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Abstract 

In this paper we introduce the concept of k-m-Zumkeller number by partitioning the set of 

positive divisors of an integer n into k disjoint subsets such that the product of each subsets are 

equal and establish some properties on these numbers. Relations of these numbers with perfect 

numbers and k-m-perfect numbers are also obtained. We also define k-half-m-Zumkeller 

numbers and establish results on them. We also define Zumkeller--- mTk   numbers and 

illustrate these numbers with suitable examples. 

1. Introduction 

A positive integer n is said to be a perfect number if the sum of all the 

proper positive divisors of n is equal to n. In 2003 R. H. Zumkeller published 

in Sloane’s sequence of integers A083207 where he generalized the concept of 

perfect numbers by partitioning the set of positive divisors of an integer into 

two disjoint subsets such that the sum of the two subsets is equal. In [5] 

Clark et al. called those numbers as Zumkeller numbers [6]. We define a new 

type of Zumkeller numbers termed as k-m-Zumkeller numbers by using the 

notion of partitioning the set of positive divisors of an integer n into k disjoint 

subsets such that they have equal product. We also define a new type of m-

Zumkeller number as Zumkeller--- mTk   number by partitioning the unitary 

divisors of an integer. 
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In section 2 of this paper we study the properties of k-m-Zumkeller 

numbers and also study the relation of these numbers with perfect numbers 

and k-m-perfect numbers. In section 3 we define k-half-m-Zumkeller numbers 

and study various properties on these numbers and also establish relations 

between k-half-m-Zumkeller numbers and m-perfect numbers. We also 

establish relations between k-m-Zumkeller numbers and k-half-m-Zumkeller 

numbers. In section 4 we define Zumkeller--- mTk  numbers with examples. 

2. k-m-Zumkeller Numbers 

Definition 2.1. A positive integer n is said to be k-m-Zumkeller number 

if set of all the positive divisors of n can be partitioned into k disjoint subsets 

of equal product. 

The numbers 6, 8, 10, 14, 15, 16, 21, 22 are the first few 2-m-Zumkeller 

numbers. The numbers 12, 18, 20, 28, 32, 36, 44, 45 etc are the first few 3-m-

Zumkeller numbers. Similarly 24, 30, 40, 42, 54, 56, 66, 70 etc are 4-m-

Zumkeller numbers; 48, 80 etc. are 5-m-Zumkeller, numbers; 60, 72, 84, 90, 

96 etc. are 6-m-Zumkeller numbers; 192 is the first 7-m-Zumkeller number; 

120, 168 etc. are 8-m-Zumkeller numbers and 180 is the first 9-m-Zumkeller 

number and 240 is the first 10-m-Zumkeller number. 

Here ( )n  denotes the number of positive divisors of n and ( )nT  denotes 

the product of all the positive divisors of n. 

Proposition 2.1 [3]. Let the prime factorization of n be .
1 =

r
i i

ip  Then 

( )
( )
2

n

nnT



=  and ( ) ( )
=

+=

r

j

jn

1
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Proposition 2.2. If n is a k-m-Zumkeller number, then ( ) .2kn    

Proof. Let n be a k-m-Zumkeller number with partition subset 

 ....,,, 21 kAAA  Then the product of each of the partition subset is at least n. 

If the product of each of the partition subset is greater than n then clearly 

each of them contain at least 2 elements. Hence, ( ) .2kn   

If the product of each of the partition subset is equal to n then without 
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loss of generality we may assume that .,1 1An   Then clearly each of the 

remaining subsets kAAA ,, 32  must contain at least two elements. Hence 

( ) .2kn    

The above proposition gives the necessary condition for a positive integer 

n to be an k-m-Zumkeller number. 

The following proposition gives a necessary and sufficient condition for a 

positive integer n to be an k-m-Zumkeller number. 

Proposition 2.3. A positive integer n is a k-m-Zumkeller number if and 

only if ( ) kn 2  and ( ) rink i ,,2,12 =  where r is the number of 

distinct prime divisors of n. 

Proof. Let 
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Let n be a k-m-Zumkeller number then by Proposition 2.2 we have 

( ) kn 2  and from equation (2.1) we have 

( )
.,,2,1

2
ri

n
k i =


 

( ) .,,2,12 rink i =  

Converse part holds clearly. 

Note. For ,kpn =  where k is odd we have ( )12 +kkk  but n is not a k-m-

Zumkeller number because in this case ( ) .21 kkn +=  
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Remark 2.1. If rqp ,,  are distinct primes, then the integers of the form  

i. qpqpqrppqrqppppq 5232343 ,,,,,,,  etc. are 2-m-Zumkeller 

numbers. 

ii. qpqpqpppqp 52322652 ,,,,,  etc. are 3-m-Zumkeller numbers. 

iii. 873 ,,, pppqrqp  etc. are 4-m-Zumkeller numbers. 

iv. 1099344 ,,,, ppqpqpqp  etc. are 5-m-Zumkeller numbers. 

v. 12112235 ,,,, ppqrpqpqp  etc. are 6-m-Zumkeller numbers. 

vi. 1413361366 ,,,,, ppqpqpqrpqp  etc. are 7-m-Zumkeller numbers. 

vii. 1615333 ,,, ppqpqrp  etc. are 8-m-Zumkeller numbers. 

viii. 181782522 ,,,, ppqpqprqp  etc. are 9-m-Zumkeller numbers. 

ix. 20199434 ,,,, ppqpqpqrp  etc. are 10-m-Zumkeller numbers. 

Corollary 2.4. The integer rpppn ,,21 =  (where ip ’s are distinct 

primes, 2r ) is -2 1−r Zumkeller number. 

Proof. Since rpppn ,,21 =  

( ) .2rn =  

Clearly, .22.2 1 rr−   

Hence n is a -2 1−r m-Zumkeller number. 

Corollary 2.5. If p is a prime, then 
p  is a k-m-Zumkeller number for 

any positive integer  where ( )k2mod0  or ( ).2mod12 kk −  

Proof. p  is a k-m-Zumkeller number 

( )12 + k  

( )k2mod0  or ( ).2mod12 kk −  
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Corollary 2.6. All even perfect numbers ( ),122 1 −= − ppn  where p is a 

prime and 12 −p  is a Mersenne prime, are p-m-Zumkeller numbers. 

Proof. ( )122 1 −= − ppn  where 12 −p  and 12 −p  are relatively prime. 

( ) ( ) ( ) .2122 1 pn pp =−= −  

Hence by Proposition 2.3 we have n is a p-m-Zumkeller number.  

Note. [7] The highest known even perfect number (till March 2019) for 

933,589,82=p  is ( ) ,,641108477798122 933,589,82932,589,82 =−=n  

360071912079  contains 095,724,49  digits. So by above corollary, n is 82, 

589, 933-m-Zumkeller number; i.e. we can partitioned the positive divisors of 

this n into 933,589,82=p  disjoint subsets of equal product as 

 
















4
,4,

2
,2,,1

nn
n  etc. 

Proposition 2.7. If n is a k-m-Zumkeller number and p is a prime such 

that ( ) 1, =pn  then lnp  is also a k-m-Zumkeller number for any positive 

integer l if ( ).nk   

Proof. Since ( ) 1, =pn  

( ) ( ) ( ).1+= lnnpl  

Clearly, 
lnp  is a k-m-Zumkeller number if ( ) ( )nllk + 12  i.e. if ( )nk   

for any positive integer l.  

Definition 2.2 [4]. A positive integer n is said to be k-m-perfect number 

if ( ) .knnT =  

Proposition 2.8. All the k-m-perfect numbers are k-m-Zumkeller 

numbers. 

Proof. Let n be a k-m-perfect number then, 

( ) knnT =  
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( )
k

n

nn =



2  

( ) .2kn =  

Hence, n is a k-m-Zumkeller number. 

3. Half-m-Zumkeller Numbers 

Definition 3.1. A positive integer n is called k-half-m-Zumkeller number 

if set of all the proper positive divisors of n can be partitioned into k disjoint 

non-empty subsets of equal product. 

The numbers 12, 16, 18, 20 etc. are the first few 2-half-m-Zumkeller 

numbers. The numbers 24, 30, 40, 42, 54, 56, 64 etc. are the first few 3-half-

m-Zukeller numbers. Similarly 48, 80 etc. are 4-half-m-Zumkeller numbers 

and 60, 72, 84, 90, 96 etc. are 5-half-m-Zumkeller numbers. 

Let ( )nT   denotes the product of all the proper positive divisors of n then 

( )

( )

.
2

n

n
nT

n

=  

Proposition 3.1. If n is a k-half-m-Zumkeller number then ( ) .12 + kn  

Proof. Let n be a k-half-m-Zumkeller number with partition subset 

 .,,, 21 kAAA   Then the product of each of the partition subset is at least 

.
2

n
 If the product of each of the partition subset is greater than 

2

n
 then 

clearly each of them contain at least 2 elements. Hence together with n itself, 

there exist at least 12 +k  positive divisors of n. Hence ( ) .12 + kn  

If the product of each of the partition subset is equal to 
2

n
 then without 

loss of generality we may assume that .
2

,1 1A
n
  Then clearly each of the 

remaining subsets kAAA ,,, 32   must contain at least two elements. Hence 

together with n itself, there exist at least 12 +k  positive divisors of n. Hence 

( ) .12 + kn   
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The above Proposition gives the necessary condition for an integer to be a 

k-half-m-Zumkeller number. 

The following Proposition gives a necessary and sufficient condition for 

an integer n to be a k-half-m-Zumkeller number. 

Proposition 3.2. A positive integer n is a k-half-m-Zumkeller number if 

and only if ( ) 12 + kn  and ( )  rink i ,,2,122 =−  where r is the 

number of distinct prime divisors of n. 

Proof. Let 


=


=

r

i

i
ipn

1

 

then 

( )
( )

2

2−

=

n

nnT  

( ) 

.

1

2

2


=

−

=

r

i

n

i

i

p  (3.1) 

Let n be a k-half-m-Zumkeller number then by Proposition 3.1 we have 

( ) 12 + kn  and from equation (3.1) we have 

( ) 
.,,2,1

2

2
ri

n
k i =

−
 

( )  .,,2,122 rink i =−  

The converse part holds clearly. 

Note. For ,kpn =  where k is odd we have  212 −+kkk  but n is not 

a k-half-m-Zumkeller number because in this case ( ) .121 ++= kkn  

Remark 3.1. If rqp ,,  are distinct primes then the integers of the form 

i. qpqpqp 642 ,,  etc. are 2-half-m-Zumkeller numbers. 

ii. 63 ,, ppqrqp  etc. are 3-half-m-Zumkeller numbers. 
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iii. rqpqp 224 ,  etc. are 4-half-m-Zumkeller numbers. 

iv. qrpqpqp 2523 ,,  etc. are 5-half-m-Zumkeller numbers. 

Proposition 3.3. The k-m-perfect numbers are ( )1−k -half-m-Zumkeller 

numbers. 

Proof. Let n be a k-m-perfect number, then 

( ) knnT =  

( )
k

n

nn =



2  

( ) .2kn =  

Hence, ( ) ( ) .212 −− nk  

n  is a ( )1−k -half-m-Zumkeller number. 

Proposition 3.4. A positive integer  =


=

r

i i
ipn

1
 is both k-m-Zumkeller 

and k-half-m Zumkeller number if 

i. either ik   or rik i ,,2,12 =  when k is odd. 

ii. rik i ,,2,12 =  when k is even. 

Proof. If n is a k-m-Zumkeller number, then 

( ) .,,2,12 rink i =  (3.2) 

Again if n is a k-half-m-Zumkeller number, then 

 ( )  .,,2,122 rink i =−  (3.3) 

From equations (3.2) and (3.3) we have, 

.,,2,122 rik i =  

.,,2,1 rik i =  

kzi =  where z is a positive integer. 

( ) ( ) 11 +=+= klkzn
r

 where l is a positive integer. 



ON k-m-ZUMKELLER NUMBERS 

Advances and Applications in Mathematical Sciences, Volume 20, Issue 8, June 2021 

1533 

i. Let k be odd. Then ( )n  is even if l is odd and ( )n  is odd if l is even 

hence from equations (3.2) and (3.3) we have 

,,,2,1 rik i =  when l is odd. 

and  

,,,2,12 rik i =  when l is even. 

ii. Now let k be even then ( )n  is odd and hence from equations (3.2) and 

(3.3) we have 

.,,2,12 rik i =  

Proposition 3.5. If a positive integer  =


=

r

i i
ipn

1
 is a ( )1+k -m-

Zumkeller number, then n is also a k-half-m-Zumkeller number if 

( ) ( ).12 += kn  

Proof. If n is a ( )1+k -m-Zumkeller number, then 

( ) ( ) rinak i ,2,112 =+  

( ) ( ) ,,,2,122 rizkn ii =+=  where iz  is an integer. 

( ) riznkz iii ,,2,122 =−=  

 ( ) 22 − nk i  if riz ii ,,2,1 ==  

Hence n is a k-half-m-Zumkller number if 
( )

( )12 +


==

k

n
z i

ii  

.,,2,1 ri =  

( ) ( ).12 += kn   

Example 3.1. 24 is a 4-m-Zumkller number as well as a 3-half-m-

Zumkeller number because here ( ) ( ) .232824 +==  

Example 3.2. 36 is a 3-m-Zumkller number but is not a 2-half-m-

Zumkeller number because here ( ) ( ) .222936 +=  
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4. --- mTk  Zumkeller Numbers 

Definition 4.1 [2]. A positive integer d is a unitary divisor of a positive 

integer n if nd|  and .1, =







d

n
d  

Let ( )n  denotes the number of unitary divisors of n and ( )nT   denotes 

the product of all unitary divisors of n. 

Proposition 4.1 [1]. For any positive integers  =


=
r
i i

ipn
1

,  we have 

( ) rn 2=  and ( )
( )

.2

n

nnT


 =  

Definition 4.2. A positive integer n is said to be --- mTk  Zumkeller 

number if set of all the unitary divisors of n can be partitioned into k-disjoint 

subsets of equal product. 

Proposition 4.2. All the positive integer  =


=

r

i i
ipn

1
 is 

--- mTk  Zumkeller number where .2,2,2 21 −−= rrk  

Proof. Since 


=


=

r

i

i
ipn

1

 

( ) 2

2r

nnT =   

( )times2 1−= rnnnn   (4.1) 

( )times2 2222 −= rnnn   (4.2) 

=  (4.3) 

=  (4.4) 

.
22 22 −−

=
rr

nn  (4.5) 
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Clearly, from the equations we have  =


=

r

i i
ipn

1
 is --- mTk  Zumkeller 

number where .2,,2,2 21 −−= rrk   

Example 4.1. 23218 =  is a --22 12 mT − −= Zumkeller number with 

partition subsets  18,1  and  .9,2  

Example 4.2. 73284 2 =  is a ---42 13 mT − = Zumkeller number as 

well as a ---22 12 mT − = Zumkeller number with partition subsets 

     ,21,4,28,3,84,1   12,7  and    21,12,7,4,84,28,3,1  respectively. 

5. Conclusion 

In this paper we have investigated various characteristics of k-m-

Zumkeller numbers. This investigation can lead us to the study of Fibonacci 

primes and generalized perfect numbers like near perfect numbers and hyper 

perfect numbers. 

References 

 [1] A. Bege, On Multiplicatively Unitary Perfect Numbers, Seminar on Fixed Point Theory, 

Cluj-Napoca (2002), 59-64.  

 [2] Bhabesh Das and Helen K. Saikia, On the sum of unitary divisors maximum function, 

AIMS Mathematics 2(1) (2017), 96-101.  

 [3] David M. Burton, Elementary Number Theory, McGraw Hill Education (India) Private 

Limited, New Delhi (2012).  

 [4] J. Sandor, On multiplicatively perfect numbers, J. Ineq. Pure and Appl. Math. 2(1) Art. 3 

(2001).  

 [5] S. Clark, J. Dalzell, J. Holliday, D. Leach, M. Liatti and M. Walsh, Zumkeller numbers, 

presented in the Mathematical Abundance Conference at Illinois State University on 

April 18th, 2008.  

 [6] Yuejian Peng and K. P. S. Bhaskara Rao, On Zumkeller numbers, Journal of Number 

Theory 133 (2013), 1135-1155. 

 [7] List of perfect numbers - Wikipedia, 

https://en.m.Wikipedia.org/wiki/List_of_perfect_numbers. 

 


