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Abstract 

Topological indices are graph invariants computed by the distance or degree of vertices of 

the molecular graph. In chemical graph theory, topological indices have been successfully used in 

describing the structures and predicting certain physicochemical properties of chemical 

compounds. The Randic index is one of the classical graph-based molecular structure descriptors 

that has found countless applications in chemistry and pharmacology. The mathematical 

background of this index is also well elaborated. 

The Randic index of a graph G is defined as 

( )
( ) ( )

( )

,
degdeg

1



=

GEuv
vu

GR  

where ( )GE  is the set of edges and ( ) ( )vu deg,deg  are the degrees of the vertices u and v, 

respectively. In this research, we introduce the entire Randic index of graph. Exact values of this 

index for some graph families are obtained and some important properties of this new index are 

established. 

1. Introduction 

All graphs considered in this paper are finite, undirected and simple. 

Topological graph indices have been in the center of interest related to the 
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applications of graph theory. Randic Index is one of the most frequently used 

topological indices defined by Randic, [1], in 1975. It is a way of branching a 

carbon skeleton and has been correlated with a number of chemical 

properties. The branching index was renamed as the molecular connectivity 

index and is often referred to as the Randic Index. 

2. Some General Results on ( )GR  

After the classical versions of the topological graph indices are defined, 

several variants of them are also defined afterwards such as multiplicative, 

modified, generalized, inverse, etc. versions. Recently, entire versions of some 

topological indices have been defined and investigated due to the fact that in 

chemical applications, both the vertices representing atoms and edges 

representing chemical bonds are important, see e.g. [2] for entire Zagreb 

indices and [3] for the entire ABC index of graphs. 

Definition 2.1. Let ( )EVG ,=  be a simple graph and let ( ) =GB  

    ( ) ( )GEGVyxyx ,:,  and the elements x and y either adjacent or 

incident to each other}. 

Then the entire Randic index of G is defined by 

( )
( ) ( )

  ( )

.
degdeg

1

,




 =

GByx
yx

GR  

The following are obvious results which will be needed: 

Observation 2.2. Let G be a graph with m edges and let its first Zagreb 

index be ( ).1 GM  Then 

( )
( )

.
2

2 1 GM
mGB +=  

Observation 2.3. For any graph G, we have 

( ) ( ) ( )
( ) ( )++=

ev

e
ev

GRGRGR

toincident
degdeg

1
 

Theorem 2.4. For a k-regular graph G on n vertices with ,2k  we have 
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Proof. Let G be a k-regular graph on n vertices with .2k  Then G has 

2

kn
 edges and ( )GL  has 
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edges. Therefore, 
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The following are immediate results of the above: 

Theorem 2.5. For a complete graph nK  with 3n  vertices, we have 

( )
( )

.
42

1
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1

−

−
+

+
=

n

n
n

nn
KR n  

Theorem 2.6. For a cycle nC  with 3n  vertices, we have ( ) .2nCR n =  

Theorem 2.7. For any path nP  with 4n  vertices, we have 

( ) .23
2

94
+

−
= n

PR n  

Proof. Let nP  be a path with 4n  vertices labeling as nvvv ,,, 21   

and 1−n  edges labeling as .,,, 121 −neee   we have the vertices 1v  and nv  

are of degree one, similarly, the edges 1e  and 1−ne  are of degree one and the 

other vertices and edges are of degree two. Therefore, 

( ) ( ) ( )4
4

1

2

2
3

4

1
−++−= nnPR n  
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Theorem 2.8. For a complete bipartite graph ,,baK  where 3+ ba  

( ) .
22,

−+

+
++=

ba

abba
ab

ab
KR ba  

Proof. Let the vertices of baK ,  be labelled as ,,,, 21 avvv   

.,,, 21 baa vvv ++  Then 
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,
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A graph consisting of r paths joining two vertices is called an r-bridge 

graph denoted by ( ),,,1 rkkQ   where rkk ,,1   are the lengths of these r 

paths. Clearly an r-bridge graph is a generalized polygon tree. 

Lemma 2.9. Let G be an r-bridge graph ( ).,,, 21 rkkkQ   Then 

( ) 
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+−=
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ikrrGR  

Proof. Let G be an r-bridge graph ( ).,,, 21 rkkkQ   Then 

( ) ( ) ( ) ( )
r

r
kkkGR r
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This implies the following result: 
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Lemma 2.10. Let G be an r-bridge graph ( ).,,, 21 rkkkQ   Then 
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Proof. Let G be an r-bridge graph ( ).,,, 21 rkkkQ   Then 

( ) ( ) ( ) ( )
( )

2
21

1

2

1

2
2

4

1
3,,

4

1
3

4

1
3

r

rr

r

r
kkkGR re

−
++−++−+−=   


=

+
+

−=

r

i

ik
r

r

1

.
2

1

2

12
2  

Hence we can obtain the entire Randic index of an r-bridge graph as 

follows: 

Theorem 2.11. Let G be an r-bridge graph ( ).,,, 21 rkkkQ   Then 

( ) 
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Proof. Let G be an r-bridge graph ( ).,,, 21 rkkkQ   Then by Observation 

2.3, we have 

( ) ( ) ( )
( ) ( )++=
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It is easy to see that 
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So by Lemma 2.9 and Lemma 2.10, we get 
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We need to define some sets to using them in the proof of some results. 

Let ( )EVG ,=  we define: 

( )  ( ) ( ) auGEuvvuGV ba == deg,:,,  and ( ) ,deg bv =  

( )  efeGE ba :,, =  and f are adjacent edges in ( ) aeG =deg,  and 

( ) .deg bf =   

( )  vfvGB ba :,, =  and f are incident in G and ( ) avG =deg,  and 

( ) .deg bf =  

Proposition 2.12. Let G be a wheel graph nW  with 1+n  vertices. Then 
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Proof. Let G be a wheel graph nW  with 1+n  vertices. Then 

( ) =GV 3,3  

( ) ( ) ( ) ( )
( )

,
2

1
,2, 1,11,44,4,3

−
==== +++

nn
GEnGEnGEGV nnnn

( ) nGB 24,3 =  and ( ) ( ) .1,1,3 nGBGB nnn == ++  Then by Observation 2.3, we 

get 
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which gives the required result. 

The Cartesian product 21 GG   of two graphs 1G  and ,2G  where 

( ) ( )11 , GEGV  and ( ) ( )22 , GEGV  are the sets of vertices and edges of 1G  and 
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,2G  respectively, has the vertex set ( ) ( )21 GVGV   and two vertices ( )uu ,  

and ( )vv ,  are connected by an edge if and only if either ( vu =  and 

( ))2GEvu   or ( vu =  and ( ))1GEuv   [4]. We can now search for the 

entire Randic index of the Cartesian product of two graphs: 

Lemma 2.13. Let ts,  be positive integer 4s  and let st PPG   be the 

Cartesian product graph of two path graphs tP  and .sP  Then  

( ) (( ) ( ) ( ) ).1236166734
12

1
−−+++−= sttsGR  

Proof. Let ts,  be positive integers such that 4, ts  and .st PPG   

Then, we have ( ) ( ) ( ) 822,1222,8 4,33,33,2 −+=−+== tsGVtsGVGV  and 

( ) ( ) ( ) ( ) ( ).32234,4 −−+−−= tstsGV  Therefore, 

( ) ( ) ( ) ( ) .
16

1
12552

12

1
822

9

1
1222

6

1
8 +−−+−++−++= tssttstsGR  

Hence the result is obtained. 

Lemma 2.14. If ts,  and st PPG   then  

( )
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tsts
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+

−+
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Proof. Let 4, ts  and let .st PPG   So it is not difficult to see that  

( ) ( ) ( ) ( ) ( ) ,16224242,8,4 4,44,33,3 −+=−+−=== tstsGEGEGE   

( ) ( ) ( ) ( ) ( ) ,4,24443434,8 5,55,45,3 =−+=−+−== GEtstsGEGE   

( ) ( ) ( ) ( ) ( ) 3266222234345,6 −+=−+−+−+−= tststsGE  and ( ) =GE 6,6  

( ) ( ) ( ) ( ) ( ) ( ) ( ) tssttsttsts 1852186423434424 −+−=−−+−+−−+−−  

and then 

( )
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++=
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36
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3266 +−−
+

−+
+

tsstts
 

and hence the required result is obtained. 

Theorem 2.15. Let ts,  be positive integer 4s  and .st PPG   Then 

( )
20

822

15
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12

2444

5

4
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8
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( ) ( ) ( )
4

12552

12

822

3
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+
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+

−+
+

+−−
+

tssttststsst
 

Proof. Let ts,  be any positive integers such that 4, ts  and 

.st PPG   By Observation 2.3, we have 

( ) ( ) ( )
( ) ( )++=

ev

e ev
GRGRGR

toincident

.
degdeg

1
 

To get 
( ) ( )


ev evtoincident

,
degdeg

1
 we have: 

( ) ( ) ( ) ( ) ( ) ,24443434,8,8 3,43,32,3 −+=−+−=== tstsGBGBGB  

( ) ( ) 822,8222222 4,53,5 −+=−+=−+−= tsBtstsB  and 

( ) ( ) ( ) ( ) .10241042322324,6 tsststtsB −+−=−−+−−=  Then 

( ) ( ) 15
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8
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++=
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ev
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.
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822 +−−
+

−+
+
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 (2.1) 

Then by Lemma 2.13, Lemma 2.14 and Equation 2.1, we get 
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Lemma 2.16. For positive integers 4s  and ,3t  if ,st PPG   then 

( ) .
2

1

4

5

3

1

3

2
sttGR +








−+=  

Proof. Let 4s  and ,3t  and let ,ts CPG   We have 

( ) ,23,3 tGV =  and ( ) tGV 24,3 =  ( ) ( ) ( ) ( ).52324,4 −=−+−= stststGV  

Then ( )
( )

.
16

52

12

1
2

9

1
2

−
++=

st
ttGR  

Therefore the required result is attained. 

Lemma 2.17. For positive integers 4s  and ,3t  if ,ts CPG   then 

( ) .
2

5

30

6

5

2
tstGRe +








−+=  

Proof. Let 4s  and .3t  If ,ts CPG   it is easy to see that 

( ) ( ) tEtGEtGE 6,4,2 6,55,44,4 ===  and 

( ) ( ) ( ) ,18634426,6 ttsstststE −=−+−+−=  then ( ) .=GR  Therefore, 

( ) ( ) .
36

1
186

30

1
6

20

1
4

16

1
2 ttstttGRe −+++=  

Hence, 

( ) .
2

5

30

6

5

2
tstGRe +








−+=  

Theorem 2.18. Let ,ts CPG   where 4s  and .3t  Then 

( ) .
6

2

2

3
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6
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23353
tstGR 







++








−+

++
=  

Proof. Let ts,  be two positive integers such that 4s  and .3t  If 

,ts CPG   then by Observation 2.3, we have 
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( ) ( ) ( )
( ) ( )
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( ) ( )

,
degdeg

1


etoincidentv ev
 we have ( ) ( )GBtGB 5,34,3 ,4=   

( ) tGBt 2,2 5,4 ==  and ( ) ( ) .10432226,4 ttsststB −=−+−=  Therefore 
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
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Then by Lemma 2.16, Lemma 2.17 and Equation 2.2, we get 

( ) .
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Theorem 2.19. For any graph G with n vertices and m edges, we have 

( ) (
( )

) ( ),
2

2 2
1 GM

GM
mGR  +  

where ( )
( ) ( )

  ( )






=

GByx
yx

GM

,

2 degdeg

1
 is the second modified entire Zagreb 

index and ( )GM1  is the first Zagreb index of G. 

Proof. Let G be a graph with n vertices and m edges. Then we have 

( )
( ) ( )

  ( )

.
degdeg

1

,




 =

GByx
yx

GR  

By using Cauchy-Schwarz inequality, we get 

( )
( ) ( )

  ( )



 =

GByx
yx

GR

,
degdeg

1
 

( )
( ) ( )  ( ) 


GByx yx

GB
, degdeg

1
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( ) ( )GMGB = 2  

(
( )

) ( ).
2

2 2
1 GM

GM
m +=  

3. Conclusions 

Graphs are frequently used in modeling molecules. Topological graph 

indices are the mathematical invariants which help to determine some 

structural and physico-chemical properties of molecules by just some 

mathematical methods. For more than seven decades, more than 3000 indices 

have been defined and applied to obtain several properties. Randic index is 

one of the oldest indices and several variants of it have been defined. In this 

paper, using the recent idea of entire indices, the authors introduce the entire 

Randic index of graphs and study this new index for several graphs and 

graph operations. As open problems, this method can be applied to the class 

of degree based indices and several composition graphs and derived graphs. 
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