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Abstract 

We obtain non-trivial integer solutions for the sides of the Pythagorean triangle, for some 

particular values of  which satisfies ( ) ( )( ) ( ).perimeterArea4PerimeterHypotonuse 2=−  A 

few interesting relations between the sides of the Pythagorean triangle are presented. 

1. Motivation and Main Results 

One well known set of solutions of the Pythagorean equation 
222 zyx =+  

are 22,2 vuyuvx −==  and ,22 vuz +=  many mathematicians has been used 

this set of solutions to obtain the non-zero integral values for ,, yx  and z [1-

3]. As a new approach, in this paper we introduce another set of solutions 

TTyTx 22,12 2 −=−=  and 122 2 +−= TTz  for the equation .222 zyx =+  By 
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using this solution we obtain three non-zero integers yx,  and z under 

certain relations satisfying the equation 222 zyx =+  [4-6]. In this 

communication we, present yet another interest Pythagorean Triangles, 

where in each of which, ( ) ( )( )Area4PerimeterHypotonuse −  

( ).perimeter2=  A few interesting relations are also given. In addition, the 

recurrence relations for the sides of the triangle are presented. 

Taking ,0T  to be the generators of the Pythagorean triangle ( ),,, zyx  

the assumption that ( ) ( )( ) ( )perimeterArea4PerimeterHypotonuse 2=−  

becomes (( ) ( )) ( ( )12
2

1
41222212122 222 +−+−+−+−+− UTTTTTTT  

( ) ( )122221222 2222 +++−+−=− TTTTTTT  and which leads to the 

Pellian equation 

−= 22 DYX  (1) 

where ,2=D  not a perfect square X=  and .YT =  

Setting ,1=  so that .2=D  

The equation −= 22 DYX  becomes 

12 22 −= YX  (2) 

( ) ( )1,1, 00 =YX  be the initial solution of (2) 

Consider the Pellian 

.12 22 += YX  (3) 

Let ( ) ( )2,3, 00 =yx  be the initial solution of (3) 

Using Brahmagupta lemma, ( ) ,
1

00
+

+=+
n

nn yDxyDx  

,3,2,1,0=n  leads to ( ) .,3,2,1,0,2232
1 =+=+
+

nyx
n

nn  

Since irrational roots occurs in pairs,  ( ) ,2232
1+

−=−
n

nn yx  

.,3,2,1,0 =n  
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Thus the solution of equation (2) can be represented by,  

,3,2,1,0,001 =+=+ nyDYxXX nnn  (4) 

,3,2,1,0,001 =+=+ nxYxXY nnn  (5) 

Where,  

( ) ( )  ,3,2,1,0,
2

1 1
00

1
00 =+++=

++
nDyxDyxx

nn
n  

( ) ( )  .,3,2,1,0,
2

1 1
00

1
00 =−−+=

++
nDyxDyx

D
y

nn
n  

Thus, 

,3,2,1,0,21 =+=+ nyxX nnn  (6) 

.,3,2,1,0,1 =+=+ nxyY nnn  (7) 

Where,  ( ) ( )  ,3,2,1,0,223223
2

1 11
=−++=

++
nx

nn
n  

( ) ( )  .,3,2,1,0,223223
22

1 11 =−−+=
++

ny
nn

n  

Take 21 +=  and ,21 −=  so that 

223122 +=+=  and .223122 −=+=  

Substituting 2,,   and 2  in nx  and ny  we get, 

( ) ( )  .,3,2,1,0,
2

1 1212 =+=
++

nx
nn

n  

( ) ( )  .,3,2,1,0,
22

1 1212 =−=
++

ny
nn

n  

Therefore, equation (6) and (7) can be written as,   

,3,2,1,0,
3232

1 =
+

+
=

++

+ nX
nn

n  (8) 
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,3,2,1,0,
3232

1 =
−

−
=

++

+ nY
nn

n  (9) 

Numerical examples 

 

Properties: 

1. Recurrence relation for X and Y are 

,06 123 =+− +++ nnn XXX  

.06 123 =+− +++ nnn YYY  

2. For all values of Xn,  and Y are odd. 

3. For all values of ( )6mod0, 13 + ++ nn XXn   

4. For all values of ( ).6mod0, 3 ++ nn YYn  

5. From the table, the Pythagorean triple ( )zyx ,,  is a Twin Pythagorean 

triple. 

6. From the table, the values of X and Y Pell-Lucas and Pell Numbers 

respectively. 

2. Remarks 

Remark 1. For large values of n, the ratio 
n

n

X

X 1+  approaches to 2   

(Approximately equal to 6). 
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Proof. Since ,
2232

1
+

+
=

++

+

nn

nX  and .
1212

+

+
=

++ nn

nX  Now, 

322
21

21
−=

+

−
=




 and 0→




 as .→n  

1212

3232

1212

3232

1

++

++

++

++

+

+

+
=

+

+

+

+

=
nn

nn

nn

nn

n

n

X

X
 

12

32

12

32

1

1

+

+

+

+













+













+




=

n

n

n

n

 

.

1

1

12

32

2































+













+

=
+

+

n

n

 

Thus, 































+













+

=
+

+

→
+

→ 12

32

21

1

1

limlim
n

n

n
n

n
n

x

x
 

22

01

01
=









+

+
=  

223 +=  

.6828427125.5 =  

Remark 2. For large values of n, the ratio 
n

n

Y

Y 1+  approaches to 2   

(Approximately equal to 6). 

Proof. Since ,
3232

1
−

−
=

++

+

nn

nY  and .
1212

−

−
=

++ nn

nY  Now, 
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322
21

21
−=

+

−
=




 and 0→




 as .→n  

1212

3232

1212

3232

1

++

++

++

++

+

−

−
=

−

−

−

−

=
nn

nn

nn

nn

n

n

Y

Y
 































−













−




=

+

+

+

+

12

32

12

32

1

1

n

n

n

n

 

.

1

1

12

32

2































−













−

=
+

+

n

n

 

Thus, 































−













−

=
+

+

→
+

→ 12

32

21

1

1

limlim
n

n

n
n

n
n

x

x
 

22

01

01
=









−

−
=  

223 +=  

.6828427125.5 =  

Remark 3. For large values of n, the ratio 
1

1

+

+

n

n

X

Y
 approaches to .

2

1
 

Proof. 

.

1

1

22

2
lim

32

32

32

32

3232

3232

1

1































+













−


























=

+

+

−

+

=
+

+

+

+

++

++

+

+

→ n

n

n

n

nn

nn

n

n

n X

Y
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Since 0
32

→











+n

 as .→n  

Thus, .707.0
2

1
lim

1

1 =
+

+
→

n

n
n

X

Y
 Similarly, .2lim

1

1 =
+

+
→

n

n
n

Y

X
 

Remark 4. For large values of n, the ratio 
n

n

A

A 1+  approaches to .6  

(Approximately equal to 198). 

Proof. Area can be represented by the formula .
2

1
nnn yxA =  

Where 1212 2 −=−= YTx nn  and .2222 22
nnnnn YYTTy −=−=  

So that 

12
1212

−














−

−
=

++ nn

nx  

( ) ( )

−

−−−
=

++ 12122 nn

 

and 

nnn YYy 22 2 −=  

( )12 2 −= nn YY  

( ) ( )
.

2
2

12121212















−

−−−














−

−
=

++++ nnnn

 

Area 

( ) ( )














−

−−−







==
++ 12122

2

1

2

1
nn

nnn yxA  

( ) ( )




























−

−−−














−

−
++++ 12121212

2
nnnn

 

( )
( ( ))( )( ( )).

2

12 121212121212

3
−−−−−−−

−
= ++++++ nnnnnn

nA  
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Similarly, 

( )
( ( ))( )( ( )).

2

12 323232323232

31 −−−−−−−
−

= ++++++
+

nnnnnn
nA  

Now, 

( )
( ( ))( )( ( ))

( )
( ( ))( )( ( ))−−−−−−−

−

−−−−−−−
−

=
++++++

++++++

+

121212121212

3

323232323232

3
1

2

12

2

12

nnnnnn

nnnnnn

n

n

A

A
 

( )

( )






























−













−









































−












−



−












−


















=

+

+

+

+

+

+

+

+

+

+

12

32

12

32

12

12

32

32

12

32

1

1

2
1

2
1

n

n

n

n

n

n

n

n

n

n

 

( )

( )
.

1

1

12

12

32

32

12

32























−












−



−












−



















+

+

+

+

+

+

n

n

n

n

n

n

 

As 0, →











→

n

n  and 

















=→


→ +

→

3
1lim

1

n

n
nn

n

A

A
 

.1989949494.1976
33

==

































 Similarly, .0

1
lim

6
1




=
+

→
n

n
n

A

A
 

Remark 5. For all values of .12, 22 −=− nn YXn  

Proof. Since, 
+

+
=

++ 1212 nn

nX  and 
−

−
=

++ 1212 nn

nY  

( )

( )
( ) .124

2 1224242

2

122424
2 +++

+++

−++=
+

++
=

nnn
n

nnn

n XX  

And, 
( )

( )
( ) .128

2 1224242

2

122424
2 +++

+++

−−+=
+

−+
=

nnn
n

nnn

n YY  

( ) ( ) .121484
12221222 ++

−=−−=−
n

nn
n

nn YXYX  
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Thus, .12 22 −=− nn YX  

3. Conclusion 

In this paper, we observed the non-zero integer solutions of the problem 

which are exactly the Pell and Pell-Lucas numbers and it is interesting to see 

that the researcher can also proceed for further results in this problem. 
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