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Abstract 

Absolutely harmonious labeling f is an injection from the vertex set of a graph G with q 

edges to the set  ,1,,2,1,0 −q  if each edge uv  is assigned ( ) ( )vfuf +  then the resulting 

edge labels can be arranged as 1210 ,,,, −qaaaa   where iqai −=  or .10, −+ qiiq  

however, when G is a tree one of the vertex labels may be assigned to exactly two vertices. A 

graph which admits absolutely harmonious labeling is called absolutely harmonious graph. In 

this paper, we study absolutely harmonious labeling of some special graphs. 
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1. Introduction 

In this paper, we consider finite, simple and undirected graphs. M. 

Seenivasan and A. Lourdusamy [3] introduced another variation of 

harmonious labeling, namely, absolutely harmonious labeling of graphs. In 

this paper we investigate the absolutely harmonious labeling of some special 

graphs such as triangular ladder, globe graph, shadow graph, Sudivision, 

splitting and duplication of star graph. 

Theorem 1. The graph 12 mKK +  is absolutely harmonious. 

Proof. Let 12 mKKG +=  graph. 

The vertex set ( )  mwwwyxGV ,,,,, 21 =  and the edge set 

( )  miywxwxyGE ii = 1:,,  here, G is of order 2+m  and size .12 +m   

Now, define ( )  1,,3,2,1,0: −→ qGVf   as follows 

( ) 0=xf  

( ) 1+= myf  

( ) miiwf i = 1,  

The induced edge labels are as follows 

( ) maxyf =  

( ) miaxwf jqi = −
 1;  and .1 mj   

( ) 10; −= mkaywf ki  

From the above, 1210 ,,,, −qaaaa   where iqai −=  (or) 

10: −+ qiiq  are the arranged edge labels. Therefore f admits 

absolutely harmonious labeling. 

and hence 12 mKK +  is an absolutely harmonious graph.  □ 
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Figure 1. .4 12 KK +   

Definition 1. Let G be a ( )qp,  graph. The subdivision of each edge of a 

graph G with a vertex is called the subdivision graph and it is denoted by 

( ).GS  

Theorem 2. ( )nKS ,1  is absolutely harmonious for all .1n  

Proof. Let ( )nKSG ,1=   

Let ( )  niuvuGV ii = 1:,,  and ( )  niuvuvGE iii = 1:,   

Here G is of order 12 +n  and size .2n  Now, Define 

( )  1,,2,1,0: −→ qGVf   as follows 

( ) 1=uf  

( ) 01 =vf  

( ) niivf i −= 2;12   

( ) 11;2 −= niiuf i   

( ) 22 −= nvf n  

Then the induced edge labels are as follows 

( ) 11 −
 = qauvf  
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( )   ninkauvf iqk = −
 2,2;2  

( ) 211 −
 = qauvf  and ( ) 32 −

 = nnn auvf  

( )  ( ) 12;12;14 −−−−= ninkiqauvf kk  

From the above, 1210 ,,,, −qaaaa   where iqai −=  (or) 

10; −+ qiiq  are the arranged edge labels. Therefore f admits 

absolutely harmonious labeling of ( )nKS ,1  and hence ( )nKS ,1  is an 

absolutely harmonious graph.  □ 

Definition 2. Let the graphs 1G  and 2G  have disjoint vertex sets 1V  and 

2V  the edge sets 1E  and 2E  respectively. Then their union 21 GGG =  is a 

graph with vertex set 21 VVV =  and the edge set .21 EEE =  Clearly, 

21 GG   has 21 pp +  vertices and 21 qq +  edges. 

Theorem 3. ( ) 1,,,1,1  mnKKS mn  is not absolutely harmonious. 

Proof. Let ( ) mn KKSG ,1,1 =  be a graph with p vertices and q edges. 

Let  mjniwwvuu jii  1,1;,,,,  be the vertices of G and 

 mjniwwvuuu jiii  1,1;,,  be the edges of G. 

Here, 23 += np  and nq 3=  since ,qp   we cannot give the distinct 

labels from  1,,2,1,0 −q  to the vertices of G. Hence G is not an 

absolutely harmonious graph. □ 

Definition 3. For a graph G, the splitting graph ( )nKS ,1  of G is 

obtained by adding a new vertex v  corresponding to each vertex v of G such 

that ( ) ( ).vNvN =  

Theorem 4. The splitting graph ( )nKS ,1  is absolutely harmonious. 

Proof. Let nvvv ,,, 21   be the pendant vertices and v be the apex vertex 

of nK ,1  and nuuuu ,,,, 21   be added vertices corresponding to 

nvvvv ,,, 21  to obtain ( ).,1 nKS  
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Let G be the splitting graph ( ).,1 nKS  Then G is of order 22 +n  and size 

.3n  Now, Define ( )  1,,2,1,0: −→ qGVf   as follows 

( ) 13 −= nuf   

( ) 0=vf   

( ) niivf i = 1;  

( ) ( ) niivfuf ni += 1;  

Then the induced edge labels are as follows 

( ) niauvf ii = − 1;1   

( ) niavvf qi = − 1;1   

( ) niavuf ini = − 1;2   

From the above, 1210 ,,,, −qaaaa   where 1−= qai  (or) 

10; −+ qiiq  are the arranged edge labels. Therefore f admits 

absolutely harmonious labeling of ( )nKS ,1  and hence ( )nKS ,1  is an 

absolutely harmonious graph. □ 

Definition 4. The Bistar graph nnB ,  is obtained by joining the center 

(apex) vertices of two copies of nK ,1  by an edge. 

Theorem 5. The Bistar graph nnB ,  is absolutely harmonious. 

Proof. Let .,nnBG =  Let ( )  ,1:,,, nivuvuGV ii =  

( )  .1:,, niuuvvuvGE ii =  Then G is of order 22 +n  and size .12 +n   

Now, define ( )  1,,2,1,0: −→ qGVf   as follows 

( ) 0=uf   

( ) 1−= qvf   

( ) niivf i −= 1;12   

( ) ( ) nkniiufuf k == 2,1;211   



M. SEENIVASAN, P. ARUNA RUKMANI and A. LOURDUSAMY 

Advances and Applications in Mathematical Sciences, Volume 22, Issue 6, April 2023 

1270 

Then the induced edge labels are as follows 

( ) 1auvf =   

( ) 01 avvf =   

( ) nkniavvf ik = 2,1;2   

( ) 11 −
 = qauuf  

( ) nkinauuf ik = −
 2;12  

From the above, 1210 ,,,, −qaaaa   where 1−= qai  (or) 

10; −+ qiiq   are the arranged edge labels. 

Therefore f is an absolutely harmonious labeling of Bistar graph nnB ,  

and hence the Bistar graph nnB ,  is an absolutely harmonious graph.  □ 

Theorem 6. ( ) srn BKS ,,1   is not Absolutely harmonious for all 

.1,, srn  

Proof. Let ( ) srn BKSG ,,1 =  since the number of vertices of G is 

greater than the number of edges of G. We cannot give the distinct labels 

from  1,,2,1,0 −q  to be the vertices of G. 

Hence G is not an absolutely harmonious graph.  □ 

Definition 5. The triangular ladder nTL  is graph obtained from nL  by 

adding edges ,1,1 nivu ii +  where iu  and nivi 1,  are the vertices of 

nL  such that nuuu ,,, 21   and nvvv ,,, 21   are the two paths of the length 

n in the graph .nL  

Theorem 7. The Triangular ladder nTL  is an absolutely harmonious 

graph. 

Proof. Let G be a nTL  graph. Let ( )  nivuGV ii = 1:  and 

( )    .1:11:,, 111 nivunivuvvuuGE iiiiiiii −= +++   

Then G is of order n2  and size .34 −n  Now, Define 
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( )  1,,2,1,0: −→ qGVf   as follows 

( ) 01 =uf  

( ) 11;12 −−= niivf i  

( ) nkniiuf k −= 2,11;2  

Then the induced edge labels are as follows 

( ) 111 −
 = qavuf   

( ) 21;11,21 +−= −+
 nkniavuf kqii  and k is odd 

( ) 11,41 −= −+
 niavvf iqii  

( ) ( ) nkniavuf iqkk −= +−
 2,11,14   

( ) ( ) 11,10;341 −−= +−+
 nkniavuf iqkk  

From the above, 1210 ,,,, −qaaaa   where iqai −=  (or) 

10, −+ qiiq  are the arranged edge labels. 

Therefore f is an absolutely harmonious labeling of triangular ladder nTL  

and hence the triangular ladder nTL  is an absolutely harmonious graph.  □ 

Definition 6. Duplication of a vertex kv  of a graph G produces a new 

graph G  by adding a vertex kv  with ( ) ( ).kk vNvN =  

Theorem 8. The graph obtained by duplication of apex vertex by an edge 

in nK ,1  is absolutely harmonious. 

Proof. Let 0v  be the apex vertex of star nK ,1  and nvvv ,,, 21   are 

pendant vertices of .,1 nK  

Let G denote the graph obtained by duplication of apex vertex 0v  by an 

edge .00vv   Then G is of order 3+n  and size 3+n  Now, define 

( )  1,,2,1,0: −→ qGVf   as follows 
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( ) 00 =vf   

( ) 10 =vf  

( ) 20 += nvf  

( ) ninkivf k += 1,1;1  

Then the induced edge labels are as follows 

( ) 100 avvf =  

( ) 000 avvf =  

( ) 100 −
 = qavvf  

( ) ( )  ninkiqavvf k +−= 1,1;10  

From the above, 1210 ,,,, −qaaaa   where iqai −=  (or) 

10; −+ qiiq  are the arranged edge labels. 

Therefore f is an absolutely harmonious labeling of the graph obtained by 

duplication of apex vertex by an edge in nK ,1  and hence the graph obtained 

by duplication of apex vertex by an edge in nK ,1  is an absolutely harmonious 

graph.  □ 

Definition 7. Globe graph is defined as the two isolated vertex are joined 

by n paths of length 2. It is denoted by ( ).nGl   

Theorem 9. Globe ( ) 3, nnGl  is an absolutely harmonious graph. 

Proof. Let ( ).nGlG =  

Let ( )  niwvuGV i = 1:,,  and ( )     .1: nivwuwGE ii =    

Here, ( ) 1+= nGV  and ( ) nGE 2=  

Define ( )  1,,2,1,0: −→ qGVf   as follows 

( ) 1−= quf  

( ) 0=vf  
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( ) nqiiwf i −= 1;  

Then the induced edge labels are as follows 

( ) nqiauwf ii −= −
 1,1  

( ) nqiavwf iqi −= −
 1;  

From the above, 1210 ,,,, −qaaaa   where iqai −=  (or) 

10, −+ qiiq  are the arranged edge labels. 

Therefore f is an absolutely harmonious labeling of the globe ( ) 3, nnGl  

and hence the globe ( ) 3, nnGl  is an absolutely harmonious graph.  □ 

Definition 8. The shadow graph ( )GD2  of a connected graph G is 

constructed by taking two copies of G say G  and .G   Join each vertex u  in 

G  to the neighbours of the corresponding vertex v  in .G   

Theorem 10. The graph ( ) 2,,12 nKD n  is absolutely harmonious. 

Proof. Let  nivv i 1,,  be the vertices and  niei 41,   be the 

edges. 

Define ( )  1,,2,1,0: −→ qGVf   as follows 

( ) ( ) 0,1 =−= vfquf   

( ) niiuf i = 1;  

( ) niinvf i += 1;  

Then the induced edge labels are as follows 

( ) niauuf ii = −
 1;1   

( ) niavuf iqi = −
 1;  

( ) 10; −= −
 niauvf ini  

( ) ( )  niinqauuf i +−= 1;  
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From the above, 1210 ,,,, −qaaaa   where 1−= qai  (or) 

10; −+ qiiq  are the arranged edge labels. 

Therefore f is an absolutely harmonious labeling of the graph 

( ) 2,,12 nKD n  and hence the graph ( ) 2,,12 nKD n  is an absolutely 

harmonious graph.  □ 

Definition 9. Let G be a graph with set of vertices and edges as 

( ) ( ) ( ) ( )nn yyyyxxxxdwbccGV ,,,,,,,,,,,, 321321
21 =  

( ) ( ) ( ) ( )wcbcycycycycxcxcxcxcGE nn
112

3
2

2
2

1
21

3
1

2
1

1
1 ,,,,,,,,, =  

( )dcwc 22 ,  

We shall call it W-graph and it shall be denoted by ( )nW  

 

Figure 2. ( )3w  

Theorem 11. The W-graph ( ) 1, nnW  admits absolutely harmonious 

labeling. 

Proof. Let ( )nWG =  with ( )GVV =  and ( ) .GEE =  Here, 

52 += nV  and .42 += nE  

The vertex set and the edge set of G are as follows 

( ) ( ) ( ) ( )nn yyyyxxxxdwbccGV ,,,,,,,,,,,, 321321
21 =  

( ) ( ) ( ) ( )wcbcycycycycxcxcxcxcGE nn
112

3
2

2
2

1
21

3
1

2
1

1
1 ,,,,,,,,, =  

( )dcwc 22 ,  

Now, we define the labeling ( )  1,,2,1,0: −→ qGVf   as follows 
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( ) 1=bf   

( ) 2+= nwf   

( ) 3+= ndf   

( ) 01 =cf   

( ) 12 =cf   

( ) niixf i += 1;1  

( ) njjqyf j −= 1;  

From the above, 1210 ,,,, −qaaaa   where iqai −=  (or) 

10; −+ qiiq  are the arranged edge labels. 

Therefore f is an absolutely harmonious labeling of the W-graph. 

and hence the W-graph is an absolutely harmonious graph.  □ 

 

Figure 3. ( )2W  
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