -2)+a(l-2)
k
Z me:n(X—Kz+a)—z7»(1—z)}
m=1
= uq(2)ug(2),
where
u(2)=[1-0)+08V, (A -22)]V, (L -2rz)-1
k
ug(z)=2(-2)+a Y p,B, (L-1z+a)
m=1

D(z)=21D4(2)
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P(z) is the probability generating function for the number of customers in

the queue.
4. Performance Measures

Let L, and L denote the steady state average queue size and system size
respectively.

N (z 1
D(z) 0|

~

Then ., = [diP(z)} = di[
x 221 %

w (1) = [ -0)+ 0V, (0)]V,(0) -1 =0

k k
u2(1):k(1—1)+uz me;(a):az me;(q) (80)
m=1

m=1
N(@1)=u;(1)uy(1)=0

k
Dy(1) = o - [a - us*(o)a*(o)]z pPpB (a)- a8 (0)G"(0) =0

m=1

D) = ADy(1) = 0

4 [N()
a dz LD(Z)

}QI,O at z =1

_DENE - N@DE) o

(D (2))*

D()N'(1) - N(1)D'(1)
3 Q
(D (1))

D(1)N"1)- N(1)D" (1)
= Ql,O

(D (1))

D'1)N"(1) - N'Q)D"(1) Q

(81)
2(D'(1))°

1,0

Differentiating N (z) with respect to z, we get N'(1) as
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N'(1) = u;p(Qug@) + uy(1)ugy (1)
= uy (Duy (1),
Differentiating N '(z) with respect to z, we get N" (1) as
N'(1) = un(Wuy () + 2uy (Vg (1) + uy (uge(1)
= u (g (1) + 2uy (Duy (1),

Differentiating «, (z) with respect to z, we get »,.(1) as
up (1) = (=2) {0 = 0) + OV, (0)]V,"(0) + OV (0) + OV, (0)V, (0))
= AE(V,)+ 0E(Vy)].

Differentiating u,.(z) with respect to z, we get u,.(1) as
uy(1) = A[E(VE) + 0E (V) + 20E (V,)E (V,)].

Differentiating u, (z) with respect to z, we get u, (1) as

Uy (1) = —kjl + azk: b, B;:(oc)l
- J

Using equations (80) and (84) in equation (83), we get

k
N'(1) = 4o [E(Vy) + 0E (V3] by By, (o).

m=1
Using equations (80), (84), (85) and (86) in equation (83), we get

k
N"(1) =22 {a[E(V,2)+ 0E (V] )+ 20E (V, )E (V, N> by B, (a)
m=1
k

~2{1+a) py By (@)} [E(Vy)+ 0E(V,)]).

m=1

Differentiating D(z) with respect to z, we get D'(z) as
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D'(z) = 2Dy (2)

D'(1) = AD4 (1) (87)
D"(z) = *D4.(2)

D"(1) = ADg.(1) (88)

Using equation (74) in (87), we get
k
D'(l):k[1+a(E(S)+EG) JZ Pm B - JLJraijB;(a).

Differentiating D, (z) with respect to z, we get D,.(1) as

k
Dg(1) = —21 - 2xzz p, Bl (a){l + a[E(S)+ E(G)]}

m=1

k
~201Y p, By (a)=27a 1= p, B, (a)}[E(S*)+2E(S)E(G)+E(G?)]

m=1

+2asz Pm B )+1}3[E(S)+E(G)]. (89)

Using equation (89) in (88), we get

k k
D'(1) = 2 (-2 - 203 p, By (a){l + a[E(S)+ E(G)]- 20 p, B, (a)

m=1 m=1

jz p, B (qu [E(S%)+ 2E(S)E(G)+ E(G?)]

k
+ 2ajz me;(u)HJl[E(sn E(G))

where E(S?), E(G?), E(V,>), E(V,) are the second moments of delay, repair,

FRV and SOV time respectively. L can be obtained using the relation
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L = L, + p. Using Little’s formula, we obtain w,, the average waiting time

L
in the queue and W, the average waiting time in the system, as W, - Tq and

L .
W o= o respectively.

5. Particular case

If there is only one service (¢ = 1) and no breakdown (a = 0) then, we

get

(- p){[(L-0)+ 0V, (2 -2r2)]V, (h-2rz)-1}

P(z)= .
(2= B O - 2 )| E(V,) + 0E (V)]

which coincides with the probability generating function obtained by Gautam

Choudhury irrespective of the notations used.
6. Numerical illustration

To illustrate the effect of some parameters on the system performance
measures, we present a numerical example by considering service times and
vacation times as exponentially distributed as follows.

Assuming the values %k=3,p, =0.2,p, =0.5,p3 =0.3,u; =9,y =12
v, =1.5,vy = 0.5n =5,v=>5,a =1 for the parameters, subject to the stability

condition and varying the values of 6 from 0.43 to 0.53 in steps of 0.01 and A

from 1 to 2 in steps of 0.1 we have calculated the values of L,, the

corresponding graph is drawn in figure 1. From figure-1, one can notice that
the surface displays an upward trend as expected for increasing value of the

arrival rate A and SOV probability 6 against the average queue size L,,.
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Vacation probablllty (6) %4 08 Artival rate ()
Figure-1.
We consider service times and vacation times are distributed as Erlang-2
distribution. Assuming the values k=3,p, =0.2,p, =0.5,p5=0.3,pn, =7,
Ho =8,u3 =5,0;, =1,v, =11 =5,v=5,0 =1 for the parameters, subject to the

stability condition and varying the values of 0 from 0.21 to 0.28 in steps of
0.01 and A from 1 to 1.14 in steps of 0.02 we have calculated the values of L,,

the corresponding graph is drawn in Figure-2. From Figure-2, we see that the
surface displays an upward trend as expected for increasing values of the

arrival rate A and SOV probability 6 against the average queue size L,,.

vacation probablity (6) 02 1 Arrival rate (3)

Figure-2.
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