
 

Advances and Applications in Mathematical Sciences 
Volume 19, Issue 8, June 2020, Pages 709-717 
© 2020 Mili Publications 

 

2010 Mathematics Subject Classification: 76. 

Keywords: contractions; fixed points; metric space; b-metric space; extended b-metric space. 

Received November 2, 2019, Accepted November 22, 2019 

VARIOUS CONTRACTIONS IN EXTENDED B-METRIC 

SPACE 

KANIKA RANA and ARUN KUMAR GARG 

Department of Mathematics 

Chandigarh University 

Gharuan (Punjab) 140413, India 

E-mail: kanika.e7871@cumail.in 

gargarun1956@gmail.com 

Abstract 

T. Kamran et al. introduced the concept of extended b-metric space in 2017. He proved 

Banach contraction principal in extended b-metric space. Main goal of this research is to show 

the existence and uniqueness of Rus contraction and Pachpatte contraction in extended b-metric 

space. Our result extends many existing results in fixed point theory. 

1. Introduction 

Fixed point theory is a well-known subject in the field of mathematics, 

which is quite helpful to study the existence if fixed point   ,xxf   the 

knowledge of fixed point plays a significant role in many fields such as 

engineering, Computer applications and Biology. Beside this, the study of 

fixed point is also helpful to resolve some physical problems related to this 

world. This concept is also used to find the solution of differential equations 

and to study the properties of 2-D and 3-D using topological behavior of the 

objects. One of the most powerful tool in this field is Banach contraction 

theorem “Let T be a mapping from a complete metric space  dX ,  into itself 

satisfying;    yxdTyTxd ,,  ” which was introduced by Banach in 1922 

[1]. After that many authors have extended this result in different metric 

spaces by using different contractions and mappings [2-11]. one of the 

generalization of metric space is known as b-metric space which was 
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introduced by Bakhtin [12],  he generalizes Banach contraction principle and 

proved some existing fixed point theorems using different contraction 

conditions in b-metric space. Later, Czerwik [13] extended the work in b-

metric space. After that several research have been done to prove the 

existence of fixed point in b-metric space [14-21]. Recently, Kamran et. al. 

[22] introduced the notion of extended b-metric space which is the 

generalization of b-metric space. 

2. Preliminaries 

Following are some useful definitions in extended b-metric space. 

Definition 2.1[23]. Let A be a non-empty set. A metric space A is a 

mapping RAAd :  which satisfies the following properties, for all 

Ayx ,  

(M1)   0, xxd  

(M2)   yxyxd  0,  

(M3)    xydyxd ,,   

(M4)      .,,, zydyxdzxd   

Then  dA,  is called metric space. 

Definition 2.2 [24]. Let f is a self-map on metric point A then f is said to 

be contraction mapping if,       yxdyfxfd ,,   for all ., Ayx   

Remark 1. If f is contraction on A, then it is continuous on A. 

Definition 2.3 [25]. Let A be a non-empty set and let 1s  be a given 

real number. A function   ,0: AAd  is called b-metric space if for all 

,,, Azyx   following conditions satisfied: 

(M1)   0, yxd  if and only if ;yx   

(M2)    xydyxd ,,   

(M3)       .,,, zydyxdszxd   

The pair  dA,  is called a b-metric space. 

Note that every metric space is a b-metric space if .1s  
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Definition 2.4 [22]. Let A be a non-empty set and   ,1: XX  be 

a mapping. We define the extended b-metric to the function 

  ,0: XXd  that satisfies the following conditions 

(M1)   0,  yxd  if and only if ;yx   

(M2)    xydyxd ,,    

(M3)         .,,,, zydyxdzxzxd    

The space  dA,  is called an extended b-metric space. 

Note that every b-metric space is an extended b-metric space by taking 

  1,  szx  to be a constant function. 

Definition 2.5 [22]. Let  dA,  be an extended b-metric space. A 

sequence  nx  in A is said to be convergent to Ax   if 

  0,lim  xxd nn  for .Nn   

Definition 2.6 [22]. Let  dA,  be an extended b-metric space. A 

sequence  nx  in A is said to be a Cauchy sequence, if 

  ,0,lim  mnn xxd  for all ., Nmn   

Definition 2.7 [22]. extended b-metric space  dA,  is said to be 

complete if every Cauchy sequence in A is convergent. 

3. Main Result 

In this section, we extend our result in extended b-metric space and show 

the existence and uniqueness of some well-known theorems known as Rus 

contraction theorem [26] and Pachpatte contraction theorem [27]. 

Theorem 3.1 [Rus contraction]. Let  dA,  be an extended b-metric 

space and XXM :  is a self map satisfying the following condition 

             MxydMyxdMyydMxxdyxdMyMxd ,,,,,,    (1) 

Ayx  ,  and ,0,,   if ,122   then fixed point in A and if  

12   then M has a unique fixed point in A. 
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Proof. Let  nx  be a sequence in A defined as ,0 Ax   and consider the 

iterate ,1 nn xMx  if for some n. 

,nn xMx   then nx  is a fixed point. Let ,nn xMx   then using the 

condition (1), we have  

   1021 ,, MxMxdxxd    

           0110110010 ,,,,, MxxdMxxdMxxdMxxdxxd   

             112021101021 ,,,,,, xxdxxdxxdxxdxxdxxd    

             211021101021 ,,,,,, xxdxxdxxdxxdxxdxxd    

       1021 ,,1 xxdxxd    

 
 
 

 1021 ,
1

, xxdxxd  


  

   ,,, 1021 xxdxxd    

where 1  as .1222   Proceeding in the similar manner, we have 

     10
2

2132 ,,, xxdxxdxxd    

       23
3

12
2

11 ,,,,   nnnnnnnn xxdxxdxxdxxd  

 ., 10 xxdn
  

Now applying the triangular inequality, we conclude 

          32211 ,,,, nnnnnnmnn xxdxxdxxdxxd  

 mnmn xxd  ,1  

     10
121 ,, xxdxxd mnnnn

mnn 


    

   .,
1

, 10 xxdxxd
n

mnn  


  

Since, ,10   therefore   



 0,

1
lim 10 xxd

n

n  sequence 
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 nx  is Cauchy sequence in   dA,  there exist a limit point c of m, we 

have 

    ccxxMcM nnnn   1limlim  is a fixed point for M. 

Now we are to prove that c is unique. If possible consider cc ,  are two 

fixed points. Then from (1) we have 

          cMcdMccdccdcMMcdccd   ,,,,,  

    MccdcMcd ,,    

             ccdccdccdccdccdccd ,,,,,,    

        ccdccdccdccd ,,,,    

     ccdccdccd   ,2,,  

     ccdccd   ,2,  

   ccdccd   ,,  since   ccc  12  is unique. 

Theorem 3.2 [Pachpatte contraction]. Let  dA,  be a complete digital 

metric space and map XXM :  is a self map satisfying the following 

condition 

   
   

 

   

 











 ,

,

,,
,

,

,,
,,max,

yxd

MyydMxxd

yxd

MyydMxxd
yxdqMyMxd  

   

 










yxd

MyxdMxxd

,2

,,
 (2) 

for all yxAyx  ,,  and  .1,0q  Then for each  xMAx n,  converges 

to the unique fixed point of M. 

Proof. Let  nx  be a sequence in A defined as ,0 Ax   and consider the 

iterate ,1 nn xMx  if for some n. ,nn xMx   then nx  is a fixed point. Let 

,nn xMx   then using the condition (2), we have 

   1021 ,, MxMxdxxd    
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  
   

 

   

 
,

,

,,
,

,

,,
,,

10

0110

10

1100
10 xxd

MxxdMxxd

xxd

MxxdMxxd
xxdMax








  

   

 


10

1100

,2

,,

xxd

MxxdMxxd



  

   1021 ,, MxxMdxxd    

  
   

 

   

 
,

,

,,
,

,

,,
,,

10

1120

10

2110
10 xxd

xxdxxd

xxd

xxdxxd
xxdMax








  

   

 


10

2110

,2

,,

xxd

xxdxxd



  

        
 

 


10

21
21101021 ,

,
,0,,,,,,

xxd

xxd
xxdxxdMaxMxxMdxxd




   

     101021 ,,, xxdMxxMdxxd    

     .,,, 10
2

2132 xxdxxdxxd    

Proceeding in the similar manner, we have  

       23
3

12
2

1 ,,,,   nnnnnnmnn xxdxxdxxdxxd  

 ., 10 xxdn
  

Now applying the triangular inequality, we conclude 

          32211 ,,,, nnnnnnmnn xxdxxdxxdxxd  

 mnmn xxd  ,1  

     10
121 ,, xxdxxd mnnnn

mnn 


    

   .,
1

, 10 xxdxxd
n

mnn  


  

Since, ,10   therefore   



 0,

1
lim 10 xxd

n

n  sequence  nx  

is Cauchy sequence in   dA,  there exist a limit point c of M, we have 

    ccxxMcM nnnn   1limlim  is a fixed point for M. 
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Now we are to prove that c is unique. If possible, consider cc ,  are two 

fixed points. Then from (2) we have 

    cMMcdccd   ,,  

  
   

 

   

 ccd

MccdMccd

ccd

cMcdMccd
ccd

















 ,

,,
,

,

,,
,max  

   

 


ccd

cMcdMccd









,2

,,
 

    
   

 

   

 

   

 


ccd

ccdccd

ccd

ccdccd

ccd

ccdccd
ccdccd

























 ,2

,,

,

,,
,

,

,,
,max,  

       0,,,0,,max, ccdccdccd    

   ccdccd   ,,  

   ccdccd   ,,  since ccc  1  is unique. 

3. Conclusion 

In the above sections, we  revised the general background of b-metric and 

extended b-metric space prove some well-known results in extended b-metric 

space such as Rus contraction and Pachpatte contraction. We hope that our 

results are helpful to do more research in this field and to prove the 

uniqueness of fixed point using different contraction conditions. 
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