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Abstract

This paper focuses on the concept of Annihilator domination in Arithmetic Graphs. Kulli
and Janakiram [7] introduced the split domination in Graphs and Suryanarayana Rao and
Vangipuram [10] was introduced the Annihilator domination in graphs and obtained several
interesting results in Standard graphs, Product Graphs and Arithmetic graphs. In this paper we
have explored some interesting results on Annihilator domination in Arithmetic graphs.

1. Introduction

Many real-world situations can conveniently be described by means of a
Diagram consisting of a set of points together with lines joining certain pairs

of these points. For example, the points could represent people, with lines
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joining pairs of friends; or the points might be communication centres, with
lines representing communication links. Notice that in such diagrams one is
mainly interested in whether or not two given points are joined by a line; the
manner in which they are joined is immaterial. A mathematical abstraction
of situations of this type gives rise to the concept of a graph. Graph theory
has a wide range of applications to many fields. Graph theory is one of the
ever growing branch of Mathematics. Graph theory is intimately related to
many branches of Mathematics, including group theory, Probability,
numerical analysis, matrix theory, topology, operation research and many
more. The concept of domination in graphs originated in 1850 with problem of
placing minimum number of queens on a n x n chess board so as to cover or
dominate every square. The problem of dominating the squares of chess
board can be stated more generally as a problem of dominating the vertices of
a graph. The theory of domination has been the nucleus of research activity
in graph theory in recent times. This is largely due to a multiplicity of new
parameters that can be developed from the basic definition of domination. In
1977 Cockayne and Hedetniemi [3] made an interesting and extensive survey
of the results know at that time about dominating sets in graphs. They have
used the notation (G) for the domination number of a graph, which has
become very popular since then. The survey paper of Cockayane and
Hedetniemi [3] has generated lot of interest in the study of domination in
graphs. In a span of about twenty years after the survey, more than 1,200
research papers have been published on this topic, and the number of papers
continued to be on the increase. Recent book on domination, has stimulated
sufficient in spiration leading to the expansive growth of this field of study.
Laskar and Walikar [4] developed various interesting results on domination
related concepts in graph theory. The split domination in graphs was
introduced by Kulli and Janakiram [7]. Domination parameters of an
Arithmetic graph are introduced by Vasumathi and Vangipuram [6] and
Vijayasaradhi and Vangipuram [9] and obtained an elegant method for the
construction of a Arithmetic graph with the given domination parameter.
Suryanarayana Rao and Sreenivasan [11, 12] obtained domination
parameters of an arithmetic Graph and some product graphs and also they
have obtained an elegant method for the construction of a arithmetic graph
with the given domination parameter and investigated Annihilator
domination number of Arithmetic graphs. Motivated by the study of

Advances and Applications in Mathematical Sciences, Volume 20, Issue 8, June 2021



THE UPPER BOUNDS OF ANNIHILATOR DOMINATION ... 1573

domination and split domination, and new parameter on domination called
the Annihilator dominating set and Annihilator dominating number we have
investigated some more properties of the Annihilator domination number of
Arithmetic graphs. The terminology and notations used in this paper are
same as in Bondy and Murty [1].

Dominating set:

A subset D of Vis said to be a dominating set of G if every vertex in V\D

is adjacent to a vertex in D.

The dominating number y(G) of G is the minimum cardinality of a

dominating set.
Split dominating set:

A dominating set D of graph G is called a split dominating set, if the
induced subgraph (V — D) is disconnected.

The split dominating number y,(G) of G is the minimum cardinality of
the split dominating set.

Suryanarayana Rao and V. Sreeenivasan [4] obtained a new concept on
Domination and ¢ named it as Annihilator Domination and defined as follows.

Annihilator dominating set:

A dominating set D of graph G is said to be annihilator dominating set, if

its induced subgraph (V — D) is a graph with isolated vertices or a graph

with independent vertices.
Annihilator domination number:

The annihilator domination number y,(G) of G is the minimum

cardinality of an annihilator dominating set.
Arithmetic graph:

The Arithmetic graph V,, is defined as a graph with its vertex set as
the set of all divisors of m (excluding 1), where m is a natural number and

a a a . .
m = p;t p22, ..., by7, a canonical representation of m, where p;’s are
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distinct primes and ¢;’s>1 and two distinct vertices a, b which are not of

the same parity are adjacent in this graph if (a, b) = p;, for 1 <i < r.

The vertices a and b are said to be of the same parity if both a and b are

the powers of the same prime, for instance a = p2, b= p5.

Split Domination-Arithmetic Graphs:

In most of the research in graph theory, the investigators are content
with establishing the existence of a graph with a given graphical parameter.
It is in this context the usage of elementary number theoretic principles will
help in the constructions of such graphs. It is amazing to observe how such a
graph with a given domination number can be enlarged to include more
vertices and edges in a methodical, simple manner without affecting the
domination number.

A similar method of construction using again elementary principles of
number theory helped in the construction of a graph with the given
annihilator domination number by Suryanarayana Rao and Vangipuram
[11]. They developed a method of construction of graph with a given number
as the split domination number of the graph. For this purpose we make use of

an arithmetic graph V,, with its vertex set as the set of all devisors of m
(except 1) and defining the adjancey property of the arithmetic graph
suitably.

The split domination of these arithmetic graphs have been studied as it
enables us to construct graphs with a given split domination number in a
very simple way. They [11] obtained that the upper bound of split domination

number of the V,, graph is r+1, where m is a positive integer and
m = pjay peQs, ..., Pra, is the canonical representation p; po, ..., p, are

distinct primes and a;’s>1.

2. Annihilator Domination-Arithmetic Graphs

Suryanarayana Rao and Vangipuram [11] obtained an interesting result
on annihilator domination of the Arithmetic Graph which is given below and

also they evolved a method of construction of the graph with the given
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annihilator domination number. The following are the two results on

Arithmetic graphs.

Theorem 2.1. If m = pi; - p5s, where py, py are distinct primes and

a1, Qg are both > 1, then

@) vVl € 2a; +1, if a; < aqy

(i) 14Vl < 201, if a1 = ay.

Theorem 2.2. If m = pfl -pgz -pg?’ where pi, py are distinct primes
and ay, ag, ag are > 1, then v,[V,,]1< 3ay, if a1 — ay = as.

It is already established in the M.Phil. thesis of Susmitha [ ].

Now we have obtained the following interesting results related to

Annihilator domination of an Arithmetic graph as mentioned below.

Theorem 2.3. If m = pfl -pgz -pg3 where pq, py, p3 are distinct
primes and a;, g, ag > 1 then y,[V,,]<3a; +3 if a1 < ag < as.

Proof. Given m = pf‘l ,p<212 ~p§3. The vertex set V,, is {pl,pf,...,pfl,
Do, D3, D3, ..., D32, D3, D3, D3 ... D$3, Py Do, DL D3, PLDS, ... IDS?, PEDs, PEDS,
<oy DEDS?, D1D3, PLDE, DLDS, - PLPSS, DED3, DEDS, .. DEDS?, Do D3, P2D3
PoD3, ..., PaDSE, PEDs, P3PS, ... DIDS3, PaDs, P3PS, ... PADSE, D1 D2, Py Py
P2D3, ... DLP2DS? , PID5 D3, PIDSDS -, DLDS PSS, D1D5 D3, D1y PAD3 -, PIDS DS,
PiPaD3, PLD2P3 ... PLD2PS? , DY D3 P3, P3PS, -, PLPS, PS®, PLP3P3, DL D3
P3....piDP3PS? ).

We get (a7 +1)(ag +1)(as +1) — 1 vertices.

. 2 2 3 2 .3
The set of vertices D={p;,pi,...,o;, P2, P35, 2,...,pgz,p3,p3,p3,...,pg3}

is an annihilator dominating set.

For if V is any vertex in V -D, then V is of the form
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P pg, p{lp?, pézpé?’ and p1 p p3 where 1<i; <a,1<iy <ag and

1<i3 <as.
We observe that

(1) if 77 > 1 (then for all iy ) the vertex set V = pl1 Dy B s adjacent to p;
and py in D and if 7; =0 (then for all i) the vertex set Vis adjacent to ps
in D.

(1) if 7; > 1 (then for all i3) the vertex set V = pil pé3 is adjacent to p;
and ps in D and if i; = 0 (then for all i3) the vertex set Vis adjacent to ps
in D.

(i) if i3 > 1 (then for all i3) the vertex set V = péz pé?’ is adjacent to py
and ps in D and if i3 = 0 (then for all i3) the vertex set Vis adjacent to ps
in D.

(iv) if i, > 1 (then for all iy and i3) the vertex set V =pilp2p® is
adjacent to pj, pg, p3 in D and if §; = 0 (then for all i3 and i3) the vertex
set Vis adjacent to pg and p3g in D.

(v)if iy =1 (or) iy =1 (or) i3 =1 respectively.

The corresponding vertex V is adjacent to p; and pil (for 1 <4 < ay);

pz and p (for 1<ig <ay); p3 and p (for 1 < i3 < ag); respectively.

In all the above cases it is proved that the vertices in V — D are having
adjacency with at least one vertex in D. Thus D is a dominating set.
In V-D any vertices will be of the form pfll pgz, pi'py? and

I
plipl2, pf1ps2 and plipk?, php2 and pMpP2pls, pMpi2pis. Now we

have to verify the following cases.
Case (i). If dl’ €1, fl’ 81> kl’ Zl’ my, ny > 1 then since d2,€2,f2,g2,k2,

lz,mz, no >1.

We have
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1) (pflpéb, pitpgt) = p{’lpg2 where by, by > 1 and hence the vertices

piilpgz, ple1 pgz of v,, are not adjacent in this case.

2) (p{1p£2, piglpgl) = p;'pg?> where ¢, cg > 1 and hence the vertices

p{l p§2, pigl p§1 of v, are not adjacent in this case.

(3) (pglpgz, p{lpéz) = pglpgz where h;, hy > 1 and hence the vertices
pgl pgz, pél péz of v,, are not adjacent in this case.

n;

@) (P py2pls, pMph2pi3) = plipfp  where ji, jo, js >1 and
hence the vertices pinlp;@pgn?’, pflpgngg’ of v,, are not adjacent in this
case.

Case (ii). If d; =0,/ =0,k; =0,m; =0 and e¢; >0, g1 >0, >0,n; >0
then since do, eq, fo, 89, k9, Iy, mg, ngy are> 1.

We have

(1) (p{ilpéh, pipg?) = (Plzb, pipg?) = pg‘é where b5 >1 and hence the

vertices p{ilpgz, pflpgz of v,, are not adjacent in this case.

(2) (p{lpgz, pflpgfiz) = (pgz, piglp:;‘jz) = pgz where ¢ > 1 and hence the

vertices p{lpgz, pfl p§2 of v,, are not adjacent in this case.

Rk L k L hs '
(3) (py'ps?, pi'ps) = (Ps?, pgpf) = ps> where hy >1 and hence the

vertices pg”l pgz, pélpéz of v,, are not adjacent in this case.

(@) (p1"py?ps?, P py?ps®) = (P52 Py, Py Py?py°) = P32, Py’ where

n

J5, Jj5 >1 and hence the vertices p{"lpé@pén?’, pf1p32p33 of v,, are not

adjacent in this case.

Case (iii). If dl >0,f1 >0,k1 >0,m1 >0 and 61=O,g1:0,11=0,n1=0

then since d2, €9, f2, 89, kQ, 12, mgqg, N9 are >1.
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We have
(1) (P{ilpgz, pPipg?) = (pfllpg2, p) = pgé where b5 >1 and hence the

vertices pldlpgz, pi'p;? of v, are not adjacent in this case.

2) (p{lpgz, pilps?) = (p{lp:’;?, p5?) = ps? where ¢4 > 1. Hence by the

definition of arithmetic graph, the vertices p{l pgz, pigl p§2 are not adjacent

in this case.

ky k. L k1 k. I h "
() (py'ps?, pi'pf) = (Py'Ps?, pf) = py®> where hs >1 and hence by

the definition of arithmetic graph the vertices pgl pgz, pél péz are not
adjacent in this case.

n

(@) (p{"py2p3?, P Py2py®) = (P Py 2Dy °, Py?py°) = P32, Py’ where

J3, j3 > 1. Hence by the definition of v,, the vertices p{nlp;nzpén?’,
it pZZpg?’ are not adjacent in this case.

Case (iv). If d;=0,e; =0, =0,81 =0,k =0,[; =0,m; =0,n; =0 then since

dz, €9, fz, 89, k2, lz, mey, ng are > 1.

We have the vertices

(1) (pflpgz, P py?) = (p‘zb, pg?) = pgg where b5 >1 and hence the

vertices p{il pg2 , ple1 p§2 of v,, are not adjacent in this case.

(2) (p{lpgz, pflp?‘?z) = (p§2, p§2) = p§2 where c¢j >1. Hence by the

definition of arithmetic graph, the vertices p{l pgz, pfh p§2 are not adjacent

in this case.

"

Rk L k l h3
(3) (py'ps?, pips) = (ps?, pi?) = ps? where hj >1 and hence by the

definition of arithmetic graph the vertices pgl pgz, p{l péZ are not adjacent in

this case.
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@) (p{"py2p5?, P Py2py®) = (pg2ps?, Py2py®) = py, py  where
J5, J5 >1. Hence by the definition of v,, the vertices p;" p,? pgn?’, P py? pg?’
are not adjacent in this case.

Then from all the above cases the vertices

4 d b ky L L
phpd pap® . phple psipse: phipke phpl. pmpms pms - pmpne pis

are not adjacent in the induced subgraph (V - D) so that D is an annihilator

dominating set of V,,. D is also minimal annihilator dominating set.

If we remove any vertex V in D then D -{V} is not annihilator

dominating set.

If Vis of the form pil , where 1 < i; < ay;
(or) p;2 , where 1 < iy < ag;
(or) p;?’ , where 1 < i3 < as;

(i) Then the vertex pil (1 €4 € a) is having adjacency with all the
vertices P1p32; plpg?’; p1p32p§3; where 0 < by < ag and 0 < b3 < ag in the
induced subgraph of (V —{D—{V}}).

(i) Then the vertex p? (1 £iy < ag) is having adjacency with all the
vertices pfpo, p2p§3, pflp2p§3 where 0 <b <a;,0<b3 <a3 in the
induced subgraph of (V — {D — {V}}).

(i11) Then the vertex pi33 (1 € i3 < ag) is having adjacency with all the

; by by by by .
vertices p;'ps, Py Ps3, Py Py°P3 Wwhere 0 <b <a;,0<by <ay in the
induced subgraph of (V — {D — {V}}).

Then D - {V} is not an annihilator dominating set.

Hence D 1s a minimal annihilator dominating set. Then
valVm] < 1D = 30; +3.
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Construction of a Graph whose Annihilator Domination number

Does not Exceed a given number n

The construction of a graph whose cardinality of an annihilator
dominating set is known. For this construction we have the following two

cases.

If n is any number, which is the sum of a;, ay, ag where a; < ay < ag;

n-3

we have pl3 ~p§2 -pg3; where p;, pg, p3 are distinct primes and

n—-3
n-3 ag < ag. Then D={p;,pi,..p 3

. 2 ag . 2 a .
,p27p27'°'9p227p37p37"'7p33} 1S

an annihilator dominating set.

Ilustration:

Given n = 9(odd); choose any three primes p;, ps, p3 and let
V,m = p12 ~p§ -p§ (with a; = 2, ag = 3, ag = 4 such that a; < ag < ag).

The vertices of V,, are the divisors of m (except 1). The numbers are
given for every vertex from 1 to 59.
{1-p1,2-pg.3-p3,4-pi,5-p3,6-p3,7-p5,8-p3,9-p3,10-p py,11-p7,
P3,12—p; 3,13~ p{py,14—pp3,15-pi p3, 16~ pyp3, 17— pi p3,18-p1 p3, 19— pi p3,
20~ pyp5,21-pip§, 22~ p1p3, 23~ piP5, 24 - Paps, 25— papi, 26— pyps, 27— py
P3,28-p3ps,29- p3p3,30- pip3,31-p3ps,32- p3ps, 33— psp3, 34— p3p3,
35— pyp3, 36— D1 Paps, 37— p1pap3. 38— p1Paps. 39— p1peps . 40— pypips, 41
— p1P3p3, 42— p1p5 D3, 43— p1p3p3, 44 — Py P33, 45— PP D3, 46 — p1P3 D3,
47— p1p3p3, 48~ pipaps, 49 - pipap3, 50~ pipap3, 51— pi paps, 52— piP3ps,
53— pi p3p3, 54— p{p3p3,55— P P3D3,56 — pip3ps, 57— pip3, 58— pipiDs,
59— p{p3ps }-

There are 60 — 1 = 59 vertices.
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The graph of V,, with m = pi‘z ~p§ 'pg.
The Annihilator Dominating set

2 2 2 4
D={-p;,2-py, 3-p3, 4-pi,5-p3, 6-p3, 7—Dp3, 8- p3, 9 p3}

10 12 16 2 42 52 28

® ® ® ® ® ® ®
1 13 17 23 43 53 29
14 15 18 36 44 54 30
19 20 21 37 45 55 31
38 39 40 41 48 56 32
47 48 49 50 51 57 3

58 59 24 25 26 27 34

35
[ ]

The induced sub graph (V - D).

Hence v4[V,,]<|D| =30 +3=3x2+3=09.
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Theorem 2.4. If m = p;* - py? 'pg3 -py* where py, py, p3, Py are

distinct primes and a;,as,as,ay > 1 then y[v,,] < 4a; if a; = ag = ag = ay.

az

Proof. Given m = p;'! - pj 23

" D3 -pZ“ where pq, ps, p3, P4 are distinct

primes and a;,Q9,a3,a4 > 1.

Now we have to prove that y[v,,] < 4a; if a; = ag = a3 = ay.

The Vertex set of v, Iis {pl,p12,...,pfl;p2,p§,...,p‘212;p3p§,...,pg3;
2 2 2 2 2 2
P4s Pis--» P4*D1, Do, PIDS, .., P1DS2; DiPg, PiD3, - s PIDs; -5 Pyl D2,
2 2 2 2. 2 2
P D3, ..., PYIDPS%; P1P3s PLP3, s P1P3°; PLP3> PLP3: s PLP3°; - Py D3,

2 2 2 2.2 2
P D3, ..., PII DS PLP4s PIPY, s PLIP4 5 LDy, PiD4s s PLPY s s PI Dy,

P pi, .., DYDY Dab3, PoD3, .., DaDS®; D3D3, PID3, ..r D3PS .3 DS
DP3s DS2D3, .. DSZDS®; PaD4, DaDis -.os DaDyt; P3D4s DoDY oy DIDYE: oo
PS2Dy, PS2DS, oy DSZDSY; PaD4, P3PSy -y P3DGY; D3Py, P3PS, ..., PEDSE:
.} P33 D4, DSEDE, ..., DS3DSY; PLDaD3, PID2DS, -, PLP2DS®; PIP3D3, P13
D3, DID3DS, ... DLDSDE. ..., PIDIDS3: .5 DIDS2 D3, PIDY2DS ... DYDY PSS
s PP P DEpops, DEDaD3, ..., PEDaDSE; DEDEDS, PEDPS DS, .., PEDIDS3; .. DY
P32 D3, PEPSZ DS, DIDS2 DS35 ., DY PaD3, P PoD3, - P P2DS?; P D3 Py P!
P53, D P3 D3R . Y P2 D, Dy DY D3, ..., DL Dy2 PSP DL Do Dy, PLP2DY - P
DoDYY; DIDS D4, PLDSD: s PIDIDY - PIDS2 Dys PIDS2 D3 - PIDSZ DY DYDY,
PLDoDY s DYDY DY DI DY, DEDS DY s DLDEIDYY - DL DS2 Dy PLDY2 DY seees
PEPSEpSt, ... DIt Papy, DY P2DY . P oDyt DY D3 Py, DY DS DS .. YL P DS

2 2 2 2 2 2 2
< DY PS2 Pas DI PG P4 s s DL Py2 Py P1D3D4, PLP3D, s+ PLP3PS ; PLP3 P4, P1P3

2 2 2 2 2 2 2 2 2
Disees PLP3DYY; s PLPS® Py DI DS PYs - DL P92 Py DL P3Py, PL D3P, ---» PLP3PY Y
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PIDADS, PYDADY, .. PLDS? Pas PYDS DY, DEDS DL .. DY P3P, YL DDE -,
P psp$*; P p3 g, D DEDE, s D PEDSY s D P Dy, DY DS DS, DI PSS DY
DoD3D4s DoP3Dys- s PaD3DGY; PaDI Dy, DaDADY, s PaDIDSY; s DoDS Dy, PIDSE DY,
> D3PS DY§*; P3D3P4, D3D3DL, - P3PS s P3PS Pa> PID3PA, - PADIDG .5 DY
P34, PEDSB DY s DIDSI DY ., DY2 D3Py, DS2D3DY, - s D2 D3DYY; D2 D3 DY, DY?
PEDE, ... D2 DEDSs s PY2 DS Dy, DS2DSB DS, s D2 DS DG s PLDoD3DAs PLPIDSDS
., PLP2P3D4Y; PLD3 D3Py, PLP3P3PY -, PLP3P3PYY s .. PIDS2 P3Da, PLPS2 P3P -
PIPS2P3PS*; PLP2D3P 4, PLP2DADY, - PLP2D3PY": PLDS D3Py, PLDSDS D -, PLPS DS
PS5 DIDSDE Dy, PIDS2 DD, . s PLDS2 DDA .., PLD2DS3 Dys PLD2DSS Py s - PLD?
PSDY%; PIDIPSP DY, . PIDS PSP DYt P12 PSP Dy, PIDS? P DY, ... DIDS2 DS PGt ..
P paD3Dy, DL DaD3DY, ., DY Dap3pss P D3 D3P, P D3PS, -, DL DEDIDYYS .
P D2 P3Dy, DY P2 P3P -, P DS2 D3 D PaD3 Py DI D2DI DS, -, DI D2DE DY
P P3P3ps. P PIDIDY, . DY PIDIDS s i DY DS DS Py P DS PADY. - DY DS DEDGY .
P popsEpy, DY DaDS DF .., DY Do D54 ; D PSS 4 D DEDSE DY, D D3PS D4
s D32 P33 py, P DS PSP D3, ..., DL DS2 pYB YA .

The number of vertices of v,, is [(a; +1)-(ag +1)-(az +1)-(ay +1)-1].

Let us consider the set of vertices D = {p, pf,...,pfl;p2, p%, e pg2;

P3, pg,... , pgS ; D4 pz, e pZ“ } is an annihilator dominating set of v,,.

Now we have to prove that D is an annihilator dominating set.

For any vertex in V - D is of the form pi'pg, pi!psp, pilps PPy
where 1 < {ij, ig, i3, iy} < ay.

These vertices are adjacent with pq, pg, ps, p4 in D then D is a

dominating set.

Moreover, if u;, vy, w; are any three vertices in V — D then uq, vy, wg
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are of the form
w = pllp2 (or) pilp2p (or) pllp2 plpit
vy = plipg (or) piippl (ov) pitpik ppit
w, = pfipk2 (or) pf1p§2p§3 (or) pflpg”zp?pf“,
where 1 < {i, ig, i3, iy, fis fo, f3, f4> k1, R, k3, By} < .
But u;, v; and w; are not adjacent in the induced sub graph (V — D).
Since (pilpéz, p{lij = p{’lpg2 where by, by > 1
(pipf2, pliplkz) = pPiplt where b, by > 1
(pip2, phiplz) = pbip? where bf, by > 1
(or)
(P p2p, plpR2pld) = P p2 p$ where ¢, ¢q, ¢ > 1
(p{' P2 pf, p{'P5?p5® ) = pii P’ by’ where of, ¢, ¢4 > 1
(p1p2p, plipkepksy = pfip&t p& where ¢f, ¢4, c§ > 1 (or)
(Pl pi2 pls pi4, pl pf2p plt) = p™ p2 p pdt where dy, dy, ds, dy > 1
(p{' p2pfipit, pliph2ple pka) = pdi pde pdi pdt where df, dy, dj, dj > 1
(P p2pBpia, pflp?pg?’pff“) = p{ifpgépgig”pf‘”‘ where dj, d3, d3, dj > 1.

Thus D is an annihilator dominating set. Further, it is an annihilator

dominating set of minimal cardinality.

For, if we remove any vertex v, in D, then v, is of the form pil (or) péz

(or) P (or) pt where 1 < {iy, iy, ig, iy} < ay.
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If v, is of the form p{l, for 1 <7 <a; then v, is adjacent with
2 ay . 2 as. 2 a4 .
D102, p1p25""p1p2 s P1P3» p1p3,---,p1p3 s P1P4> P45 ---» p1p4 ; P1P2DP3,
2 2 2 2 2 2
P1P2s D3, --.» P1P2D3°; PLP3D3, PIP3D3, .- P1P3P3"; -.. PLP92 D3, -y D1
2 2 2. 2 2
P32 DP3%; P1PaP4, P1P2PY, ---» P1P2Py*; P1P3Py> P1P3PY, ---» P1P3Py Y
as ay 2 ag _aq . . 2 ay .
<oy P1P9" Dy P1P9" P45 -5 P1P9" Py 5 ---5 P1P3P4> P1P3P45 --->» P1P3P4 5 P1
2 2. 2 2 2
P3Py, PIP5PY, --.» PLP3DyY; PIPS> Py, P1D3 DY, ---» P1P3°PyY; .5 P1P32 Pys
ag 2 as _aq. 2 aq . 2
P1Ps" P45 ---5 P1Pg Py 5 P1P2P3P4, P1P2P3P4,---, P1P2P3P, " 5 P1P2P3P4> P1
2 2 2 2
DP3D3D%, ---» PLP3P3DyY; .5 P1Dy> P3Py, P1Py2P3D4s ---» P1Py2 P30y
2 2 2 2 2.2 2.2 2 2.2
P1P2P3 Py, P1P2P3P45 - plpngpff‘*; DP1P2P3P4, P1P2P3P45 ---> P1P2DP3
2 2 2 2
Pyt .; PLD92 D3Py, P1P9>D3DY, - P1P92P3PYY, ..., P1P2P3° Py, P1D2
2 2 2 2 2
P32 D4s .., PIP2PS D4%; P1PSDS® Pys PLPIPS° DY, -, PIPIPS Dets o5 D1

2 )
P32P3° Py, P1P92P3° Py, > P1Dg2Pg>Py*; and soonin (V —{D v, }).

On the other hand, if v, is of the form p;‘? for 1 < iy < ag, then v, is
adi ith 2 as . 2 a4,
jacent wit PaPs, PaP3,...s PaP3° s PaP4as PaPLs - PaPy" ;s P1P2P3, P1P2
2 2 2 2 2 2
P35, ..., P1P2D5’; PiP2P3, PiP2P3: ---» PiP2P3’; Py P2aP3, Py PaD3, ..., Py
2 2 2 2 2
P2D5’; P1DaPy, P1P2P4s ---» P1P2P4 ;s PiDaP4, PiP2P%, ---» PiDPaDy*; DIt
a 2 a ay . 2 a4 . 2 2
PoPy4, Py P2Pygs ---5 Py P2Py 5 P2P3P4, P2P3P4;5 ---> PaP3Py 5 P2P3P4, P2P3
2 2 2
P, ..., PaD3D4%; ...; PaDs® Py, DaPs° PaDs’ Py, ., PaDs>DPy*; P1P2D3P4s P1
2 . 2 2_2 2 .
P2P3P4;- .- PLD2DP3P4  ; PLD2D3 P4, PLP2D3 P -, PLD2P3 Py ; P1P2PS> Py, D1
P2PS3 DY, <o PLD2PSIPYY; 1 Dap3Dy, P P2D3DY .- P P2P3DYY; P P2D3 Py,
2. 2 2 2
P PapiPY, .., Py P2p3Dyt; PI Peps® Py, Py P2Ps D, -5 Py PaDs’ Py
and soonin (V - {D - v,}).

Also if v, is of the form pé?’ for 1 < i3 < a3, then v, is adjacent with
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2 Qa 2 a 2 ay . 2
p1p3,p1p3,...,pl1p3,p2p3,p2p3,...,p22p3,p3p4,p3p4,...,p3p44,p1p2p3,p1p2
2 2. 2 2 2
D3, P1P3>P3; Di PaP3, PLP3P3s ---» Pi Dy’ D3; Py PaD3, Py PaDP3s -, Py Dy D3;
2 aq. 2 2 2 2 as. Q a 2
D1D3D4> P1P3PYs ---» P1P3P4*; DI P3Py, DL P3PYs ---» P P3P, P P3Py, Py ' P3Py,
2 2 2 2 2
..» DY P3DyY; D2P3D4s P2D3PY, ---» P2D3Py s D3D3P4, P3DP3P4, ---» P3P3Py s
as ag 2 ag a4 . 2 . 2
Do P3Py, Po”P3P4s ---s Po” P3Py 5 P1P2P3P4> P1P2P3P45---> P1P2P3; P1P2P3P4,
PIDSD3DY, .., PLPSP3PSY; -5 PIDS2 P3Py, PIPS>P3Psx ... P12 P3Ps; P paps
P4, P P2DsDs, <oy DI Dop3DGY; P PE P3Py D DEDIDY, .oy D DS DD s P
2 .
P32 P3Py, Py Pe2P3PY, -, DI Py p3p and soonin (V —{D —v,}).
Also if v, is of the form pff for 1 <iy < ay, then v, is adjacent with
2 a . 2 ag . 2. as . 2
p1p4’p1p4a"'ap1 p4’p2p47p2p47“'9p2 p4ap3p4ap3p4a""p3 p4’p1p2p49p1p2
2 2 2 2 2
P4s- s D1P92 P4 Pi DaP4s PiP3P4 - PiPy> P Py P2Pg> Py P3P s Py Do> Dy P1

2 2 2_2 2 2
P3D4:PIP3 D4 - PLD3° Pa; Di P3P4s PLP3 P4 -+ P D3 P3Py P3Dg, Dy D3Py s D1

2 2 2. 2 2 2
P3® D4 PaP3Ds> PaP3P4s - P2D3° Das P3P3P4s DID3D, -+ D2D3° Das Py P3Py
ag .2 ag a3 . . 2 ag . ag 2
P P3Py .- Po” Pg” Py P1P2P3P4, P1P2P3P4s ---» P1Po” P3P4;P1P2P3" P> P1P2
2 2
P3Py, P1D9> D5’ Py; Py PaD3Pys Py P3P3P4s - Py Py’ P3P4; Py PaP3 Py, Pi"

2. 2 2 2
P3DP3Dy, ..., DI Do2P3D4; Py P2Ps’ Dy, Py P3PS Py Py P32 Dy Py and so
onin (V—-{D-v,}).
Thus {D - v,} is not an annihilator dominating set.
So D is a minimal annihilator dominating set.

Therefore hence y,[v, 1 <|D| =4aq, if a1 = ay = ag = ay.

Construction of a graph whose annihilator domination number does
not exceed a given number 4n for n =1, 2, 3, ...,

With the help of the above theorem, we now construct a graph with the
given annihilator domination number.
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These constructions are quite useful in the applications of domination

theory in real life situations.

If we are required to construct a graph with a given annihilator
domination number '4n', we proceed as follows:

If 4n is the given annihilator domination number for n =1, 2, 3, ...,
choose m = pi', p5, p%, pi where p;, ps, p3, ps4 are four distinct primes.

By the above theorem, the graph V,, has a minimal annihilator

. . 2 2 2
dominating set D={py,pi,.... 01" ; P2, P5:-..» D3%; D3, D3, P3° P4,

PI...., py* } Which is of cardinality 4n.

Illustration

Let V,, be an arithmetic graph with m = p12 . p% . p% . pz. Choose any

four primes pq, pg, P3, P4 such that a; = ag = a3 = a4 = 2. The vertices of

V., are the divisors of m (except 1). The numbers are given for every vertex

from 1 to 80.
{1_p192_p2’3_p3’4_p4>5_p12;6_p§,7_p,?2,98_p2’9_p1p2>10_p1p3>

2 2 2
11-p1py,12-pop3,13—popy,14 - psps,15—pipe,16 —pip3,17-pip4,
18—p§p3,19—p§p4,20—p§p4,21—p1p§,22—p1p§,23—p1p§,24—p2p92,,

2 2 2_2 2_2 2_2 2_2 2_2
25-p9ps,26—p3pi, 27— pip3,28—pip3,29-pips,30-psp3,31-psp;g,
32 —p:?pf, 33— p1P2P3, 34— P1PoPy,35—pPapPsPy, 36— pspypr,37 —p12p2p3,

2 2 2 2 2 2

38— pi papy,39—papspy, 40— p3pyp1,41—p1P3p3, 42— p1Pa Py, 43— Pop3
44 2 2 2 2 2 2
P4, 44— p3pip1,45—p1pap3,46 — p1papy, 47— pap3py, 48— pP3papi 49— pi
P3ps, 50~ pYp3py,51- P33 Dy, 52— p3pipr, 53— pipaps, 54— pipepi,

2 2 2 2 2. 2 2.2 2.2 2

55— pyp3py,56— p3papi, 57— p1pP3P3,58— p1 P3Py, 59— pap3py,60— p3py
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pi.61-pipsp3,62- pipsps,63-p3pspt,64—p3p2 pt,65- p1P2D3Dy,
66 2 2 2 2 2. 2
— PiPoP3P4,067—p1Po P3Py, 68— p1PoP3P4,69— p1pepspy, 70— pipPsps
P4, 71-p2pop2py, 72— pEpopsps, 73— D1pE P3Py, T4~ p1 pEID3 DY, 75— D1 Do

2 2 222 2 2 2 2.2 2 2 2 2 2
P3p4, 76— pipap3py, 17— piPapspy, 18— p1Pap3py, 79— pi pap3py,80—pi

2 2 9
p2P3p4}-

There are 81 —1 = 80 vertices.

The graph of V,, with m = plz, p%, p%, pz; D = {p;, py, P3, P4, p12,
p%, p% , pz} which is the minimal annihilator dominating set of V,, with
cardinality 4 x2 = 8. By removing D from the vertex set V of V,,, the
induced sub graph ( V — D) is an independent graph with isolated vertices.
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9 11 21 33 44 57 71 24
< <@ <@ [ @ < <@ <@
10 15 22 34 45 58 72 25
@ @ @ @ @ @ @ @
16 17 23 36 46 60 73 30
<@ @ <@ <@ @ <@ @ <@
27 28 29 37 48 61 74 31
<@ @ @ <@ <@ <@ @ @
a8 40 41 42 49 62 75 35
@ @ @ <@ @ @ @ @
50 52 53 54 56 64 76 39
< @ @ @ (o] < @ @
65 66 67 68 69 70 77 43
<@ @ <@ @ @ <@ @ <@
78 79 80 12 13 18 19 a7
@ @ @ <@ @ @ @ @
51 55 59 63 14 20 26 3z
< @ @ @ (o] < @ @

Hence v,[V,, ]=8.

3. Conclusion

The implements of the number theory facilitate us to grow a simple
method of constructing a graph with a given cardinality of the annihilator
dominating set with astonishing ease. We can apply the concept of
Annihilator domination in various real-life situations. One application among
several applications of Annihilator domination set is Epidemiology: Vertices
represent individuals and directed edges the transfer of an infectious disease
from one individual to another. Analyzing such graphs has become an
important component in understanding and controlling the spread of

diseases.
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