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Abstract

T. Kamran et al. introduced the concept of extended b-metric space in 2017. He proved
Banach contraction principal in extended b-metric space. Main goal of this research is to show
the existence and uniqueness of Rus contraction and Pachpatte contraction in extended b-metric
space. Our result extends many existing results in fixed point theory.

1. Introduction

Fixed point theory is a well-known subject in the field of mathematics,

which is quite helpful to study the existence if fixed point f(x) = x, the

knowledge of fixed point plays a significant role in many fields such as
engineering, Computer applications and Biology. Beside this, the study of
fixed point is also helpful to resolve some physical problems related to this
world. This concept is also used to find the solution of differential equations
and to study the properties of 2-D and 3-D using topological behavior of the
objects. One of the most powerful tool in this field is Banach contraction

theorem “Let T be a mapping from a complete metric space (X, d) into itself
satisfying; d(Tx, Ty) < ad(x, ¥)” which was introduced by Banach in 1922

[1]. After that many authors have extended this result in different metric
spaces by using different contractions and mappings [2-11]. one of the

generalization of metric space is known as b-metric space which was
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introduced by Bakhtin [12], he generalizes Banach contraction principle and
proved some existing fixed point theorems using different contraction
conditions in b-metric space. Later, Czerwik [13] extended the work in b-
metric space. After that several research have been done to prove the
existence of fixed point in b-metric space [14-21]. Recently, Kamran et. al.
[22] introduced the notion of extended b-metric space which is the

generalization of b-metric space.

2. Preliminaries

Following are some useful definitions in extended b-metric space.

Definition 2.1[23]. Let A be a non-empty set. A metric space A is a
mapping d : Ax A - R which satisfies the following properties, for all
x,ye A

(M1) d(x, x) = 0

M2) d(x, y) =0 => x = y

(M3) d(x, y) = d(y, x)

(M4) d(x, z) < d(x, y)+ d(y, 2).
Then (A, d) is called metric space.

Definition 2.2 [24]. Let f is a self-map on metric point A then fis said to
be contraction mapping if, d(f(x), f(y)) < yd(x, y) for all x, y € A.

Remark 1. If f is contraction on A, then it is continuous on A.

Definition 2.3 [25]. Let A be a non-empty set and let s > 1 be a given

real number. A function d : A x A — [0, ») is called b-metric space if for all

x, vy, z € A, following conditions satisfied:
(M1) d(x, y) = 0 if and only if x = y;
M2) d(x, y) = d(y, x)
(M3) d(x, z) < s[d(x, ¥)+ d(y, 2)].
The pair (A, d) is called a b-metric space.
Note that every metric space is a b-metric space if s = 1.
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Definition 2.4 [22]. Let A be a non-empty set and 0 : X x X — [1, o] be

a mapping. We define the extended b-metric to the function
dg : X x X — [0, o] that satisfies the following conditions

(M1) dg(x, y) = 0 if and only if x = y;
(MZ) de(x, y) = de(y, x)
(M3) dg(x, 2) < 6(x, 2)[dg(x, ¥) + dg(y, 2)]-

The space (A, dy) is called an extended b-metric space.

Note that every b-metric space is an extended b-metric space by taking

0(x, z) = s > 1 to be a constant function.

Definition 2.5 [22]. Let (A, dg) be an extended b-metric space. A
sequence {x,} in A is said to be convergent to xe A if

lim,, ., dg(x,, x) =0 for n € N.

Definition 2.6 [22]. Let (A, dy) be an extended b-metric space. A
sequence {x,} in A is said to be a Cauchy sequence, if

lim,,_,, dg(x,, x,,) = 0, forall n, m € N.

Definition 2.7 [22]. extended b-metric space (A, dy) is said to be

complete if every Cauchy sequence in A is convergent.
3. Main Result

In this section, we extend our result in extended b-metric space and show
the existence and uniqueness of some well-known theorems known as Rus

contraction theorem [26] and Pachpatte contraction theorem [27].

Theorem 3.1 [Rus contraction]. Let (A, dg) be an extended b-metric

space and M : X — X is a self map satisfying the following condition
de(an My) < O('d(x’ y)+ B[d('x7 MX)+ de(y’ My)]+ Y[de(x7 My)+ de(ya Mx)] (1)

Vx,yeA and o,B,y>0, if a+2B+2y<1, then fixed point in A and if
o+ 2y =1 then M has a unique fixed point in A.
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Proof. Let {x,} be a sequence in A defined as x; € A, and consider the

iterate Mx,, =x, 1, if for some n.

Mx,, =x,, then x, is a fixed point. Let Mx, #x,, then using the

condition (1), we have
do(x1, x9) = do(Mxqy, Mxq)
<ad(xg,xq)+Bld(xg, Mxg)+d(xy, Mxy)]+y[d(xq, Mxq)+d(x;, Mxg)]
dg (1, x2) < ady(xo, x1) +Bldg (o, %)+ d(xy, x2)]+v[dg (x0, x2) + dp (a1, x1)]
dg(x1, x2) < audg(xo, x1) +Bldg (x0, x1) + dp (x1, x9)]+v[d (x0, 21 )+ dg (x1, x2)]
(L-B=v)dg(x1, x9) < (o +P+7)dg(x0, 1)

de(xl,xz)ﬁwde(xmxl)

dg(x1, %) < 8dg (0, x1),
where 6 <1 as a+2B+2y+2y <1. Proceeding in the similar manner, we have
do (%2, x3) < 8dy (%1, x5) < 5 dy (g, x1)
= do(xy, Xp41) < 8dg (-1, %) < 8 do (g, %y1) < 87l (03, %p2)..
< 8"dy(xq, x1 ).

Now applying the triangular inequality, we conclude

do (X, Xpam ) < dg(Xpy, Xp41) + do (X415 Xpy) + o (X195 Xpig) + ...
+do(Xpem—1> Xnam)

do(xys Xpam) < (8" + 8" 48" 2 4 4 8" ) (xg, x1)
6n
de(xn’ xn+m) < mde(xm xl)‘

n
Since, 0 <38 <1, therefore lim, . 18—8d9(x0, x1) > 0 = sequence
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{x,} is Cauchy sequence in (A, dy) = there exist a limit point ¢ of m, we
have

M(c) = lim,,_,,, M(x,) =lim,_,, x,,; = ¢ = c is a fixed point for M.

Now we are to prove that c is unique. If possible consider ¢, ¢’ are two

fixed points. Then from (1) we have
dg(c, ¢') = do(Me, Mc') < ady(c, ¢')+ B[dg(c, Mc)+dy(c', Mc')]
+y[dg(c, Mc")+dy(c', Mc)]
dg(c, ') < ady(c, ¢')+Bldg(c, )+ dg(c’, )]+ yldy(c, ¢') + dg(c', €)]
dg(c, ¢') < ady(c, ¢) + y[dg(c, ¢') + dy(c’, c)]
dgl(c, ¢') < adyle, ¢') + 2vdy(c, ')
dg(c, ¢') < (o + 2y)dy(c, ')
dg(c, ¢') < dg(c, ') since (a +2y) =1 = ¢ = ¢’ = ¢ is unique.

Theorem 3.2 [Pachpatte contraction]. Let (A, dy) be a complete digital
metric space and map M : X — X is a self map satisfying the following

condition

do(x, Mx)d(y, My) dg(x, Mx)d(y, My)
de(x’ y) ’ de(x7 y)

b

do(Mx, My) < ¢ max {de(x, ¥),

dg(x, Mx)dgy(x, My)

(&)
2dy(x, )

forall x, ye A, x # y and q € (0, 1). Then for each x € A, {M"x} converges
to the unique fixed point of M.

Proof. Let {x,} be a sequence in A defined as x; € A, and consider the

iterate Mx, = x,,;, if for some n. Mx, = x,,, then x,, is a fixed point. Let

Mx, # x,, then using the condition (2), we have

dy(xq, x9) = do(Mxg, Mxy)
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do(xo, Mxo)dp(x1, Mxy) do(xg, Mx;)dy(x1, Mxp)
dy(xo, x1) ’ dg (o, x1)

’

< aMax {dg(xg, x1),

do(xg, Mxg)dp(x1, Mxl)}
2dy(xg, x1)

dy(x1, x9) = do(Mxg, Mxy)

do(xo, x1)d(x1, x9) dylxg, x9)d(x;, %)
dy(xg, x1) ’ dg(xq, x7)

< aMax {dg(xq, x7),

’

do(xg, x1)dg(x1, x3)
2dy(x0, x1)

do(x1, x9)
de(xO’ xl)

dy(x1, xg) = dg(Mxg, Mx;) < aMax {dy(xo, x1), dg(x1, x2), O,
do(x1, x2) = dg(Mxg, Mxy) < adg(xg, x1)
do(xg, x3) < adg(x1, x5) < ady(xg, x1).
Proceeding in the similar manner, we have

= do(xn, Xpim) < adg(¥y_1, 8,) < a’dg(xp_2, %51) < 0 dg(x_3, *p_2)

< odg(xg, x1)-
Now applying the triangular inequality, we conclude
do(Xns Xpim) < do(n, Xp41) + do(Xp41, Xnio) + do(Xni2, Xpys) +
+do (Xpsm-1> Tnim)

do(Xp, Xpam) < (@ + a1+ a™2 4 4+ o™ Ndy(xg, 1)

ol
d@(xn’ xn+m) S 1-a de(x07 xl)-

n
Since, 0 < a <1, therefore lim,_,, ;x—ade(xo, x1) > 0 = sequence {x,}
is Cauchy sequence in (A, dy) = there exist a limit point ¢ of M, we have

M(c) = lim,,_,,, M(x,) = lim,,_,,, x,,; = ¢ = c is a fixed point for M.
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Now we are to prove that c¢ is unique. If possible, consider ¢, ¢’ are two
fixed points. Then from (2) we have
dg(c, ¢') = (dg(Me, Mc'))

dy(c, Mc)dgy(c', Mc') dg(c, Mc)dg(c', Mc)
d9(07 C’) ’ de (C’ C,)

< amax {dy(c, ¢')

dg(c, Mc)dy(c, Mc')}
2dg(c, c')

dg(c, c)dg(c, ¢')  dylc, c')dg(c, ¢) dg(c, c)dg(c', c’)}
dg(c, ¢') ’ dy(c, ') 2dg(c, ¢’)

dg(c, ¢') < amax {dy(c, ¢’)

dg(c, ¢') < amax {dy(c, '), 0, dy(c, ¢'), 0}
dgl(c, ¢') < adyle, ')

dg(c, ¢') < dg(c, ') since o <1 = ¢ = ¢ = ¢ is unique.
3. Conclusion

In the above sections, we revised the general background of b-metric and
extended b-metric space prove some well-known results in extended b-metric
space such as Rus contraction and Pachpatte contraction. We hope that our
results are helpful to do more research in this field and to prove the

uniqueness of fixed point using different contraction conditions.
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