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Abstract

Let R be a ring and a be the endomorphism of R. In this paper, we introduce the notions of

generalized reverse (o, 1)* -derivation and symmetric generalized reverse (a, 1)" -biderivation.
It is to show that if a semiprime ring admits a generalized reverse (a, 1)* -derivation with an
associated reverse (o, 1)* -derivation d, then d maps R into Z(R) and also to show that if a non-
commutative prime ring admits a generalized reverse (a, 1)* -derivation F with an associated
reverse (a, 1)* -derivation d, then F is right o” -multiplier on R. Analogous results have been

proved for symmetric generalized reverse (a, 1)* -biderivation.
1. Introduction

In [1] Bresar and Vukman proved that if a prime *-ring R admits a
*-derivation (resp. Reverse *-derivation) d, then either R is commutative or

d = 0. Ashraf Ali in [11] extended the above mentioned results for semiprime

*.rings in the setting of (o, ) -derivations. Shakir Ali [12] proved that if a
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semiprime *-ring admits a generalized *-derivation (resp. generalized reverse
#-derivation) F, then F maps R into Z(R). Jaya Subba Reddy in [5] first

introduced the concept of (a, 1)-reverse derivations in rings and Generalized
reverse (o, 1)-derivations in rings [4]. He extended some results on
Generalized (o, 1)-reverse derivations in #-prime rings [5], generalized
biderivations [6] and Symmetric reverse (o, 1)-biderivations in rings [7]. The

concept of symmetric biderivations was introduced by Maksa [8, 9]. In [12]
the notion of symmetric generalized #-biderivation and symmetric
generalized reverse *-biderivation were defined. Recently, Ashraf Ali in [10]

the notion of symmetric generalized reverse (o, p)* -derivation on the *-ring
R, o -multiplier and o"-bimultiplier were defined. The previous work on

biderivation motivates us to define symmetric generalized reverse (o, 1)" -
biderivation on the *-ring R. The aim of this paper is to introduce the concept

. * . . . . .
of generalized reverse (a, 1) -biderivation and symmetric generalized reverse

(o, 1) -biderivation, then obtain some results concerning commutativity of

rings.
2. Preliminaries

Throughout this paper, R will represent an associative ring with

center Z. A ring R is said to be prime if xRy = 0 implies that either
x=0 or y =0 and semiprime if xRx =0 implies that x = 0, where
x, y, € R. The commutator [x, y] = xy — yx. Basic commutator identities
[xy, z] = x[y, 2] + [x, z]y and [x, yz] = [x, y]z + y[x, z] An additive mapping
x — x* satisfying (xy)" = y"x" and (x*)" = x for all x, y € R, is called an

involution on R. A ring R equipped with an involution is called *-ring or

ring with involution. An additive mapping F : R > R 1is called a left
o -multiplier (resp. right o"-multiplier) if F(xy)= F(x)a(y") (resp.
F(xy) = F(x)o(x™), holds for all x, y € R. An additive mapping d : R - R
is said to be a reverse derivation on R if d d(xy) = d(y)x + yd(x). An additive

mapping F : R — R is called a generalized reverse derivation if there exists

Advances and Applications in Mathematical Sciences, Volume 23, Issue 4, February 2024



SYMMETRIC GENERALIZED REVERSE (a, 1)"-BIDERIVATIONS ... 333

a derivation d such that F(xy) = F(y)x + yd(x) holds for all x, y € R. Let R

be a semiprime ring and suppose o be the endomorphism of R. Following [7],

an additive mapping F : R — R is called a generalized reverse (a, 1)-
derivation if there exists a reverse (a,1)-derivation such that
F(xy) = F(y)o + yd(x) holds for all x,y e R. Thus, the concept of
generalized reverse (o, 1)-derivation covers the concepts of (a, 1)-reverse
derivation. Moreover, generalized reverse (o, 1)-derivation with d = 0 covers

the concept of reverse left o-multiplier. Now we extend the concepts of

generalized reverse derivation in the following way: An additive mapping
d: R - R is called reverse (o, 1)" -derivation if d(xy) = d(x)a(x") + yxd(x)

holds for all x, y € R, where R is a ring with involution. An additive
mapping F : R > R is called a generalized reverse (a,1)"-derivation if

there exists a derivation d such that F(xy) = F(x)o(x") + yd(x) holds for all
x, y € R. A symmetric biadditive mapping B : Rx R — R is said to be a
symmetric reverse biderivation on R if B(xy, z) = yB(x, z) + B(y, z)x holds
for all x, v, z € R. A symmetric biadditive mapping B : Rx R — R is said
to be a symmetric reverse (a, 1)-biderivation on R if B(xy, z) = B(y, z)o(x)
+yB(x, z) holds for all x,y,ze R. A symmetric biadditive mapping
G : Rx R — R is said to be a symmetric generalized reverse biderivation B
on R if G(xy, z) = G(y, z2) + yB(x, z), for all x,y, ze R. A symmetric
biadditive mapping G : Rx R — R is said to be a symmetric generalized

reverse (o, 1)-biderivation on R if there exists a symmetric reverse (o, 1)-
biderivation B on R such that G(xy, z) = G(y, z) + yB(x, z), for all

x, vy, 2z € R. The previous work on reverse biderivations motivates us to
define symmetric generalized reverse (o, 1)"-biderivation on the ring R.
Reverse (o, 1)" biderivation on R if there exists a symmetric reverse (a, 1)" -

biderivation B on R such that G(xy, z) = G(y, 2)a(x”) + yB(x, z), for all
x, v,z € R.
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3. Main Results

Theorem 3.1. Let R be a semiprime *-ring and o. be the endomorphism of

R . If F:R—> R is a generalized reverse (o, 1) -derivation with an
associated reverse (a, 1)* -derivation d, then d maps R into Z(R).
Proof. Given that F(xy) = F(x)a(x") + yd(x), for all x, y € R.

Consider F(xyz) = F((xy)z)

= F(2)a(y"x") + zd(y)o(x") + zyd(x), for x, y, z € R. (3.1)
On the other hand, F(xyz) = F(x(yz))
= F(z)a(y*x") + zd(y)a(x") + yzd(x), for all x, y, z € R. (3.2)
Comparing the equations (3.1) and (3.2), we obtain
[y, z]d(x) = 0, forall x, y, z € R. (3.3)

Replacing y by d(x)y in the equation (3.3) and using equation (3.3), we
get

[d(x), z]yd(x) = 0, for all x, y, z € R. (3.4)

Substituting y by yz in (3.4), we have [d(x), z]yzd(x) = 0, for all
x,y,ze R. (3.5)

Now right multiplying equation (3.3) by 2z we obtain that
[d(x), z]yd(x)z = 0. (3.6)

Comparing (3.5) and (3.6), we get [d(x), z]y[d(x), 2] =0 and hence
[d(x), z]R[R(x), z] = 0, for all x, y, z € R.

By the semiprimeness of R, we have [d(x), z] = 0, for all x, y € R.
Hence, we conclude that d maps R into Z(R).

Theorem 3.2. Let R be a non-commutative prime *-ring and o be the

endomorphism of R. If F : R — R is a generalized reverse (o, 1) -derivation
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with an associated reverse (a, 1) - derivation d, then F is right o -multiplier
on R.

Proof. From equation (3.3) we can directly have [y, z]d(x) = 0, for all
x, y,z¢e R

Replacing y by ry, we get [r, z]yd(x) = 0, for all x, y, z, r € R.
That is, [r, z]JRd(x) = 0, for all x, z, r € R.

The primeness of R forces that either d(x) =0 or [r, z] =0, for all

x,z, r € R.

Since R is non-commutative ring, we conclude that d(x) =0, for all

x € R.

Hence Fis left reverse o -multiplier on R.

Theorem 3.3. Let R be a semiprime *-ring and o. be the endomorphism of

R. If R admits a symmetric generalized reverse (a,1)"-biderivation

G:RxR —> R with a nonzero associated symmetric reverse (a,1)" -

biderivation B, then G maps R x R into Z(R).
Proof. Let G be a symmetric generalized reverse (o, 1)* -biderivation on R.
We have G(xy, z) = G(y, z2)a(x”) + yB(x, z), for all x, y, z € R.
Replacing y by y in the above relation, we get
G(xyw, z) = G(x(yw), 2) = G(yw, z)a(x™) + ywB(x, z)

= G(w, 2)a(y*x") + wB(y, 2)a(x™) + ywB(x, z). (3.7
On the other hand, G(xyw, z) = G((xy)w 2)

= G(w, z)a(xy) + wB(y, z)a(x) + wyB(x, z). (3.8)

From equations (3.7) and (3.8), we get [w, y]B(x,z)=0, for all
x, v,z we R. (3.9)
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This equation is similar to equation (3.3), using the same technique as
used in the proof of Theorem 3.1, we obtain the required result.

Corollary 3.1. Let R be a semiprime *-ring. If R admits a symmetric
generalized reverse biderivation G : R x R — R with an associated nonzero
symmetric reverse biderivation B : Rx R — R, then B maps R x R into
Z(R).

Theorem 3.4. Let R be a non-commutative prime *-ring and o be the

endomorphism of R. If R admits a symmetric generalized reverse (o, 1) -

biderivation G : Rx R — R with an associated symmetric reverse (a, 1)" -

biderivation B, then B = 0.

Proof. From equation (3.9), we can directly have [w, y]B(x, z) = 0, for all

w, x, Yy, z € R.

Replacing ¥ by vy in the last relation and using equation (3.9), we get
[w, v]yB(x, z) = 0, for all v, w, x, ¥, z € R. The primeness of R forces that
either [w,v]=0 or B(x,z)=0 for all v, w, x, y, z € R. Since R is non-

commutative ring, we conclude that B = 0.

References

[1] M. Bresar and J. Vukman, On some additive mappings in rings with involution,
Aequationes Math. 38 (1989), 178-185.

[2] C. Jaya Subba Reddy and Sk. Haseena, Homomorphism or anti-homomorphism of left
(a, 1) derivations in prime rings, Int. J. Mathematical Archive 12(5) (2021), 45-49.

[8] C. Jaya Subba Reddy and Sk. Haseena, (o, 1)-Reverse derivations on prime near-rings,
Int. J. Algebra 15(4) (2021), 165-170.

[4] C. Jaya Subba Reddy, Sk. Haseena and Chennupalle Divya, On Jordan ideals and
generalized (o, 1)-reverse derivations in *-prime rings, Journal of University of
Shanghai for Science and Technology 23(11) (2021), 236-242.

[6] C. Jaya Subba Reddy, Sk. Haseena and Chennupalle Divya, Centralizing properties of
(o, 1) -reverse derivations in semiprime rings, Journal of Emerging Technologies and

Innovative Research 8(12) (2021), 45-50.
[6] C. Jaya Subba Reddy, Sk. Haseena and Venkata Sai Raghavendra Reddy C., Symmetric

generalized (a, 1)-biderivations in rings, The International Journal of Analytical and

Advances and Applications in Mathematical Sciences, Volume 23, Issue 4, February 2024



SYMMETRIC GENERALIZED REVERSE (a, 1)"-BIDERIVATIONS ... 337

Experimental Modal Analysis 14(6) (2022), 1944-1949.

[71 C. Jaya Subba Reddy and Sk. Haseena, Symmetric Generalized Reverse (a,1)-

Biderivations in Rings, JP Journal of Algebra, Number Theory and its Applications, 58
(2022), 37-43.

[8] G. Maska, Remark on symmetric bi-additive functions having non-negative
diagonalization, Glas. Mat. Ser. III, 15 (1980), 279-280.

[9] G. Maksa, On the trace of symmetric biderivations, C. R. Math. Rep. Acad. Sci. Canada
9(6) (1987), 303-307.

[10] Mohammad Ashraf, Shakir Ali and Almas Khan, Generalized (o, B)* -derivations and

related mappings in semiprime *-rings, Asian-European Journal of Mathematics 5(2)
(2012), 1250015 (10 pages).

[11] Shakir Ali and A. Fosner, On Jordan (o, B)* -derivation in semiprime *-ring, Int. J.

Algebra 2 (2010), 99-108.

[12] Shakir Ali and M. S. Khan, On *-bimultipliers, generalized *-biderivations and related
mappings, Kyungpook Math. J. 51(3) (2011), 301-309.

Advances and Applications in Mathematical Sciences, Volume 23, Issue 4, February 2024



