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Abstract 

We consider an 1GM  queuing system with k-types of service, random breakdowns, delay 

times for repairs to start and a second optional vacation. All arriving customers may choose 

either of type j services with probability jp  where  



k

j
j kjp

1
.,,3,2,1,1   When the 

system becomes empty, the server goes for regular vacation and at the end of the first vacation 

the server may take a second optional vacation with  .1 pro  bability , otherwise he 

remains in the system with probability. The system may breakdown at random, its repairs do 

not start immediately and there is a delay time. The delay times and the repair times follow a 

general distribution. Using supplementary variable technique, we derive the probability 

generating function for the number of customers in the system, the average number of 

customers in the system and the average waiting time of customers in the system. Particular 

case is deduced to check the validity of the present model with already existing models. 

Numerical examples are also provided. 

1. Introduction 

In many examples such as production system, bank services, computer 

and communication networks, besides feedback the system have vacation. 

Vacation queues with different vacation policies including Bernoulli 

schedules, assuming a single vacation policy or multiple vacation policy have 
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been studied by many researchers. Levy and Yechiali [12], Fuhrman [9], 

Doshi [7] and [8], Keilson and Servi [11], Baba [1], Cramer [6], Borthakur and 

Chaudhury [3], Madan [13], [14] and [15], Choi and Park [5], Takagi [18] and 

[19], Rosenberg and Yechiali [17] ,Chaudhury [4], Badamchi Zadeh and 

Shankar [2] and many others have studied vacation queues with different P. 

Manoharan and K. Sankara Sasi vacation policies. Madan and Chaudhury 

[16] have studied a single server queue with two phase of heterogeneous 

service under Bernoulli schedule and a general vacation time. In this system, 

without feedback, the server after completing the service can take vacation 

with probability  or remain in the system with probability  1  Madan 

and Anabosi [15] have studied a single server queue with optional server 

vacations based on Bernoulli schedules and a single vacation policy. In this 

system, without feedback, the server provides two types of heterogeneous 

exponential service and a customer may choose either type of service. 

Moreover, the server after completing the service can take vacation with 

probability  or remain in the system with probability  .1   

In this paper, we consider an 1GM  queuing system with k-types of 

service, random breakdowns, delay times for repairs to start and a second 

optional vacation. Using supplementary variable technique, we derive the 

probability generating function for the number of customers in the system, 

the average number of customers in the system and the average waiting time 

of customers in the system. The paper is organaized as follows. In section two 

the model is described. In section three the distribution of the system is 

obtained. In section four the performance measures are calculated. In section 

five a particular case is discussed. In section six numerical illustrations are 

presented. 

2. Model Description 

The arrival follows Poisson distribution with mean arrival rate  .0  

The server provides k-types of service to all arriving customers. Customer 

may choose either of type j services with probability jp  where  


k

j jp
1

.1  

The service times follows a general distribution, with distribution function 

 xB j  and density function  xb j  for   .,,2,1 kj   Further it is assumed 
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that  dxxj  is the conditional probability of completion of the jth service 

given that the elapsed service time is x, so that 

 
 

  xB

xb
dxx

j

j

j



1

 (1) 

and therefore    
 

  .,,2,1,
0

kjexxb

x

j dtt

jj 
 

 

We assume that the services are mutually independent of each other. Let 

       kjcBEsB
c

jj ,,2,1,1,, 
  denote the Laplace-Stieltjes Transform 

(LST) and finite moments of service times respectively. Thus the total time 

required by the server to complete a service cycle which may be called as 

modified service period is given by 
















.yprobabilitwith

yprobabilitwith

yprobabilitwith

22

11

kk pB

pB

pB

B


 

The system may breaks down at random, and the breakdowns are 

assumed to occur according to a Poisson stream with mean breakdown rate 

.0  Further we assume that once the system breaks down, the customer 

whose service is interrupted, comes back to the head of the queue. Once the 

system breaks down, its repairs do not start immediately and there is a delay 

time. The delay times follow a general (arbitrary) distribution with 

distribution function  xS  and density function  .xs Let    xdxv  be the 

conditional probability of a completion of the delay process given that the 

delay time is x, so that 

 
 

  xS

xs
dxxv




1
 (2) 

and hence    
 

.
0





x
dttv

exvxs  

Further, the repair times follow a general distribution with distribution 

function  xG  and density function  .xg  Further it is assumed that  dxx  

is the conditional probability of the completion of the repair process given 



P. MANOHARAN and K. SANKARA SASI 

Advances and Applications in Mathematical Sciences, Volume 20, Issue 6, April 2021 

978 

that the elapsed repair time is x, so that 

 
 

  xG

xg
dxx




1
 (3) 

and hence    
 

.
0




x
dtt

exxg  

Whenever the system becomes empty, the server goes for a first phase of 

regular vacation (FRV) of random length .1V  Let  xV1  and  xv1  

respectively denote the distribution function and density function of the first 

vacation time. At the end of FRV, the server may take a second optional 

vacation (SOV) with probability , otherwise he remains in the system with 

probability  1  until a new customer arrives. Let  xV 2  and  xv 2  

respectively denote the distribution function and density function for the SOV 

time. Further it is assumed that  dxxv i  is the conditional probability of the 

completion of the ith vacation given that the elapsed vacation time is x, so that  

 
 

  xV

xv
dxxv

i

i
i




1
 (4) 

and hence    
 

  .2,1;
0




iexvxv

x

i dttv

ii
 

It is also assumed that the vacation times 1V  and 2V  are mutually 

independent of each other having LSTs  sV i
  and finite moments, 

      .2,1,1,  ikVE
k

i
 Thus the total time required to complete the 

vacation cycle, which may be called as modified vacation period is given by  

 














.1yprobabilitwith

yprobabilitwith

1

21

V

VV

V  

3. System size Distribution 

We set up the steady state equations for the stationary queue size 

distribution by treating elapsed service time, delay time, repair time, FRV 

time and SOV time as supplementary variables. Using these equations, we 
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derive the probability generating functions, assuming that the system is in 

steady state condition. Let  tN  be the system size (including one being 

served, if any),  
 tB

j

0  be the elapsed service time at t for type  
 tSj

0
,  be 

the elapsed delay time at  
 tRt

0
,  be the elapsed repair time at 

 
 tVt

0

1
,  be 

the elapsed vacation time at t for the FRV, 
 

 tV
0

2
 be the elapsed vacation 

time at t for the SOV. For further development of this model, introduce the 

random variable  tY  as follows. 

 



























t

t

tj

t

t

tY

 time atrepair under  is system the if4

 time atrepair for  delayunder  is system the if3

 time at service  typeproviding  busy isserver  the if2

 time at SOVon isserver  the if1

 time at FRV on isserver  the if0

 

The supplementary variables        
 

 tSkjtBtVtV
j

000
2

0
1 ,,,2,1;,,   and 

 
 tR

0  are introduced in order to obtain a bivariate Markov process 

     0;,  tttN  where 

 

   

   

   

 
   

 
   






























4if

3if

2if

1if

0if

0

0

0

0
2

0

1

tYtR

tYtS

tYtB

tYtV

tYtV

t
j

 

and we define the limiting probability as follows. 

      
 

 
 

   0,0,,,Prlim
0

1

0

1,1 


xndxxtVxtVtntNdxxQ
t

n  

      
 

 
 

   0,0,,,Prlim
0

2

0

2,2 


xndxxtVxtVtntNdxxQ
t

n  

      
 

 
 

   0,0,,,Prlim
00

, 


xndxxtBxtBtntNdxxP
jj

t
nj  
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      
 

 
 

   0,0,,,Prlim
00




xndxxtSxtStntNdxxD
t

n  

      
 

 
 

   .0,0,,,Prlim
00




xndxxtRxtRtntNdxxR
t

n  

Further it is assumed that         ,1,00;1,00  SSBB jj  

    1,00  RR  and are continuous at ,0x  where     1,00  ii VV  

are distribution functions for  kj ,,2,1   and  2,1i  so that,  

 
 

  
 

 

  
 

 

  xG

xdG
dxx

xS

xdS
dxxv

xB

xdB
dxx

j

j

j









11

;
1

 and 

 
 

  
.

1 xV

xdV
dxxv

i

i
i


  

The differential-difference equations governing the system are  

          kjnxPxPxxP
dx

d
njnjjnj ,,2,1,1,1,,,    (5) 

        kjxPxxP
dx

d
njjj ,,2,1,0,0,   (6) 

          1,1   nxDxDxvxD
dx

d
nnn  (7) 

  0,00  xxD
dx

d
 (8) 

         1,1   nxRxRxxR
dx

d
nnn  (9) 

       ,000  xRxxR
dx

d
 (10) 

         1,1,1,11,1   nxQxQxvxQ
dx

d
nnn  (11) 

       00,110,1  xQxvxQ
dx

d
 (12) 

         1,1,2,22,2   nxQxQxvxQ
dx

d
nnn  (13) 
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       ,00,220,2  xQxvxQ
dx

d
 (14) 

          






k

m

mm dxxxRdxxxPQ

1
0

0
0

0,0,1 1  

        
 


0 0

20,210,1 dxxvxQdxxvxQ  (15) 

where 

  .
0

0,10,1 


 dxxQQ  

The boundary conditions are  

  0,10,1 0 QQ   (16) 

  1,00,1  nQ n  (17) 

     



0

1,1,2 0,0 ndxxvxQQ nn  (18) 

           


 



k

m

jmmjj dxxxRpdxxxPpP

1
0 0

11,0, 0  

     



0

11,11 dxxvxQpp jj  

   



0

11,2 ,,2,1 kjdxxvxQp j   (19) 

           


 

 

k

m

njmnmjnj dxxxRpdxxxPpP

1
0 0

11,, 0  

     



0

11,11 dxxvxQp nj  

   


 
0

11,2 ,,2,1 kjdxxvxQp nj   (20) 
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    




 

k

m

nmn ndxxPD

1
0

1, 1,0  (21) 

  000 D  (22) 

     



0

1,0 ndxxxDR nn  (23) 

  000 R  (24) 

and the normalizing condition is  

      


















1
0

1 1
0

,

n

n

n m

nm dxxRdxxP  

      



 










0

2

1
0

,

1
0

.1

n i

ni

n

n dxxQdxxD  (25) 

For     ,2,1;,,2,1,1;0  ikjzx   we define the following 

Probability Generating Functions 

            











0
0

,

0

, ,;,0;,

n

jjnj
n

n

jnj
n

j dxzxPzPxPzzPxPzzxP  

           











0

00

,;0,0;, dxzxDzDDzzDxDzzxD

n

n
n

n

n
n  

           











0

00

,;,0;, dxzxRzRxRzzRxRzzxR

n

n
n

n

n
n  

           











0

0

,

0

, .,;0,0;, dxzxQzQQzzQxQzzxQ i

n

ini
n

n

ini
n

i  

Multiplying equation (5) by n
z  and summing from 1n  to ∞ and adding 

the resultant with equation (6), we get 
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         zxzPzxPxzxP
dx

d
jjjj ,,,   

 

 
   .

,

,

 xz
zxP

zxP
dx

d

j
j

j

 

Integrating the above equation with respect to x between 0 and x, we get  

 

 

   

.
,0

,
0




x

j dttxz

j

j
e

zP

zxP
 

From equation (1)  

 
 

  
  .,,2,1,

1
kj

tB

tb
dtt

j

j

j 


  

Integrating the above equation with respect to x between 0 and x, we get  

 

     .,,2,1,1
0

kjxBe j

dtt
x

j


 

 (26) 

Using equation (26) in (25), we get  

      
 

  .,,2,1;1,0, kjexBzPzxP
xz

jjj 


 (27) 

Multiplying equation (7) by n
z  and summing from 1n  to ∞ and adding the 

resultant with equation (8), we get 

        zxzDzxDxvzxD
dx

d
,,,   

 

 
  xvz

zxD

zxD
dx

d


,

,

 

Integrating the above equation with respect to x between 0 and x, we get 

 

 

   

.
,0

, 0




x
dttvxx

e
zD

zxD
 (28) 

From equation (2)  

 
 

  
.

1 ts

ts
dttv


  
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Integrating the above equation with respect to x between 0 and x, we get  

 

  .1
0

xSe

x
dttv




 (29) 

Using equation (29) in (28), we get  

      
 

.1,0,
xz

exSzDzxD


  (30) 

Multiplying equation (9) by n
z  and summing from 1n  to ∞ and adding the 

resultant with equation (10), we get 

        zxRzzxRxzxR
dx

d
,,,   

 

 
  .

,

,

xz
zxR

zxR
dx

d

  

Integrating the above equation with respect to x between 0 and x, we get  

 

 

   

.
,0

, 0




x
dttxx

e
zR

zxR
 (31) 

From equation (3)  

 
 

  
.

1 tG

tg
dtt


  

Integrating the above equation with respect to x between 0 and x, we get  

 

  .1
0

xGe

x
dtt


 

 (32) 

Using equation (32) in (31), we get  

      
 

.1,0,
xz

exGzRzxR


  (33) 

Multiplying equation (11) by n
z  and summing from 1n  to ∞ and adding 

the resultant with equation (12), we get 

      
 

.1,0, 121
xx

exVzQzxQ


  (34) 

Multiplying equation (13) by n
z  and summing from 1n  to ∞ and adding 
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the resultant with equation (14), we get 

      
 

.1,0, 222
xz

exVzQzxQ


  (35) 

Multiplying equation (17) by n
z  and summing from 1n  to ∞ and using 

equation (16), we get 

  .,0 0,11 QzQ   (36) 

Multiplying equation (18) by n
z  and summing from 0n  to ∞, we get  

     .,0,0 112 zVzQzQ 
  (37) 

Multiplying equation (20) by 1n
z  and summing from 1n  to ∞ and adding 

with z times equation (19), we get  

          






k

m

jmmjj dxxzxRpdxxzxPpzzP

1
00

,,,0  

          .,,1
0

0,122
0

11 


 QpdxxvzxQdxxvzxQp jj  (38) 

Multiplying equation (21) by n
z  and summing from 1n  to ∞, we get 

   .,0

1






k

m

m zPzzD  (39) 

Multiplying equation (23) by n
z  and summing from 1n  to ∞, we get  

     



0

,,0 dxxvzxDzR  (40) 

Multiplying equation (27) by  xj  and integrating over 0 to ∞, we get 

          .,,3,2,1,,0,
0

kjzBzPdxxzxP jjjj 




  (41) 

Multiplying equation (30) by  xv  and integrating over 0 to ∞, we get 
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       .,0,
0

zSzDdxxvzxD 




  (42) 

Multiplying equation (33) by  x  and integrating over 0 to ∞, we get 

       .,0,
0

zGzRdxxzxR 




  (43) 

Multiplying equation (34) by  xv1  and integrating over 0 to ∞, we get  

       .,0, 11
0

11 zVzQdxxvzxQ 




  

Multiplying equation (35) by  xv 2  and integrating over 0 to ∞, we get 

       .,0, 22
0

22 zVzQdxxvzxQ 




  (44) 

Integrating equation (27) between 0 and ∞, we get  

   
 

 
  .,,3,2,1,

1
,0 kj

zB
zPzP

j

jj 
























 (45) 

Integrating equation (9.30) between 0 and ∞, we get  

   
 

 
.

1
,0 


















z

zS
zDzD  (46) 

Integrating equation (33) between 0 and ∞, we get  

   
 

 
.

1
,0 


















z

zG
zRzR  (47) 

Integrating equation (34) between 0 and ∞, we get  

   
 

 
.

1
,0

1
11






















z

zV
zQzQ  (48) 

Integrating equation (35) between 0 and ∞, we get  

   
    

 
.

1
,0

21
11






















z

zVzV
zQzQ  (49) 
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Using equations (41) to (44) in equation (38), we get 

           









k

m

m

k

m

jmmjj zGzSzPzpzBzPpzzP

11

.,0,0  

       .11 0,112 QzVzVp j 
  (50)  

Put 1j  and 1k  in equation (50), we get 

 
        

 zD

QzVzVzp
zP

1

0,1121

1

11
,0






 (51) 

where 

        


zzBpzzzD 111  

       .zGzzSzGzzS 
  

Putting 1j  and 2k  in equation (50), we get 

            0,13122111 ,0,0 QzzApzAzPpzAzP   (52) 

where 

        


zzBpzzzA 111  

       zGzzSzGzzS 
  

         zGzzSzzBzA 


22  

   zGzzS 
  

         .11 123 


zVzVzA  

Putting 2j  and 2k  in equation (50), we get 

          0,13221212 ,0,0 QzBpzBzPpzBzP   (53) 

where 

        


zzBpzzzB 221  

       zGzzSzGzzS 
  
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         zGzzSzzBzB 


12  

   zGzzS 
  

         .11 123 


zVzVzB  

Using equation (53) in (52), we get  

 
          

       zBzAppzBzA

zBzAzBzApQzp
zP

222111

133220,11

1 ,0



  (54) 

where  

          zzzBzAzBzAp 13322  

      11 12 


zVzV  (55) 

           zzzzzBAppzBzA 222111  

    


zzBp 11  

       zGzSzzGzzS 
  

    


zzBp 22  

        .zGzSzzGzzS 
 (56) 

Using equations (55) and (56) in equation (54), we get 

 
        

 zD

QxVzVzp
zP

2

0,1121

1

11
,0






 (57) 

where 

          


zzBpzBpzzzD 22112  

       .zGzSzzGzSz 
  

Using equation (52) in (53), we get  

 
          

       zBzAppzBxA

zAzBzAzBpQzp
zP

222111

133210,12

2 ,0



  (58) 
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                .11 1213321 


zVzVzzzAzBzAzBp (59) 

Using equations (56) and (59) in equation (58), we get  

 
        

 
.

11
,0

2

0,1122

2
zD

QxVzVzp
zP






 (60) 

From equations (51), (54) and (60), we get 

 
        

 
,

11
,0

2

0,112

zD

QxVzVzp
zP

j

j






 

kj ,,2,1   (61) 

where 

         zGzzSzzzzD 


3  

      





k

m

mm zGzazSzBp

1

 

 

        

   

   zDz

QzB

zVzVzp

zP
j

j

j
3

0,1

12

1

11













 

          

 
,

111

3

0,112

zD

QzBzVzVp jj 




 

.,,2,1 kj   (62) 

Using equations (39) and (62) in equation (46), we get 

 
    

 
 

  

 














k

m

m
z

zS
zpz

z

zSzD
zD

1

11,0
 

         

   zDz

zVzVzSz

3

12 111







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  





k

m

mm QzBp

1

0,1 .1  (63) 

Using equations (39), (40), (42) and (62) in equation (47), we get 

 
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

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
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k

m

mm QzBp

1

0,1 .1  (64) 

Using equation (36) in (48), we get  

 
 

 
.
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



 (65) 

Using equation (36) in (49), we get  

 
    

 
.

1
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21

2 Q
z
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zQ





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













 (66) 

Adding equations (62) to (64), we get  

       
 

 




k

m
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zN
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1
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4

1  (67) 

where  

       zuzuzuzN 3211   

        11 121 


zVzVzu  

        zSzGzzzu 


12  

    





k

m

mm zBpzu

1

3 1  

     .34 zDzzD   

At  zuz 1,1  becomes 
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        010011 121 


VVu  

       000112 


SGzu  

      









k

m
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k

m

mm BpBpu

11

3 111  

        .01111 3211  uuuN  (68) 

Differentiating  zN 1  with respect to z, we get  11 N  and  1"1N  as  

                   01111,11111 321323211   uuuuuuuuN  

                111121111 "32323"21"1 uuuuuuuN    

                111111112 32"132321 uuuuuuuu    

     .1112 321 uuu   (69) 

Differentiating  zu1  with respect to z, we get  11 u  as 

             000011 12121


  VVVVu  

     .21 VEVE   (70) 

Differentiating  zu 2  with respect to z, we get  12 u  as  

               000000112


  SGSGSGu  

      .1 SEGE   (71) 

Using equations (68), (70) and (71) in equation (69), we get  

               .1121
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
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m

mm BpSEGEVEVEN  

At  zDz 3,1  and  zD 4  becomes 

            
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
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    .0011 34  DD  
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Differentiating  zD 4  with respect to z, we get  14 D  as 

          001011 334  DDD  (72) 

Differentiating  zD   with respect to z, we get  1"D  as 

         .1212011 33"3"4   DDDD  (73) 

Differentiating  zD 3  with respect to z, we get  13 D  as 

           .111
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


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


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










k

m

mm

k

m

mm BpBpGESED  (74) 

Using equation (74) in (73), we get  

             .1121
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k

m
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Putting 1z  in equation (67), we get 
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111  for m. 

Using L’Hospital’s rule, we get 
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Again using L’Hospital’s rule, we get 
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Adding equations (65) and (66), we get  
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   
     

 
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1
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Q
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zVzV
zQzQ





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




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



 

 
0

0
121  QQ for m. 

So after using L’Hospital’s rule, we get 

   
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
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



 

         .11 0,12121 QVEVEQQ   (75) 

Using the fact that             


k

m m QQQRDP
1 211 ,1211111  we get 

 

    21
0,1

VEVE

zX
Q


  (76) 

where,  

   1zX  (77) 

where 

       

 

.
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1

1
































k

m

mm

k

m

mm

Bp

BpGESE

 (78) 

Using equation (77) in (76), we get 

    21
0,1

1

VEVE
Q




  (79) 

and    SES 


0  is the mean of delay time,    SEG 


0  is the mean of 

repair time,        2211 0,0 VEVVEV 
  are the mean of vacation times 

of FRV and SOV respectively. 0,1Q  is the steady state probability that the 

system is idle due to server’s vacation. Also we have ,1  which is the 

stability condition under which steady state solution exists.  
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 zP  is the probability generating function for the number of customers in 

the queue. 

4. Performance Measures 

Let qL  and L denote the steady state average queue size and system size 

respectively. 

Then  
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Differentiating  zN  with respect to z, we get  1N   as 
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         11111 2121   uuuuN  

   .11 21 uu   (82) 

Differentiating  zN   with respect to z, we get  1"N  as 

             11112111" "21212" uuuuuuN    

       .11211 212"1  uuuu  (83) 

Differentiating  zu1  with respect to z, we get  11 u  as 
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     .21 VEVE   (84) 

Differentiating  zu1   with respect to z, we get  1"1u  as 

          .21 21
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1
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"1 VEVEVEVEu   (85) 

Differentiating  zu 2  with respect to z, we get  12 u  as 
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Using equations (80) and (84) in equation (83), we get  
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21 
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
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k

m

mm BpVEVEN  

Using equations (80), (84), (85) and (86) in equation (83), we get  

             
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m

mm  


  

Differentiating  zD  with respect to z, we get  zD   as 
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   zDzD 3   

   11 3  DD  (87)  

   zDzD "3"   

   11" "3DD   (88) 

Using equation (74) in (87), we get  
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Differentiating  zD 3   with respect to z, we get  1"3D  as 
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Using equation (89) in (88), we get  
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where        
2

2
2

1
22

,,, VEVEGESE  are the second moments of delay, repair, 

FRV and SOV time respectively. L can be obtained using the relation 
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. qLL  Using Little’s formula, we obtain ,qW  the average waiting time 

in the queue and W, the average waiting time in the system, as 



q

q

L
W  and 




L
W  respectively. 

5. Particular case 

If there is only one service  1k  and no breakdown  0  then, we 

get 

 
        

       211

12 111
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






 

which coincides with the probability generating function obtained by Gautam 

Choudhury irrespective of the notations used.  

6. Numerical illustration 

To illustrate the effect of some parameters on the system performance 

measures, we present a numerical example by considering service times and 

vacation times as exponentially distributed as follows. 

Assuming the values 12,9,3.0,5.0,2.0,3 21321  pppk  

1,5,55.0,5.1 21  vvv  for the parameters, subject to the stability 

condition and varying the values of  from 0.43 to 0.53 in steps of 0.01 and  

from 1 to 2 in steps of 0.1 we have calculated the values of ,qL  the 

corresponding graph is drawn in figure 1. From figure-1, one can notice that 

the surface displays an upward trend as expected for increasing value of the 

arrival rate  and SOV probability  against the average queue size .qL  



ANALYSIS OF A MULTI TYPE SERVICE OF  

Advances and Applications in Mathematical Sciences, Volume 20, Issue 6, April 2021 

999 

 

Figure-1. 

We consider service times and vacation times are distributed as Erlang-2 

distribution. Assuming the values ,7,3.0,5.0,2.0,3 1321  pppk  

1,5,51,1,5,8 2132  vvv  for the parameters, subject to the 

stability condition and varying the values of  from 0.21 to 0.28 in steps of 

0.01 and  from 1 to 1.14 in steps of 0.02 we have calculated the values of ,qL  

the corresponding graph is drawn in Figure-2. From Figure-2, we see that the 

surface displays an upward trend as expected for increasing values of the 

arrival rate  and SOV probability  against the average queue size .qL  

 

Figure-2. 
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