Advances and Applications in Mathematical Sciences
Volume 23, Issue 4, February 2024, Pages 339-352

© 2024 Mili Publications, India

AN APPROXIMATE ANALYTICAL SOLUTION OF THE
GENERALIZED ABEL INTEGRAL EQUATION OF
SECOND KIND IN COUPLING OF VARIOUS
TRANSFORM METHODS

NAVEEN SHARMA and UMED SINGH*

Department of Mathematics
D.A.V. College, Muzaffarnagar
Uttar Pradesh-251001, India
E-mail: ns2000dav@gmail.com

“Department of Mathematics
Arya P.G. College, Panipat
Haryana-132103, India

E-mail: puniaus@gmail.com

Abstract

In this paper, an approximate analytical solution of the generalized Abel integral equation of the second
kind via Sumudu, Elzaki, Mohand and Sawi transform method using the homotopy perturbation transform
method is introduced. This integral equation appears in the modeling of the numerous models in various fields
of physical and applied sciences. The approach of the method is very simple and illustrates the accuracy,
validity and stability of the numerical solution obtained by the proposed method in form of an exact solution.

1. Introduction

Abel integral equation [1] is one of the integral equations which is derived
directly from a concrete problem of physics, without passing through a
differential equation. This equation appears in several models in
astrophysics, solid mechanics, physical sciences and applied sciences. Zeilon
N. [2] in 1924, gave an idea of the solution of Abel integral equation on a

finite segment. The various methods for solving Abel integral equation and
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fractional differential equations are given in [4-5]. He [6-7] developed the
homotopy perturbation transform method. Numerical solutions of Abel
integral equation are given in [8, 28, 29] by using the different Wavelet
methods. The homotopy perturbation transform method is used in [9-11, 19].
Bernstein polynomial method is discussed in [14]. Various transform methods
are used in [3, 12, 13, 18, 21-24, 27]. Analytical solutions are given in [16, 17].
Fractional calculus is used in [20]. The Laplace decomposition method is
discussed in [15]. The Taylor-Collocation method is used in [25]. The solution
of Abel integral using the differential transform method is given in [26].

The main purpose of this paper is to produce an approximate analytical
solution for the generalized Abel integral equation of the second kind in
coupling of various transform methods with the homotopy perturbation
transform method. The present method is coupling of homotopy perturbation
transformation method with the Sumudo, Elzaki, Mohand and Sawi

transform method on generalized Abel integral equation of the second kind.
2. Basic Definitions and Terminologies
Definition 2.1. The Sumudu transform [3, 12] over the set of

It
functions {f(t): 3M > 0 (finite), o1, o9 >0 such that |f(¢)| < Me® if

t e (- 1) x [0, )} is defined by the improper integral

SIFEN = [ e flst)dss < (<01, 02) &

where S is the Sumudo operator.

In other words, the Sumudu transform of f(z) can be defined as

w L
8(s) = %J‘ e s f(st)dt; s € (-0, og)
0
Definition 2.2. The Elzaki transform [13, 18] over the set of

It
functions {f(t): 3M > 0 (finite), o1, o9 >0 such that |f(¢)| < Me® if
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t e (- 1) x [0, )} is defined by the improper integral

B0 = 86) = o] "¢ f0)dtss < (01, 02) ©

where E is the Elzaki operator.

Definition 2.3. The Mohand transform [24] over the set of functions
Il
{f¢):3IM >0 (finite), o1,09 >0 such that |f(¢)|< Me®  if

t e (-1) x o, )} is defined by the improper integral

E[f(t)] = M(s) = SZJ'(;” S ()dts s < [0, o] 3)

where M is the Mohand operator.

Definition 2.4. The Sawi transform [27] over the set of
Il
functions {f(t): 3M > 0 (finite), o1, o3 > 0 such that | f(t)| < Me® if

t e (- 1) x [0, )} is defined by the improper integral
1o 2
Sulf0] = 8,(6) = 5 [ "€ ft)dts = [or. 03] )
s

where S, is the Sawi operator.

3. Description for an Approximate Analytical Solution for the
Generalized Abel Integral Equation of the Second Kind

To demonstrate an idea of the analytical solution, we consider the

following generalized Abel integral equation of the second kind,

f(t)=g(t)+J‘;(t}:(—z))qdu;OstSland0<a<1. (5)
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3.1. Coupling of Sumudu transform and homotopy perturbation
transform method on the generalized Abel integral equation of the
second kind

Operating the Sumudu transform on both sides of equation (5), we have

str] - stet 5 L auf. ®

0(t—u)

By using convolution property of Sumudu transform in equation (6), we
get

S[f@)] = S[g®)] + sS[F@)]S[z™*]
= S[g®)] + sS[FOIT 1 - a)s™

= S[f(t)] = Slg@)] + SIFOIr (@ - o)s' ™. (7)
On operating the inverse Sumudu transform in equation (7), we have
f0) = g(t) + STHE(Q = a)s' S )] (8)
Assume solution of the generalized Abel integral equation of second kind
(5) in the series form as ¢(t) = ) ::0 p"¢,(t), where ¢,(t) are to be
determined by the iterative scheme of HPTM.

Consider the following convex homotopy in order to solve the equation (5),

2 Plen(t) = 80) + p[SI{F(l - a)s' %S {Z p”cpn(t)}]. ©)
n=0 n=0

This 1s a combination of the Sumudu transform and homotopy
perturbation transform method. On equating the coefficients of same powers

of p in (9) we obtained the following approximations;

0o (t) = &(t), 0, (t) = STHI (A - a)s' *S[o, 1 (t)n e N. (10)

The approximate analytical solution of the equation (5) is given by
f) = lim. olt) = D 0ald) (11)
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3.2. Coupling of Elzaki transform and homotopy perturbation
transform method on the generalized Abel integral equation of the

second kind

Operating the Elzaki transform on both sides of equation (5), we have

o) - Bla]+£{ [, L auf. a2

0(t—u)

By using convolution property of Elzaki transform in equation (12), we
get

EIf(¢)] = Elg(®)] + + Ef @B ]
= Elg(0)] + $ BIAOIr @ - o)s* .

= E[f(t)] = Elg(®)] + E[f@)r @ - a)s' ™. (13)
On operating the inverse Elzaki transform in equation (13), we have
f@) = g) + ETHT( - o)s' " E[f(2)]} (14)
Assume the solution of generalized Abel integral equation of second kind
(5) in the series form as ¢(t) = Y ::0 p"9,(t), where ¢,() are to be

determined by the iterative scheme of HPTM. Consider the following convex
homotopy in order to solve the equation (5),

Zp”@n(t) = g(t) + p{E_l{F(l - a)s' °E (Z p”cpn(t)JH- (15)
n=0 n=0

This is a combination of the Elzaki transform and homotopy perturbation
transform method. On equating the coefficients of same powers of p in (15) we
obtained the following approximations;

¢o(t) = &(t), 0, (t) = ETHI(L ~ o)s' “Efp, 1) n € N. (16)

The approximate analytical solution of the equation (5) is given by
= 1i = ” . 1
f() Lim, ot) =Y. o 9n(®) a7
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3.3. Coupling of Mohand transform and homotopy perturbation
transform method on the generalized Abel integral equation of the
second kind

Operating the Mohand transform on both sides of equation (5), we have

M) - g | ) I as)

By using convolution property of Mohand transform in equation (18), we
get

MIf(0)] = Mlg®)] + 5 MIFO]1M [ ]

S

- Mg(t)] + i2 M@ - a)s**!

= M[f()] = M[g®)] + M[fOIT (1 - a)s* . (19)
On operating the inverse Mohand transform in equation (19), we have
@) = g@) + MHD(O - a)s* T Mf ()] (20)
Assume the solution of generalized Abel integral equation of second kind
(5) in the series form as o(t) = Z ::0 p"¢,(t), where ¢,(t) are to be

determined by the iterative scheme of HPTM.

Consider the following convex homotopy in order to solve the equation (5),

antpn(t) = g(t) + p{M _I{F (1-a)s' ™M (Z p”(Pn(t)JH- (21)
n=0 n=0

This is a combination of the Mohand transform and homotopy
perturbation transform method. On equating the coefficients of same powers

of p in (21) we obtained the following approximations:

¢o(t) = (t), o (t) = ML (L - 0)s* Mg, 1 (1)l n € N. (22)

The approximate analytical solution of the equation (5) is given by
f) = lim o) = D 0l (23)
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3.4. Coupling of Sawi transform and homotopy perturbation
transform method on the generalized Abel integral equation of the

second kind

Operating the Sawi transform on both sides of equation (5), we have

S0 - Sule)+ S [ S, @

0(t—u)"

By using convolution property of the Sawi transform in, equation (24), we
get

Sulf®)] = Sulg®)] + %S, [f()]S,, [t°]
= S,[g(t)] + s2S,[f )T @ - a)s™17¢

= SulfO)] = S,[g@)] + S[fOIN A - a)s ™. (25)
On operating the inverse Sawi transform in equation (25), we have
f(0) = (t) + S T = a)s' S, [F()]}- (26)
Assume the solution of generalized Abel integral equation of second kind
(5) in the series form as ¢(t) = Y, ::0 p"9,(t), where ¢,() are to be
determined by the iterative scheme of HPTM.

Consider the following convex homotopy in order to solve the equation (5),

ipncpn(t) = g(t)+ p{SJ}{F(l - a)s' TS, (i p”q)n(t)]H- 27)
n=0 n=0

This is a combination of the Sawi transform and homotopy perturbation
transform method. On equating the coefficients of same powers of p in (27) we

obtained the following approximations;

(1) = &(t), o (t) = S T = a)s' ™ “Sylpn 1 (O] n € N. (28)

The approximate analytical solution of the equation (5) is given by
= I =y . 2
fO = lim o) = 3 en(®) (29)
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4. The Duality Relations of the Sumudo Transform with Elzaki,

Mohand and Sawi Transforms
From equations (1) and (3), we have

s8(s) = %8(3) — §(s) = si2 &(s). (30)

and from equations (1) and (4), we have

1

H _ L j (1)t = L5(s) = s(s) = M(gj (31)

and so, from equations (1) and (5), we have
1 ~” - 1
Suls) = 5 [ e fO)dt = £ 8(5) = S(5) = 55, (5) (32)
s“J0 s

5. Numerical Implementation of the Method

The duality relations of the Sumudo transform with Elzaki, Mohand and
Sawi transform implies that the solution obtained by coupling of HPTM and
Sumudo transform method is same as by Elzaki, Mohand and Sawi transform

method and so we prefer the Sumudo transform method.

Example 5.1. Consider the generalized Abel integral equation of second
kind as follows [25]

32 4 4
fle)=1-2¢ th 3t

3
3 t
4 f(—u)ldu; with exact solution 1 — 2¢.

0 (¢ —u)2

By using the convex homotopy perturbation transform method, we have

i ple,t)=1-2t - % t4 %t% - p{S_l{F(l - %)s%S[i pn(pn(t)]H
n=0 n=0

=1-2t- 32t4+4t%— % 3

= o1 3 p| S ( ) Zp 0 (t)
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On equating the coefficients of corresponding powers of p on both sides in
above equation, we have

o(t) = -8 { (3) %S(%(t))}

3

43 39 16 [(3\Y22 4 [(3VP2
L
3 21 15V 4 3 4

93(t) = —s-l{ (3 %S((Pz(t))}

—%mﬁ+ﬂﬂt?+L NENPEEINEN P
45 r(lj 585 r(lj 12[ (4)} 6[ (4)} I

4 4

Finally, we approximate the solution f(¢) using the truncated series as

f(t)

3 3 2 5
Z(pn(t)—(l—Zt—Sz %t4)+(—%t4 32t4 16 [F( ﬂ t2

21 15vn
n=0

A0 ERRSTE) CREN T pR L

4 585 1
F@
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%ﬂﬁw_ 64 ﬂﬁ +yﬂt? AN

45 1 585 1 12| \4
F(z) F@

. %[r@ﬁﬁ) b

Hence f(¢) > 1 -2¢ as n — oo, which is the exact solution.

+

Example 5.2. Consider the Abel integral equation of second kind as
follows [9, 17, 19]

3
5 ¢
f@)=1¢+ %tZ —J. f(—u)ldu, 0 <t <1 with exact solution ¢.
0 =
(t-u)2

By using the homotopy perturbation transform method, we get
o0 4 3 )
S o=t i - p[sl{@s(zpwo}ﬂ.
n=0 n=0

Now, equating the coefficients of corresponding powers of p on both sides

in above equation, we have

3 3
90(t) = ¢ + 512, ¢1(t) = -7 (VasS(po(®)} = — 5 we? - 5 nt?,
1 s 2
02(t) = - VRS S(1 ()} = & 7t + 12, 03(t) = -5 Vs S(2(0)
8 > 1 1 16 7
__% 49 12,3 _ _q-1 -~ 2,3, 19 2.9
= —qg 2 - gt gu(t) = =S (VrsS(os(t)} AT xRN

Finally, we approximate the solution f(¢) using the truncated series as

o0 3 3 5
= = 495y 4 5. 1 920 1 o 8 3
f(t)—z;)(pn(t)—(t+3t) (G2 + 3 nt?)+ (g m? + - wt?)
n=
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5
8Lz, L2, 16
(15nt +6nt)+(67tt +
Hence f(¢) — ¢ as n — o, which is the exact solution.

Example 5.3. Consider the Abel integral equation of second kind as
follows [9, 17, 19]

f(t) = 2Vt - Jé L)l du, with exact solution f(¢) =1 - e™erfe(Vnt)
(t—-u)2

and the complementary error function erfc(t) is defined as
2 © 7u2
t)=— du.
erfe(t) 7o f , e u

By using the convex homotopy perturbation transform method, we have

i P"on(t) = 2V - p{Sl{\/%S(i p”q)n(t)JH.
n=0 n=0

On equating the coefficients of corresponding powers of p on both sides in

above equation, we have

00l0) = 20 01(1) = =57 [Z(000)] = 51, 0200 = -5 (ZS(01 )]

3
- 5502 0s) = -5 ZS(0a0)] = -3 7 00 = 57 E S0}

8 >
2,2
5 T4, oo

Finally, we approximate the solution f(¢) using the truncated series as

00 3 5
ft) = Ilji_r{ll(p(t) =D on) =2Vt - mt +%nt2 —%nth +%n2t2 ..
n=0
4 51 8 o2
_1_ _ J_ _a 2 L 2,2 O 2,9
1-(1-2vt +nt R KA v F o).

Hence f(t) — 1 — e™erfe(¥nt) as n — o, which is the exact solution.
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Example 5.4. Consider the generalized Abel integral equation of the
second kind as

14 11
fO) =t + 02— o - 129 45, 243 z:?—ﬂ J _fw) - du,
15400 2200 400 10

(t - u)3
with solution ¢2 — 23 + ¢,

By using the convex homotopy perturbation transform method, we have

w| o

0 14 11
n _4 2 o3 729 & 243 &5 27
D ploal) =t + 1 -2 15400° T2200°° " 400°

+ % pls 1{r(1 - —) % [ip @n(t)JH

14 11
a4 s 729 5 243 27
=t -2 -0t Y3300l T 00

+%p{s { - s [ip cp,L(t)]H

ft) > t2 =263 + t* as n — oo, which is the exact solution.

We have,

6. Conclusion

We have drafted an approximate analytical solution for the generalized
Abel integral equation of second kind in coupling of various integral
transform methods with homotopy perturbation transform method. Abel

integral equation of second kind is a particular case of the equation (5), with
o= % The approach of the method is very simple and illustrates the

accuracy and stability of the solution obtained by the proposed method in
form of the exact solution of the generalized Abel integral equation of second
kind.
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