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Abstract

We obtain non-trivial integer solutions for the sides of the Pythagorean triangle, for some

particular values of o which satisfies A((Hypotonuse x Perimeter) — 4(Area)) = p2(perimeter). A

few interesting relations between the sides of the Pythagorean triangle are presented.
1. Motivation and Main Results

One well known set of solutions of the Pythagorean equation x?+ y2 =22

2 .2

2
are x=2uv,y=u"-v" and z = u

+02, many mathematicians has been used
this set of solutions to obtain the non-zero integral values for x, y, and z [1-
3]. As a new approach, in this paper we introduce another set of solutions

x :2T—1,y:2T2 —2T and z=2T2-2T +1 for the equation xz+y2 =22 By
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using this solution we obtain three non-zero integers x, y and z under

certain relations satisfying the equation x2 + y2 =22 [4-6]. In this
communication we, present yet another interest Pythagorean Triangles,
where in  each of which, A((Hypotonuse x Perimeter)—4(Area))

= u2 (perimeter ). A few interesting relations are also given. In addition, the

recurrence relations for the sides of the triangle are presented.
Taking T > 0, to be the generators of the Pythagorean triangle (x, v, 2),

the assumption that A((Hypotonuse x Perimeter ) — 4(Area)) = p?(perimeter)
becomes  A((2T2 — 2T +1)x (2T 1+ 2T% — 2T + 2T% — 2T +1)) - 4(% QU +1)

(2T? - 2T) = n2(2T -1+ 272 — 2T + 272 + 2T +1) and which leads to the
Pellian equation

X2 =Dpy?-» (1)
where D = 2\, not a perfect square pn = X and 7' =Y.
Setting A =1, sothat D = 2.
The equation X2 = DY? -} becomes
X2 =2vy%2-1 2
(Xg, Yp) = (1, 1) be the initial solution of (2)

Consider the Pellian

X% =2v% 41 (3
Let (xg, ¥o) = (3, 2) be the initial solution of (3)

Using Brahmagupta lemma, X, +YD5y, = (x_o + «/5%)'”1,

n=0,1,23,..leadsto X, + V23, = 3+ 2V2)"", n =0,1,2, 3, ....

Since irrational roots occurs in pairs, X, —v27, = (3—2v2)"",

n=0,1,23,....
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Thus the solution of equation (2) can be represented by,

Xpy = Xo%, + DYoyn, n=0,1,2,3, ... @)
Y1 = XoXx, +Yo%,,n=0,1,23, ... ®)

Where,

%, = %[@ + 3o VDY L 4 (g + yo VDY n = 0,1, 2,3, ...

Fn = ——[(xo + 70 VD) ~ (g - yo¥D)" ] n = 0,1, 2, 3, ...

2vD
Thus,
X, =%, +2y,,n=0,1,23, ... (6)
Yy =Yn +%,,n=0123, .. )
Where, X, = %[(3 +2Y2)" L (3-2v2)" ] n=0,1,2 3, ..

_ 1 1 n+l
=—[B+2v2)"" —(3-2v2)""'],n=0,1,23, ...
In 2\/5[( ) ( )]
Takea=1+«/§and[3=1—x/§, so that
02 =20 +1=3+2V2 and B2 =28 +1 = 3 - 2V2.

Substituting o, B, a? and [32 in x,, and y, we get,

By = @)+ (B n = 0,123,
— 1 2\n+1 2\n+1

= — |l — ,n=0,1,2,3,....
=57 [() B ]

Therefore, equation (6) and (7) can be written as,

2n+3 2n+3
X, :%,nzo, 1,23, ... ®)
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2n+3 2n+3
You=9 P77 01,23 9
n+l — ,h=9,1,4 o, ... ( )
a-p
Numerical examples
T Xn+l Vn+1 Zn+1 Area
n Xnv1 ="+1 = 2T = 2Ty, =2T," A _ ] ,
n+l —1 — 2Tpas — 2Ty +1 A+t _E'tn+1.\n+1
0 7 9 40 41 180
1 41 29 57 1624 1625 46284
2 239 169 337 56784 56785 9568104
3 1393 985 1969 1938480 1938481 1908433560
4 8119 5741 11481 65906680 65906681 378337296540
5 47321 33461 66921 2239210120 2239210121 74925090220260
6 275807 195025 390049 76069111200 76069111201 14835340377224400
7 1607521 1136689 2273377 2584121492064 2584121492065 2937341182631990000
8 9369319 6625109 13250217 8?78411527354 87784125273545 5815793545;482100000
2982076508814 | 29820765088145 | 11514979644764800000
608: 5139 929
9 54608393 38613965 7722792 520 20 0000
- _ 1013028193368 | 10130281933680 | 22799078850870600000
10 | 318281039 | 225058681 | 450117361 02000 2000 000000

Properties:

1. Recurrence relation for X and Y are

Xn+3 - 6Xn+2 + Xn+1 =0,

Y43 —6Ypi9 + Yy = 0.

2. For all values of n, X and Y are odd.

3. For all values of n, X,,,3 + X,,,1 = 0(mod 6)

4. For all values of n, Y, ,3 +Y,, = 0(mod 6).

5. From the table, the Pythagorean triple (x, y, z) is a Twin Pythagorean

triple.

6. From the table, the values of X and Y Pell-Lucas and Pell Numbers

respectively.

Remark 1. For large values of n, the ratio

(Approximately equal to 6).

2. Remarks

Xn+

n

1 approaches to a
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a2n+3_+32n+2 a2n+14_B2n+1

Proof. Since X,.; = , and X,, = — . Now,
o+ o+p
E=1_\/§=2«/§—3 andE—>OaSn—>oo.
a 1++42 o
a2n+3 + an+3
Xn+1 3 a +B 3 a2n+3 + B2n+3
X, - o2n+l B2n+1 - o2n+l B2n+1
o+p
2n+3
~ 2n+3 1+ (%j
- 2n+1 2n+1
1+ (Ej
a
(E)2n+3
_ a
- (Ej2n+1 i
a
Thus,
2n+3
X 1+ (Ej
. . 2
lim, ,, =2 = lim, . « E ST
" 1+ (—)
a
_ 0Lz(l + 0] _ az
1+0
=3+2V2

= 5.828427125 = 6.

.Y
Remark 2. For large values of n, the ratio —2*L approaches to o?
n

(Approximately equal to 6).

2n+3 2n+3 2n+1 2n+1
. o - o -
Proof. Since Y, ,; = —B, and Y, = o BT

Now,
a-—B a-—B
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-2
Ezl 2:2«/§—SandE—>Oasn—>oo.
o 1+2 a
0L2n+3 __B2n+3
Yn+1 B o — B B a2n+3 _ B2n+3
Y, - a2n+1 B2n+1 - o 2n+l _ B2n+1
2n+3
2n+3
2n+1 2n+1
B 2n+3
_ (;J
B B 2n+1
()
Thus,
lim,_,, =L = lim, ., a

1-0
3+2v2

= 5.828427125

It
o

Yﬁ+1

Remark 3. For large values of n, the ratio approaches to

oI~

n+l

Proof.

a2n+3 + BQn+3 1 (

B
lim Sntl _ a—p _( 2 o a
now X 41 oa2n+3 an+3 2J2 )| o2n+3 B 2n+3 |
o+ L+ (aj
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2n+3
Since (Ej — 0 as n > o

o
. Y, 1 .. . X
Thus, lim,_,, 2L = — = 0.707. Similarly, lim,_,,, =2+ = J2.
n— X, NG y n—>

n+1

6

. A
Remark 4. For large values of n, the ratio —2*L approaches to a®.

n

(Approximately equal to 198).

Proof. Area can be represented by the formula A4, = 1 Xp Y-

Where x, = 2T, -1 = 2Y -1 and y, = 2T)? — 2T, = 2Y,? — 2Y,,.

So that
X, = 2[MJ -1
a-f
B 2(a2n+1 - B2n+1) _ (a . B)
= p—
and
yp = 2Y72 - 2Y,
= 2Y3(Yn - 1)
_ 0L2n+1 _ BZn+1 2(a2n+1 _ B2n+1) _ (oc _ B)
B o-B a-B '
Area
~ l ~ l 2(a2n+1 _ B2n+1) _ (OL _ B)
An_2xnyn_(2)( a_B
5 a2n+1 _ BZn+1 (a2n+1 _ B2n+1) _ (OL _ B)
a—-B a-
An _ 2 (a2n+1 _B2n+1 —l(a—B))((XZn+l _B2n+l )(a2n+l _B2n+l —(OL—B)).
(a—p)’ 2
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Similarly,
A= : ZB)?) (@23 _p2n+3 _ (a B))(02+3 — 23 (o 2143 _g2n+8 _ (o _p))
o—
Now,
K ZB)3 (28 _p2n+3 _ (a B))(c 23 — 23 (o 203 _g2n+3 _ (o _p))
Api o
A, ( ZB)S (a2n+1 2n+l _ ((X B))(c 2n+l _ 2n+1 )(a2n+1 _ B2n+1 —(a—p))
o—

1_(Ej2n+3 (0(—[3)

~ a2n+3
0L2n+l

=0

2a2n+3 (a
2n+1 (OL _ B) a

2a2n+l

ool

2n+1

2
. E n+3 ( B)
[a2n+3 o 2n+3
0t2n+1 . E 2n+1 (Ot—B) ’
o oL2n+1
B\" 1 Ay [ao?
As  n > o, (—j -0 and o"—>0w=>—>lim, 2= —
o o A, o
3 3
O ) 92 | a6 197.9949494 =198 Similarly, lim,, ,, —2n - L =0
o )\ a Apr ob
Remark 5. For all values of n, X2 — 2Y2 = —
2n+1 2n+1 2n+1 2n+1
Proof. Since, X, = %P7 gnqy, =% BT
o+ a-B
X2 _ a4 g2 o o(ap)* ! L 4X2 2 ity pine2 | g qy2nsl
n - n - .
(o + B)?
4n+2 4n+2 2n+1
And, Yn2 - +B _22(043) = 8Y,? = gdnt2 B4n+2 _ 2(_1)2n+1'
CR)

4Xx2?_8y?2 = 4(-1)>"

= X2 -2Y?2 =(-1)*"*L.
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Thus, X2 - 2Y2 = —1.

3. Conclusion

In this paper, we observed the non-zero integer solutions of the problem

which are exactly the Pell and Pell-Lucas numbers and it is interesting to see

that the researcher can also proceed for further results in this problem.
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