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Abstract 

In this paper, the covering radius of codes over ,2R  where vvv  2
22 ,  

with different weight are discussed. The block repetition codes over R is defined and the 

covering radius for block repetition codes, simplex code and macdonald code of type  and type  

in R are obtained. 

1. Introduction 

Codes over finite commutative rings have been studied for almost 50 

years. The main motivation of studying codes over rings is that they can be 

associated with codes over finite fields through the Gray map. Recently, 

coding theory over finite commutative non-chain rings is a hot research topic. 

Recently, there has been substantial interest in the class of additive codes. In 

[15, 16], Delsarte contributes to the algebraic theory of association scheme 

where the main idea is to characterize the subgroups of the underlying 

abelian group in a given association scheme. The covering radius is an 

important geometric parameter of codes. It not only indicates the maximum 

error correcting capability of codes, but also relates to some practical 

problems such as the data compression and transmission. Studying of the 

covering radius of codes has attracted many coding scientists for almost 30 

years. The covering radius of linear codes over binary finite fields was studied 

in [13]. 
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Additive codes over 42  have been extensively studied in [1, 3, 4, 5]. 

Enormous results were made available on the simplex codes over finite fields 

and finite rings. A few of them are [6, 8, 9, 19, 21]. In [7, 10, 11], the authors, 

in particular, gave lower and upper bounds on the covering radius of codes 

over the ring 22  u  where 02 u  with respect to different distance and 

they explained the covering radius of various repetition codes, Simplex Codes 

and Macdonald Codes (Type  and Type ) The above results motivate us to 

work in this Paper. 

2. Preliminaries 

In 2  and vvv  2
22 ,  be the rings of integers modulo 2 and let 

2
n  and n  denote the space of n-tuples over these rings. A ring 

 ,11,1,11,10,01,0,01,002 vvvvR    where  ,1,,1,0 vv   

vv 2  with integer modulo is 2. If C be a non-empty subset C of 2
n  is called 

a code and if that subcode is a linear space, then C is said to be linear code. 

In this section, some preliminary results are given [3, 5]. A non-empty set 

C is a Radditive code if it is a subgroup of .2


   In this case, C is also 

isomorphic to an abelian structure   2  for some  and  and type of C is a 

2  as a group. It pursue that it has  22C  codewords and the 

number of order for two codewords in C is .2 C  The Gray 

2
2::  map  is defined as            11,011,000  v  and 

   101  v  and the extension of the Gray map ,: 2
2 n  

 

       
  21 ,,,,, uwwuwu    and   ,,,1


  ww   with 

.2n  Then the binary image of a R-additive code under the extended 

Gray map is called a R-linear code of length .2n  The Hamming 

weight of u denoted by  uwH  and  wwL  and  wwE  the Lee and Euclidean 

weights of w respectively, where 


 2u  and  w  are defined as 

  0iL xw  if 1,0ix  if  vxi  1,1  and 2 if vxi   and   0iE xw  if 

1,0ix  if  vxi  1,1  and 4 if .vxi   The Lee weight and Euclidean 
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weight of x is defined as      wwuwxw LHL   and  xwE  

   ,wwuw EH   where   ,, 2


 wux  and   
  21 ,, uuu    

and   .,,1


  www   The Gray map defined above is an isometry 

which transforms the Lee distance defined over 
 2  to the Hamming 

distance defined over ,2
n  with .2n  In [12], the Bachoc weight of x is 

defined as   0iB xw  if 1,0ix  if 1ix  and 2 if  .1, vvxi    

Therefore, the Bachoc weight of x as      ,wwtuwtxwt BHB   where 

  ,, 2


 wux  and   
  21 ,, uuu   and   .,,1


  www   

The Chinese Euclidean weight of x is given as   0iCE xwt  if 2,0ix  if 

 vxi  1,1  and 4 if vxi   [20]. Define,      ,wwtuwtxw CEHCE   

where   
 2, wux  and   

  21 ,, uuu   and 

  .,,1


  www   If ,, 21 Ccc   be any two distinct codewords of D 

distance is defined as      0|,min 2121  ccccdCd DD  and ., 21 Ccc   

The minimum D weight of C is      0|,min 2121  ccccdCd DD  and 

., 21 Ccc   In C is a linear code C, thus      .0|min CccwCd DD   

Therefore,    .,, 2121 ccwccd DD   Let nRC   is a linear code, where n is a 

length of code, the number of codewords N and the minimum D distance Dd  

is said to be an  DdNn ,,  code in R, where   ,LLeeD   Euclidean (E), 

Bachoc (B), Chinese Euclidean (CE)}. 

3. The Covering Radius of the Block Repetition Codes over R 

The covering radius of a code C is the smallest number r such that the 

spheres of radius r around the codewords cover R  2  and thus the 

covering radius of a code C over R with respect to the different distance, such 

as (Lee, Euclidean, Bachoc, Chinese Euclidean) is given 

    .,minmax cudCr
CcRu

d


   

In  12 ,,,1,0  qqF   is a finite field. Let C be a q-ary repetition 
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code C over .qF  That is    qFC  |  and the repetition code 

C is an  nn ,1,  code. Therefore, the covering radius of the code C is 

 





 

q

qn 1
  this true for binary repetition code. In [7, 10, 11], the authors 

studied for different classes of repetition codes over 0, 2
22  uu  and 

their covering radius has been obtained. Now, generalize those results for 

codes over ., 2
2 vvR    Consider the repetition codes over R. For a fixed 

.71  i  For all ,0,71  jnij  then the code inn CC   is denoted 

by .iC  Therefore, the seven basic repetition codes are the following table, 

Generator Matrix Code Parameters-

     Djiji ddNkn ,,,  

 

 

3

31

1 0101 GG

n




  
   321031 ,,, ccccC      nnnnn 2,,,,4,31  

 




2

2 00

n

vvG   

 202 , ccC      nnnnn 2,,,,4,31  

 




4

4 1010

n

G   

 404 , ccC      nnnnn 2,,,,4,31  

 

 

7

75

5 1111 GG

n




  
   7654321075 ,,,,,,, ccccccccC       ndnn i ,,8,75  

here        ,0101,00,0101,0000 3210 vvcvvccc     

       .1111,11,1111,1010 7654 vvcvvccc     

Theorem 3.1. Let ,71,  jjC  be a code in R. Then, 

         54231 4

3
,2

4
,2

2
,2

2
Cr

n
nCr

n
nCr

n
nCrCr

n
LLLLL   

    ,
2

3

4

3
,

2

3
67

n
Cr

nn
Cr LL   where  jL Cr  is a covering radius of 

71,  jjC  with Lee distance. 

Proof. For 71,  jjCc  be a codeword of code jC  in R. Let   70 ii ct  is 

the number of occurrences of symbol i in the codeword c. Let nRx   by 
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 ,,,,,,,, 76543210 tttttttt  where  


7

0
,

j j nt  then  00,xdD  

  ,,201,,2 77643176520 ttttttnxdtttttn L   

    541375402 201,,20, ttttnvxdtttttnvxd LL    

    3205632146 211,,210,, ttttnxdtttttnxdt LL   

    107431067 211,,21,, tttnvxdtttttnvxdt LL   

.52 tt   In Code, ,31 RCC   therefore,    31 ,, CxdCxd LL   

         ,201,,0,,01,,00,min nvxdvxdxdxd LLLL   then 

    .231 nCrCr LL   

If ,01010001010000

4444
n

nnnn

Rvvvvx 
  









  then  00,xdL  

      .
2

01,0,01,
n

vxdvxdxd LLL   Thus    
231
n

CrCr LL     

and so     .2
2 31 nCrCr
n

LL   In Code,  22 ,, CxdRC L  

     .20,,00,min nvxdxd LL   Then   .22 nCrL   If 

,000000

42
n

nn

Rvvx 




  then     .

24
20,00,

nn
vxdxd LL 







  Thus 

 
22
n

CrL   and so   .2
2 2 nCr
n

L   The remaining part of proof is follows 

from the code 1C  and 2C  for they Codes .,, 654 CCC  □ 

Theorem 3.2. In Euclidean weight for the code ,71,  jjC  prove the 

         54231 ,4
4

,3,2
4

3
CrnnCr

n
nCrnnCrCr

n
EEEEE   

    .
2

5

4

5
,2 67

n
Cr

n
nCr EE   

Proof. In Code 7to1, iiC  with Euclidean weight is apply to theorem 3.1. □ 

Theorem 3.3. Show that,      231 2
,2

8

5
Cr

n
nCrCr

n
BBB   
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4

7

8

7
,

2

5

4
,2 754

n
CrCr

nn
Cr

n
n BBB   and  64

3
Cr

n
B  

,
2

7n
  here  jB Cr  be a covering radius of code 71,  jjC  with Bachoc weight. 

Proof. To apply theorem 3.1 for Code 7to1, iiC  with Bachoc weight. □ 

Theorem 3.4. In Chinese Euclidean weight of code of ,71,  jjC  to find 

       
4

5
,4

4
,

2

5
,

4

11
4231

n
nCr

nn
Crn

n
CrCrn CECECECE   

   
2

5
75

n
CrCr CECE   and   .

2

5

4

5
6

n
Cr

n
CE   

Proof. In Code 7to1, iiC  with Chinese Euclidean weight is apply to 

theorem 3.1.  □ 

Block repetition code in R 

The block repetition code nC  over R is a R-additive code. 

Let 









  








654321

11111110100101000101

nnnnnn

vvvvvvG   


  



1

111111

n

vv   be a generator matrix with the parameters of 

  


7

1 653217654 22,min,8,:
j Lj

n nnnnnnnnndnnC  

    BE dnnnnnnnnnndn ,44,min, 76532176547  

   547653217654 min,2222,min nndnnnnnnnnnn CE 

 .76 nn    

Theorem 3.5. Let nC  be the block repetition code in R with length is n. 

Then the covering radius of block repetition code is 

1.   ,27 nCr n
L   if .71 nnn    

2. 
   

 n
E Cr

nnnnnnn




4

543 6752431   

   
,

2

4935 7542631 nnnnnnn 
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3. 
   

 n
B Cr

nnnnnnn




8

67245 6754231  

   
8

151718 76542631 nnnnnnnn 
  and  

4. 
   

 n
CE Cr

nnnnnnnn




4

654 67654321  

   
.

2

586 7655321 nnnnnnn 
  

Proof. For the Code, that  nC7  is the set given by 

 ,000000000000000000000000000000000000000000   

,110111110101111100101010100011010001011001   

,010011010001011000001010000011010001011001    

,011000011011000000011011000000011011000011   

,001011001010011000010001000011001010011010   

,100100100100100100100000100000000000000000   

,111100111111100100111011100000011011000011   

.101111101110111100110001100011001010011010   

By Proposition [2], give      .277 nCrCr nn
L   Using Proposition [13], 

Theorem 3.2, 3.3 and 3.4, thus 

 
   

 ,
4

543 6752431 n
E Cr

nnnnnnn



 

 
   

 n
B Cr

nnnnnnn




8

67245 6754231  and 

 
   

 .
4

654 67654321 n
CE Cr

nnnnnnnn



 

Let nRxxxxxxxx  7654321  with 7654321 ,,,,,, xxxxxxx  is 

              7,6,5,4,3,2,1,0,,,,,, iiiiiiii gfedcba  respectively such that 1n  
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7

0

7

0

7

0

7

0

7

05432 ,,,,,
j j j j j jjjjj endncnbna  

  


7

0

7

076 .,
j j jj gnfn  Then   65201 430, aaaanyxdE   

047652037652027 4343 dncccccnbbbbbna    

652067652057652 434343 ffffneeeeendddd 

 ,43 7652077 gggggnf   where 









321

0000000000000

nnn

y   

,0000000000000000

7654 











nnnn

 is the first vector of ,nC  where .1nn    

  7540227643111 4343, bbbbbnaaaaanyxdE   

05563214465133 3443 eendddddnccccn    

,343434 521077431066732 gggggnfffffneee 

  where 









  








654321

111111101001010001011

nnnnnn

vvvvvvy   

,1111

7   


n

vv   is the second vector of ,nC  where .2nn   

  7540227643112 4343, bbbbbnaaaaanyxdE   

31576520465133 34343 eendddddnccccn    

,43434 654137754026764 gggggnfffffneee 

  where 









  








654321

000101000001010001012

nnnnnn

vvvvvvy   

,0101

7   


n

vv   is the third vector of ,nC  where .3nn   

  7562027540213 4343, bbbbbnaaaaanyxdE   

025765204754023 34343 eendddddncccccn    

54027765206754 43434 ggggnfffffneee   

,7g  where 





















7654321

000000000000000000003

nnnnnnn

vvvvvvvvy    is 

the fourth vector of ,nC  where .4nn   
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  402276541314 4343, bbbnaaaaaanyxdE   

576520476431375 4343 ndddddncccccnbb    

431775402665413 34343 gggnfffffneeeee   

,4 76 gg   where 









  


4321

000001010001014

nnnn

vvvvy   

,0101000101

765   





  


nnn

vvvvvv   is the fifth vector of ,nC  where 

.5nn   

  7652027652015 4343, bbbbbnaaaaanyxdE   

145632144765203 3443 eendddddncccccn    

32147632146632 43434 ggggnfffffneee    

,3 6g  where ,1010101010101010000000000000

7654321

5






















nnnnnnn

y   is 

the sixth vector of ,nC  where .6nn   

  765202740216 4343, bbbbbnaaaanyxdE   

065632144754023 43443 eendddddncccccn    

,34343 431067632146431 gggggnfffffneee     

where ,11101011101000000000

7654321

6






















nnnnnnn

vvvvvvvvy   is the 

seventh vector of ,nC  where .7nn   

  7540226541317 4343, bbbbbnaaaaanyxdE   

075632144764313 3443 eendddddncccccn    

,343434 732057431066521 gggggnfffffneee   

where 



  











  


654321

111111101001010001017

nnnnnn

vvvvvvvvy   

,1111

7


n

  is the eighth vector of ,nC  where .8nn   

Hence,        .2935
2

1
7542631 nnnnnnnCr n

E   The 
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remaining part of proof is pursue for part 2 with Bachoc and Chinese 

Euclidean distance. 

4. Simplex Codes of type  and type  in R 

In this section, consider the construction of simplex codes of type  and 

type  over R. 

Let 
km ,2  be the generator matrix of 

kS ,2  of the binary simplex code of 

type  is defined as ,
|

111|000

1,21,2 

















 kk mm


 for ,2k  where  .1,01,2 m  In [6], 

the simplex codes 
kS ,4  of type  over R were defined. The generator matrix 


kG ,  of 

kS ,  is ,
111111000

1,1,1,1, 











 











 kkkk G

vvv

G

vvv

GG 


 for ,2k  

where  .1101, vvG k 
   

The generator matrix of ,kS  the simplex code of type  over R is defined 

as the concatenation of k22  copies of the generator matrix of 
kS ,2  and k2  

copies of the generator matrix of 
kS ,  given by 

  .1,||||||| ,,,,2,2,2   kGGGmmm kkkkkkk    (4.1) 

The standard form of 
k

 of the generator matrix of 
kS  is  

,
111111010101000000

111 





























kkk

k
vvv 




  

for ,2k  where  .111111001001001 vvvv   The length of the 

simplex code of type  over R is equal to 132 k  and the number of code words 

is equal to 102
kk   for some 0k  and .1k  In the case where 1k  with 00 k  

and ,11 k n that all of the code words of the simplex code 
1S  are generated 

by 1  and are  vvvvv 000,11111100100100,0000000000000000    
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.11111100100100,000000 vvvvvv   The type  simplex code 
k

S  is a 

punctured version of .kS  The number of codewords is 102
kk   for some 0k  

and 1k  and its length is    .12122 2  kkk  The generator matrix of 
k

S  is 

the concatenation of k2  copies of the generator matrix of 
k

S
,2

 and 12 k  

copies of the generator matrix of 
k

S
,  given by  

 ,|||||||
,,,,2,2,2

 
kkkkkkk GGGmmm    for ,2k  (4.2) 

where 
k

m
,2

 is the generator matrix of the binary simplex code of type  is 

,
000111

1,21,2


















 kk mm


 for ,3k  with ,

1

0

01

11
2,2 




m  and 


k
G

,  is a generator 

matrix of the simplex code over R of type  is defined as 

,
000111

1,1,1,





















 kkk

G

vvv

GG 


 for ,3k  with .

11

0

101

1111
2, 







 v

vv
G  The 

following theorems provide upper bounds on the covering radius of simplex 

codes over R with respect to the different distance (D).  

Theorem 4.1. Prove that,        kL
kkk

kL SrSr ,1222 212  

  
 

 
3

122.32
,

3

2152.32 212212 








 kkk

kL

kkk

Sr  and  kCE Sr  

 ,122.32 212   kkk  here  kd Sr  be a covering radius of type -simplex 

codes in R with different distance (D). 

Proof. In R-Simplex codes of type  have a Lee weight equal to k32  or 

.2.3 1k  From the matrix (4.1), Proposition [13] and Theorem 3.5 with 

different distance (D), then  

           kL
k

kL
k

k
k

Lk
k

LkL SrSrSrSrSr ,,2
2

,
2

,2
2 2222    

     kL
k

kH
k SrSr ,,2

2 22   

           kL
kkkkk Sr ,

1.2221212 2.32.32.3222   
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   .1222 212   kkk
kL Sr  

The remaining part of proof is unification from part 1 but different 

distance (D). □ 

Theorem 4.2. The covering radius of the R-Simplex codes of type  are 

given by  

      ,
6

22.62.5
,22222

2113
1121


 


kkk

kE
kkkk

kL SrSr  

 
   

3

22.32232 13213123 
 


kkkkk

kB Sr  and 

  .2.82 113   kk
kCE Sr  

Proof. From (4.2), Proposition [13] and Theorem 3.5 with different 

distance(D), so 

          
kL

k
kL

k
k

k
Lk

k
LkL SrSrSrSrSr

,
1

,2,
2

,2
2222    

       11222
2

12
222 11

,
1

,2













 
  kkk

k
k

kL
k

kH
k SrSr   

   .22222 1121   kkkk
kL Sr  

The Proof 2, 3 and 4 is use for 1 with apply different distance (D). □ 

5. MacDonald Codes of type  and type  in R 

The q-ary MacDonald code  qM tk,  over the finite field q  is a unique 













  11,,
1

tk
tk

qqk
q

qq
 linear code in which every non-zero codeword has 

weight either 
1kq  or 

11   tk qq  [17]. In [18], the author studied the 

covering radius of MacDonald codes over a finite field. In fact, the author has 

given many exact values for smaller dimension. In [14], authors have defined 

the MacDonald codes over a ring using the generator matrices of the Simplex 

codes. For ,12  kt  let 
tkG ,  be the matrix obtained from 

kG  by deleting 

columns corresponding to the columns of .tG  That is, 
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t

ktk
G

GG
0

\,  (5.1) 

and let 
tk

G
,

 be the matrix obtained from 
k

G  by deleting columns 

corresponding to the columns of .tG  That is,  


















t
ktk

G
GG

0
\

,
 (5.2) 

where  BA \  denotes the matrix obtained from the matrix A by deleting the 

columns of the matrix B and 0 is a      .1222 12   ttt tktk  The 

parameters in MacDonald codes of -type and -type is  ktk ,44   and 

    ktktk ,2222 111    code over R. Now, construct the MacDonald codes 

over 2  of type  and type  by using the generator matrix of the 2 -

simplex codes of type  and type . If ,11  kt  let  tk,  (resp., 
tk,

 be 

the matrix of MacDonald codes 
tkM ,  (resp., 

tk
M

,
 with parametrs 

  tkkk 2222 113    (resp.,      11213 212122   tkkkk  

   1212 32  tt  obtained from k  (resp., 
k  by deleting columns 

corresponding to the columns of the matrix t  and  tkt 22
0  (resp., 

t  

and  .0 22
tkt   That is, for ,1k  

 ,||||| ,,,,,
  tktktktktk GGmm   (5.3) 

where 
tkM ,  (resp., 

tkG ,  repeat k22  (resp., k2  times in  tk,  for ,3k   

 ,|||||
,,,,,
 

tktktktktk
GGmm   (5.4) 

where 
tk

M
,

 (resp., 
tk

G
,

 repeat k22  (resp., 12 k  times in .
,




tk
 

Theorem 5.1. For ,krt    



P. CHELLA PANDIAN 

Advances and Applications in Mathematical Sciences, Volume 23, Issue 4, February 2024 

314 

1.          ,222222 4,
,

2,
,

.213
,

 
tkL

k
tkH

kkrrkk
tkL MrMrMr  

2.  
   








 





3

2.52.322 13

,

krrkk

tkE Mr  

     ,22 4,
,

2,
,

.2 


tkE
k

tkH
k MrMr  

3.  
 








 





3

2.32.422.7 3

,

krrkk

tkB Mr  

    ,22 4,
,

2,
,

.2 


tkB
k

tkH
k MrMr  

4.     krrkk
tkCE Mr 2.2222.3 13

,    

    .22 4,
,

2,
,

.2 


tkCE
k

tkH
k MrMr   

Proof. Use, the matrix (5.3), Proposition [13] and Theorem 3.5, thus 

         ,2222 2,
,

2,
,

.22,
,

.22,
,

.2
,

 
tkL

k
tkL

k
tk

k
Ltk

k
LtkL MrMrMrMrMr   

   ,22 2,
,

2,
,

.2 


tkL
k

tkH
k MrMr  

       ,22222222 2,
,

2,
,

.2.2.2.2 


tkL
k

tkH
krkkrkk MrMr  

         .222222 2,
,

2,
,

.2132,
,




tkL
k

tkH
krkrkk

tkL MrMrMr  

The remaining part of proof follows in part 1.  □ 

Theorem 5.2. For ,krt   

1.     12222 1113
,

  rkrkk
tkL Mr  

        ,22
4,

,
2,

,
.2 


tkL

k
tkH

k MrMr  

2.      krkrkk
tkE Mr 23

,
2.662.5222.6    

     ,22 4,
,

2,
,

.2 


tkE
k

tkH
k MrMr  
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Proof. Use, the matrix (5.4), Proposition [13] and Theorem 3.5, so 
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The remaining part of proof is pursue in part 1. □ 
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