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Abstract

Absolutely harmonious labeling f is an injection from the vertex set of a graph G with g
edges to the set {0,1, 2, ..., g —1}, if each edge uv is assigned f(u)+ f(v) then the resulting
edge labels can be arranged as ag, a;, ag, ..., ag-1 where a; =q—-i or q+1,0<i<qg-1.
however, when G is a tree one of the vertex labels may be assigned to exactly two vertices. A

graph which admits absolutely harmonious labeling is called absolutely harmonious graph. In
this paper, we study absolutely harmonious labeling of some special graphs.
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1. Introduction

In this paper, we consider finite, simple and undirected graphs. M.
Seenivasan and A. Lourdusamy [3] introduced another wvariation of
harmonious labeling, namely, absolutely harmonious labeling of graphs. In
this paper we investigate the absolutely harmonious labeling of some special
graphs such as triangular ladder, globe graph, shadow graph, Sudivision,
splitting and duplication of star graph.

Theorem 1. The graph Ko + mKj is absolutely harmonious.
Proof. Let G = K9 + mK; graph.

The vertex set V(G)={x,y, w, wy, ..., w,} and the edge set

E(G) = {xy, xw;, yw; : 1 <i < m} here, G is of order m + 2 and size 2m +1.
Now, define f : V(G) - {0,1, 2, 3, ..., ¢ — 1} as follows
flx) =0
fly)=m+1
flw;))=i,1<i<m
The induced edge labels are as follows
fH(xy) = an
ffaw)=a, j31<i<mand1<j<m
ffow)=ap0<k<m-1

From the above, ag,q, ag, ..., a4 where q; =q-1 (or)
g+1:0<1<qg-1 are the arranged edge labels. Therefore [ admits

absolutely harmonious labeling.

and hence Ky + mKj is an absolutely harmonious graph. |
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Figure 1. K5 + 4Kj.

Definition 1. Let G be a (p, ¢) graph. The subdivision of each edge of a

graph G with a vertex is called the subdivision graph and it is denoted by
S(G).

Theorem 2. S(Kj ,) is absolutely harmonious for all n > 1.
Proof. Let G = S(K; ;)
Let V(G) = {u, v;, ; : 1 <i < n} and E(G) = {uv;, viy; : 1 <i < n}

Here G is of order 2n+1 and size 2n. Now, Define
f:V(G) —-1{0,1,2,..., g —1} as follows

flw)=1

flu)=0

flv;)=2i-1,2<i<n
flug)=2i;1<i<n-1

flv,) =2n -2
Then the induced edge labels are as follows

fruv) = agy
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ffwop) = ag_gi;2 <k<n 2<i<n

f*(vlul) = Ug-2 and f*(vnun) = dop-3
ffopur) =alg-4i-1)2<k<n-12<i<n-1

From the above, agp, a1, a9, ..., Qg1 where «q; =g-1i (or)
q+1;0<i<qg-1 are the arranged edge labels. Therefore f admits
absolutely harmonious labeling of S(Kj,) and hence S(Kj,) is an
absolutely harmonious graph. o

Definition 2. Let the graphs G; and Gy have disjoint vertex sets V| and
V5 the edge sets E; and Eg respectively. Then their union G = G; UGy is a
graph with vertex set V =V UV, and the edge set E = E; U Ey. Clearly,
G; UGy has p; + py vertices and ¢ + qq edges.

Theorem 3. S(K; ,)U Ky ,,,, n, m >~ 1 is not absolutely harmonious.
Proof. Let G = S(K; ,,) U K; ,, be a graph with p vertices and g edges.

Let {u, u, v, w,wj;1<i<n,1<j<m} be the vertices of G and
{uw;, ujv;, ww;l <i <n,1<j<mj bethe edges of G.

Here, p=3n+2 and q = 3n since p > q, we cannot give the distinct
labels from {0,1,2,...,q—1} to the vertices of G. Hence G is not an
absolutely harmonious graph. |

Definition 3. For a graph G, the splitting graph S'(Kj,) of G is
obtained by adding a new vertex v’ corresponding to each vertex v of G such
that N(v) = N(V).

Theorem 4. The splitting graph S'(Kl,n) is absolutely harmonious.

Proof. Let vy, vy, ..., U, be the pendant vertices and v be the apex vertex

of K, and u,u,ug,..,u, be added vertices corresponding to

v, U, Vg, ..Uy to obtain S'(Kj ).
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Let G be the splitting graph S'(Kj ,,). Then G is of order 2n +2 and size
3n. Now, Define f : V(G) - {0, 1, 2, ..., ¢ — 1} as follows

flw)=3n-1

flw)=0

flv;)=41<i<n

fg)=fv,)+i;1<i<n

Then the induced edge labels are as follows

fluv)=aq;_1;1<i<n

flov)) =ag_1;1<i<n

fow) =ag,_;;1<i<n

From the above, ag, a1,0ag,...,a,.1 where @ =qg-1 (or)

q+1;0<i<qg-1 are the arranged edge labels. Therefore f admits

absolutely harmonious labeling of S(Kj ,) and hence S'(Kj,) is an
absolutely harmonious graph. o
Definition 4. The Bistar graph B, , is obtained by joining the center

(apex) vertices of two copies of K , by an edge.
Theorem 5. The Bistar graph B, ,, is absolutely harmonious.
Proof.  Let G=B,,. Let V(G) = {u, v, u;, v; : 1 <i < nj,

E(G) = {uv, vy;, uw; : 1 <i <n}. Then G is of order 2n+2 and size 2n +1.

Now, define f : V(G) - {0, 1, 2, ..., ¢ — 1} as follows
flw)=0
f)=q-1
fv)=21-1,1<i<n

f)=1f(u)=251<i<n,2<k<n
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Then the induced edge labels are as follows

f (wv) = o

f (ovr) = ag

ffovg)=a9;;1<i<n,2<k<n

fHuy) = g

ffuup) =agi_1;n<i<2<k<n

From the above, ag, a1,0qg,...,a,.1 where @ =qg-1 (or)
q+1,0<i<qg-1 arethe arranged edge labels.

Therefore f is an absolutely harmonious labeling of Bistar graph B, ,

and hence the Bistar graph B, ,, is an absolutely harmonious graph. o

Theorem 6. S(K; ,)UB, is not Absolutely harmonious for all
n,r,s>1.
Proof. Let G = S(Kj ,)UB, s since the number of vertices of G is

greater than the number of edges of G. We cannot give the distinct labels
from {0, 1, 2, ..., ¢ — 1} to be the vertices of G.

Hence G is not an absolutely harmonious graph. m]

Definition 5. The triangular ladder 7L, is graph obtained from L, by
adding edges w;v;,1,1 <1 <n, where u; and v;, 1 <i < n are the vertices of
L, such that v, uo, ..., u, and vy, ve, ..., v, are the two paths of the length
n in the graph L,,.

Theorem 7. The Triangular ladder TL, is an absolutely harmonious
graph.
Proof. Let G be a TL, graph. Let V(G)={yy; :1<i<n} and

EG) = {wju; 1, viv;41, uivjq :1<i<n-1}U{wy; :1<i < n}

Then G is of order 2n and size 4n-3. Now, Define
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f:V(G)—{0,1,2 ..., g —1} as follows

flwy) =0

fy;)=2i-1,1<i<n-1

flup)=2i;1<i<n-1,2<k<n

Then the induced edge labels are as follows

) = agq

i) = ag9p, 1<i<n-L1<k<n+2andkisodd

f*vi) = ag 4, 1<i<n-1

[ (upvr) = aq_(aiz1) 1<i<n-1,2<k<n

f(upvpsy) = Ag-(4i+330<i<n-1,1<k<n-1

From the above, agp, a1, a9, ..., Qg1 where «q; =g-1i (or)

qg+1i,0<1i<q-1 are the arranged edge labels.

Therefore f is an absolutely harmonious labeling of triangular ladder 7L,

and hence the triangular ladder 7L, is an absolutely harmonious graph. o

Definition 6. Duplication of a vertex v, of a graph G produces a new

graph G’ by adding a vertex v}, with N(uvg) = N(v},).

Theorem 8. The graph obtained by duplication of apex vertex by an edge

in K ,, is absolutely harmonious.

Proof. Let vy be the apex vertex of star K; , and vy, vy, ..., v, are

pendant vertices of Kj ,,.

Let G denote the graph obtained by duplication of apex vertex vy by an
edge vpvg. Then G is of order n+3 and size n+3 Now, define
f:V(G) - 1{0,1,2,..., g —1} as follows
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flvg) =0
flvp) =1
fvg) =n+2

flop)=i+L1<k<n1<i<n

Then the induced edge labels are as follows
f*(ovh) = a1

f*(wovh) = ag

f*(ovh) = ag1
fflogvp)=alg-((+1)1<k<n1<i<n

From the above, ag,qq, as,...,a,1 where @ =qg—-1i (or)

q+1;,0 <i<q-1 are the arranged edge labels.

Therefore f is an absolutely harmonious labeling of the graph obtained by
duplication of apex vertex by an edge in Kj , and hence the graph obtained

by duplication of apex vertex by an edge in Kj , is an absolutely harmonious
graph. o

Definition 7. Globe graph is defined as the two isolated vertex are joined
by n paths of length 2. It is denoted by Gl(n).

Theorem 9. Globe Gl(n), n > 3 is an absolutely harmonious graph.
Proof. Let G = G(n).

Let V(G) = {u, v, w; : 1 <i < n} and E(G) = {uw;|Uvw;]: 1 <i < n}.
Here, | V(G)| =n+1 and | E(G)| = 2n

Define f : V(G) - {0, 1, 2, ..., ¢ — 1} as follows

flw)=q-1

fl) =0
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fw)=i1<i<q-n
Then the induced edge labels are as follows
ffuw)=a; 1,1<i<q-n
frwp)=a, j1<i<q-n

From the above, agp, a1, a9, ..., Qg1 where «q; =g-1i (or)

qg+1i,0<1i<q-1 are the arranged edge labels.

Therefore f is an absolutely harmonious labeling of the globe Gl(n), n > 3

and hence the globe Gi(n), n > 3 is an absolutely harmonious graph. o

Definition 8. The shadow graph Dy(G) of a connected graph G is

constructed by taking two copies of G say G' and G". Join each vertex u' in

G’ to the neighbours of the corresponding vertex v’ in G".

Theorem 10. The graph Dy(K; ,,), n > 2 is absolutely harmonious.

Proof. Let {v, v;, 1 <i < n} be the vertices and {e;, 1 <i < 4n} be the

edges.
Define f : V(G) - {0, 1, 2, ..., ¢ — 1} as follows

fw)=q-1,f@v)=0

flw;)=41<i<n

f)=n+i1<i<n

Then the induced edge labels are as follows
fflug)=a; 1 <i<n

) =a, 31<i<n
ffluv)=a,_;0<i<n-1

ffug)=alg-(m+ill<i<n
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From the above, agp, a1, a9, ..., aq-1 where q; =q¢-—1 (or)

qg+1,0<i<q-1 are the arranged edge labels.

Therefore f is an absolutely harmonious labeling of the graph
Dy(Ky ), n>2 and hence the graph Dy(Kj ), n>2 is an absolutely

harmonious graph. o

Definition 9. Let G be a graph with set of vertices and edges as
V(G) = {(¢1, ¢9, b, w, d)U (&, x2, 23, ..., x™)U G, 32, 2, ..., y"))

E@G) = {(clxl, cle, clx3, o oax™U (czyl, c2y2, c2y3, ey 0" YU (b, cw)
U(CQLU, CQd)}

We shall call it W-graph and it shall be denoted by W(n)

Figure 2. w(3)

Theorem 11. The W-graph W(n), n >1 admits absolutely harmonious
labeling.

Proof. Let G =W(n) with V =|V(G)| and E =|E(G)| Here,
V=2n+5 and E =2n + 4.

The vertex set and the edge set of G are as follows
V(G) = {(c1, 9, b, w, d)U (1, x2, &3, ..., x)U L, »%, »3, ..., ")

E@G) = {(clxl, clxz, clx3, s ax™U (czyl, 02y2, czy3, s 0" ) U (10, )
U(cqw, cod)}

Now, we define the labeling f : V(G) - {0, 1, 2, ..., ¢ — 1} as follows
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fb) =1
fw)=n+2
fd)=n+3
fler) =0
fleg) =1

fa)=i+L1<i<n

fO)=q-j1<j<n
From the above, ag,q;, ao, ..., aq-1 where q; =qg-1i (or)

q +1;0 <1 < q -1 are the arranged edge labels.

Therefore fis an absolutely harmonious labeling of the W-graph.

and hence the W-graph is an absolutely harmonious graph. ]

0 1

Figure 3. W(2)
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