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Abstract

Topological indices are graph invariants computed by the distance or degree of vertices of
the molecular graph. In chemical graph theory, topological indices have been successfully used in
describing the structures and predicting certain physicochemical properties of chemical
compounds. The Randic index is one of the classical graph-based molecular structure descriptors
that has found countless applications in chemistry and pharmacology. The mathematical
background of this index is also well elaborated.

The Randic index of a graph G is defined as

_ 1
RO)- 2. Toeaturese)

where E(G) is the set of edges and deg(u), deg(v) are the degrees of the vertices u and v,

respectively. In this research, we introduce the entire Randic index of graph. Exact values of this
index for some graph families are obtained and some important properties of this new index are
established.

1. Introduction

All graphs considered in this paper are finite, undirected and simple.

Topological graph indices have been in the center of interest related to the
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applications of graph theory. Randic Index is one of the most frequently used
topological indices defined by Randic, [1], in 1975. It is a way of branching a
carbon skeleton and has been correlated with a number of chemical
properties. The branching index was renamed as the molecular connectivity

index and is often referred to as the Randic Index.
2. Some General Results on R®(G)

After the classical versions of the topological graph indices are defined,
several variants of them are also defined afterwards such as multiplicative,
modified, generalized, inverse, etc. versions. Recently, entire versions of some
topological indices have been defined and investigated due to the fact that in
chemical applications, both the vertices representing atoms and edges
representing chemical bonds are important, see e.g. [2] for entire Zagreb

indices and [3] for the entire ABC index of graphs.

Definition 2.1. Let G = (V, E) be a simple graph and let B(G)=
{{x, y}:{x, ¥y} c V(G)UE(G) and the elements x and y either adjacent or

incident to each other}.

Then the entire Randic index of G is defined by

1

{x, y}ze;e(a) deg(x) deg(y)

RE(G) =

The following are obvious results which will be needed:

Observation 2.2. Let G be a graph with m edges and let its first Zagreb
index be M;(G). Then

| B@)| :2m+MlT(G).

Observation 2.3. For any graph G, we have

R*(G) = R(G) + R,(G) + Z m

vincidentto e
Theorem 2.4. For a k-regular graph G on n vertices with k > 2, we have
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R*(G) = (klz +,/2kk_2jn.

Proof. Let G be a k-regular graph on n vertices with £ > 2. Then G has

I%n edges and L(G) has

1 o _nk* nk _ kn(k-1)
5 D (deg(u))’ —q = " - TF = T
veV(G)
edges. Therefore,

kn 1 kn(k-1) 1 1

—_— + + kn ——
2 2 2 Jier-272 VE(2k - 2)

_(k+2)n+nf ko k+2+f k n
T4 2k—-2 | 4 o2k -2 |

The following are immediate results of the above:

R%(G) =

Theorem 2.5. For a complete graph K, with n > 3 vertices, we have

nn+1 n-1
RY(K,) = (4 )+n,/2n_4.

Theorem 2.6. For a cycle C,, with n > 3 vertices, we have R*(C,) = 2n.

Theorem 2.7. For any path P, with n > 4 vertices, we have

RE(P) =29 35

2
Proof. Let P, be a path with n > 4 vertices labeling as v;, vg, ..., v,
and n —1 edges labeling as ey, ey, ..., e,,_1. we have the vertices v; and v,

are of degree one, similarly, the edges e; and e,_; are of degree one and the

other vertices and edges are of degree two. Therefore,

P -8+ 2+ Ln-
R(Pn)—\/z(n 3)+\/§+\/Z(n 4)
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+£+2(n—3)i+l+i
J2 Ja  J2 1
= 4n2—9+3\/§.

Theorem 2.8. For a complete bipartite graph K j, where a +b > 3

Rg(Kab)_ab Jab + a«/_+b\/_

va+b -
Proof. Let the vertices of K,; be labelled as vy, vy, ..., vg,
Ugi1s UVg49s ---» Up. Then
1 1, 9 2 1
R¥*(K, ) = ab—+(—(a b+b a)j—
Vab  \2 V(a+b-2)>*
1 1

P a2 P hair 9

:ab Jab + a«/_+b«/_‘
a+b-2

A graph consisting of r paths joining two vertices is called an r-bridge
graph denoted by Q(%, ..., k), where k&, ..., k. are the lengths of these r

paths. Clearly an r-bridge graph is a generalized polygon tree.
Lemma 2.9. Let G be an r-bridge graph Q(ky, ks, ..., k,). Then

1
R(G) = «/2_r—r+§Zki.
1=1
Proof. Let G be an r-bridge graph Q(k;, ks, ..., k). Then

z)%lw@ -

1 r
= 2r—r+§zi=1ki.

This implies the following result:

R(G)=(ky - 2%;* .,+(kr—2)%4+2ﬁ
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Lemma 2.10. Let G be an r-bridge graph Q(ky, ko, ..., k). Then
r
2r+1 1
R,(G) = Yar - = +§Zk,-.
1=1
Proof. Let G be an r-bridge graph Q(%;, kg, ..., k). Then
r(r 1) 1

Bo(G)=(hky ~3) =+ (kg =8) oo (b =3) - w2+ 1 =

r
= 2r+1 lz

= 2r — B +§1kl
1=

Hence we can obtain the entire Randic index of an r-bridge graph as

follows:

Theorem 2.11. Let G be an r-bridge graph Q(ky, ks, ..., k). Then

R%(G) = 3v2r — 8’" +22k

Proof. Let G be an r-bridge graph Q(k;, ks, ..., k). Then by Observation

2.3, we have

R(G) = RG)+ R(G)+ Y. m.

vincident to e

It is easy to see that

1
Z Jdeg (v)deg (e A «/_ + 2y - 2)74 "

vincident to e

+2(ky - 2)\/_ J_+2 Jor - 2r+2+;k.

So by Lemma 2.9 and Lemma 2.10, we get

R%(G) = 3v2r - 8’" +2Zk.
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We need to define some sets to using them in the proof of some results.
Let G = (V, E) we define:

Vo (G) = u, v : uv € E(G), deg(u) = a and deg(v) = b,

E,,(G)=1e,f:e and f are adjacent edges in G, deg(e) = a and
deg(f) = bj}.

B, p(G)=1v, f:v and f are incident in G and G, deg(v)=a and
deg(f) = bj.

Proposition 2.12. Let G be a wheel graph W, with n +1 vertices. Then

RS(G)=2+\/Z+£+ n +n(n—1)+i+ LI . (A
3 3 4 Jn+1 2n+1) V3 f3n+1) Vn+l

Proof. Let G be a wheel graph W, with n+1 vertices. Then
| V3,3(G) | =

nn -1

| VS,n(G) | =] E4,4(G) |=n,| E4,n+1(G)| = 2n, | En+1,n+1(G)| = ¥’
B; 4(G) = 2n and Bs ,,,1(G) = B, ,,41(G) = n. Then by Observation 2.3, we
get

RYG)=n 1 1 n(n —1) 1

1 n
NN N TN Ty R RN T

+2n L +n 1 +n 1
Viz o \B3(n+1)  Jn(n+1)

_£+\/Z+£+ n +n(n—l)
e 3 4 Jnt1 20n+1)

n n n
"B Bman Vel

which gives the required result.

The Cartesian product G;00 Gy of two graphs G; and Gy, where
V(G,), E(Gy) and V(Gy), E(G9) are the sets of vertices and edges of G; and

Advances and Applications in Mathematical Sciences, Volume 20, Issue 8, June 2021



ON THE ENTIRE RANDIC INDEX OF GRAPHS 1565

G,, respectively, has the vertex set V(G;)x V(Gy) and two vertices (u, u')
and (v,v') are connected by an edge if and only if either (v =v and
u'v' € E(Gy)) or (u' =v" and wv € E(Gy)) [4]. We can now search for the

entire Randic index of the Cartesian product of two graphs:

Lemma 2.13. Let s, t be positive integer s > 4 and let G = P, P, be the
Cartesian product graph of two path graphs P, and P,. Then

R(G) = %((4@ —7)(s +1) + 65t + 16(/6 — v3) - 12).
Proof. Let s, t be positive integers such that s,t >4 and G = F,0P,.

Then, we have |V, 3(G)|=8,| V3 3(G)|=25+2t-12,| V5 4(G)|=2s+2t-8 and
| V4, 4(G)| = (s = 3)(t = 2) + (s — 2)(t - 3). Therefore,

1 1 1 1
R(G) = 8\/; + (25 + 2t — 12)\/; +(2s + 2t — 8) ot (2st — 5s — 5t + 12),/E.

Hence the result is obtained.

Lemma 2.14. If s, ¢t > and G = P,0 P, then

8 N 28+2t_16+ 8 + 4s + 4t — 24 4 4
J12 4 J15 J20 J25
N 6s + 6t — 32 N 6st —18s — 18¢ + 52
V30 6
Proof. Let s,t > 4 and let G = P,OP,. So it is not difficult to see that
| E3 3(G)[=4,| E3 4(G) | =8, Eq 4(G) | =2(s —4) +2(t - 4) = 25 + 2¢ - 16,
| E3,5(G)| = 8,| E4’5(G)| = 4(8 —3)+ 4(t —3) = 4s + 4t —24, | E5’5(G)| = 4,

4
Re(G) = § +

| Eg5(G)|=4(s-3)+4(t-3)+2(s-2)+2(t—2)=65+6t-32 and | Eg4(G)|=
(5—4)(t—2)+4(s —4)(t - 3)+ 4(t - 3)+ (s — 2)(t — 4) = 6st —18s + 52 — 18¢
and then

4

4 +2$+2t_16+ +43+415—24+
NG

48 8 4
RO =-F5*E* A ' v T i=m

+
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+ 6s + 6t — 32 + 6st —18s —18¢ + 52
V30 V36

and hence the required result is obtained.

Theorem 2.15. Let s, t be positive integer s > 4 and G = B,0P,. Then

R(G) = (E+4 8 . 8 4j+4s+4t—24+2s+2t—8+2s+2t—8

Je NN V12 V15 J20
+4st—10s—10t+24+2$+2t—16+4s+4t—24+63+6t—32
V24 4 V20 V30
+63t—183—18t+52+(23+2t—12)+(23+2t—8)+(23t—5s—5t+12)
6 3 J12 4

Proof. Let s,t be any positive integers such that s,¢t>4 and

G = B,0P;. By Observation 2.3, we have

RG) = RO+ RG)+ Y | gt doate)

vincident to e

To get Z ;, we have:

vincidenttoe V deg(v)deg(e)
| B3.2(G)|=8,| B3 3(G)|=8,| By 3(G)|=4(s—3)+4(t —3)=4s + 4t — 24,
|B5,3 | = 2(8—2)+2(t—2)= 2S+2t—8,|B5,4 | =25+ 2t -8 and

| Bg 4 | = 2(s —3)(t —2)+ 2(t — 3)(s — 2) = 4st —10s + 24 — 10t. Then

z 1 _i+i+43+4t_24+25+2t_8
. . B
ine oo Jdeg(v)deg(e) NC) V12 Ji5

N 2s+2t—8 4st-10s-10t+24

+ 2.1
J20 V24
Then by Lemma 2.13, Lemma 2.14 and Equation 2.1, we get
8 8 4 ds+4t—24 2s+2t-8 2s+2t-8
R¥*(G (—+4 )+ + +
=GR s)T s e
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+4st—10s—10t+24 25 +2t-16 4s+4t—-24 6s+ 6t —32

+ + +
Non 4 V20 V30
6st—18s—18t+52 (2s+2t-12) (2s+2t—8) (2st—bs—5t+12)
+ + + +
6 3 T 4

Lemma 2.16. For positive integers s 2 4 and t 2 3, if G = B0P,, then

R(G)—( +%3—%)t+%st

Proof. Let s>4 and ¢23, and let G = PUOC,, We have

| V5.3(G) | = 2t, and| V3 4(G) | = 2t | V4 4(G)| = t(s — 2) + t(s — 3) = t(2s — 5).

N 1 1 t2s-5)
The R(G)_th_+2tJ_ BT

Therefore the required result is attained.

Lemma 2.17. For positive integers s 2 4 and t 2 3, if G = P,0 C;, then

R(G)_(J_ T g)tﬂs.

Proof. Let s>4 and ¢t>3. If G =z POC,;, it is easy to see that
| By a(G)| = 20, | By 5(G) | = 4t, | Es g | = 61 and
| Eg¢ | = t(s — 2) + t(s — 4) + 4t(s — 3) = 6ts —18¢, then R(G) = . Therefore,

e _ 1 — _1
R¢(G) = 2t\/_ \/_ \/_+(6ts 18t)\/%.
Hence,
6 5
O[3

Theorem 2.18. Let G = P,[1 C;, where s 2 4 and t > 3. Then

3Vb+3V3+2 6 37] (3 2)1:3.

RS(G):( \/E +,\/%_Et+ §+TG

Proof. Let s, ¢ be two positive integers such that s >4 and ¢ > 3. If
G = P,0 C;, then by Observation 2.3, we have
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B(G)= RG)+R,G)+ Y m.

vincidentto e

To get Y ————" we have |Bs4(G)|=4t|Bs;(G)]

vincidenttoe V deg(v)deg(e) ’

= 2t,| By 5(G)| = 2t and | By ¢ | = 2t(s — 2) + 2t(s — 3) = 4ts — 10t. Therefore

> 1 _4t 2 2 4ts 10
vincidentto e \/deg(v) deg(e) \/E \/E \/% \/ﬂ
2 1 2 5 2ts
“\Et =t =" =t = 2.2
(«/5 NCEENITS JEJ J6 (2.2)

Then by Lemma 2.16, Lemma 2.17 and Equation 2.2, we get

RS(G)=(3J5+3‘/§+2+ 6 37} (3 2}&

J15 J30 12 2 Je

Theorem 2.19. For any graph G with n vertices and m edges, we have

R = (em + 2Dz @),
* 1 . . .
where M5 (G)= Z ———————— is the second modified entire Zagreb
.,y des(x)- deg(y)
index and M7 (G) is the first Zagreb index of G.

Proof. Let G be a graph with n vertices and m edges. Then we have

1

R%(G) = S —
@ . LV}ZE;B(G) Jdeg(x)deg(y)

By using Cauchy-Schwarz inequality, we get

. ~ 1
@)= D s desty)

{x, y}eB(G)

1
) \/l B@) lz{x, y}eB(G) deg(x) deg(y)
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= | B(G) |M5"(G)

_ \/(zm + 2@y @),

3. Conclusions

Graphs are frequently used in modeling molecules. Topological graph

indices are the mathematical invariants which help to determine some

structural and physico-chemical properties of molecules by just some

mathematical methods. For more than seven decades, more than 3000 indices

have been defined and applied to obtain several properties. Randic index is

one of the oldest indices and several variants of it have been defined. In this

paper, using the recent idea of entire indices, the authors introduce the entire

Randic index of graphs and study this new index for several graphs and

graph operations. As open problems, this method can be applied to the class

of degree based indices and several composition graphs and derived graphs.
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