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Abstract

The aim of this paper is to introduce convex structure G-metric spaces and extended
Mann’s iteration algorithm to these spaces. By using Mann’s iteration scheme, a series of fixed
point results and Mann’s iteration algorithm was generalized. Also, strong convergence
theorems for contraction mappings in convex G-metric spaces were developed. Furthermore, the
problem of T-stability of the Mann’s iteration procedure for the mappings in complete convex G-
metric spaces was considered.

1. Introduction

The fixed point theorems, convex metric spaces and convex structure
have been well discussed in literature (Alnafei et al. [1], Hadzic [5], Hamaizia
[5], Saha et al. [12], Shimizu [14]). The properties of fixed point of the b-
metric spaces and E-metric spaces have been established by different authors
and references (Chen et al. [3], Goswami et al. [4], Haokip and Goswami [4],
Mehmood et al. [8]). The T-stable is one of the important requirements for a
fixed point iteration to be valuable and applicable from a numerical point of
view (Rani and Jyoti [12]).

In Mustafa and Sims [11], the authors introduced a new concept of
generalized metric space called G-metric spaces. After that, many authors
have proven several fixed point results in these spaces (Modi and Bhatt [9],
Mustafa et al. [10]). This paper introduced the concept of the convex G-metric

space by the convex structure. Moreover, Mann’s iteration algorithm was
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extended to G-metric space. Additionally, by means of Mann’s iteration
scheme, strong convergence theorems for two types of contraction mapping in

convex G-metric spaces were obtained.
2. Preliminaries

In this section, definitions of general metric, properties and the other

result that are needed in the sequel are explained.

Definition 1. [9.11]. Assume that X is a nonempty set, and let
G : X xX xX — R" be a function satisfying the following properties:

@) Gu, v, w)=01if u=v = w;

(1) 0 < G(u, u, v), Vu, v € X with u # y;

(i) G(u, u, v) < G(u, v, w), Vu, v, w € X with u # w;

iv) G(u,v, w)=GW, u, w) = Gw, v, u)=... (all permutations of

u, v, w), (symmetry in three variables);

) G(u,v,w)<G(u,a,a)+G(a,v,w)Vu,v,w,ac X (rectangle inequality).
Then the function G is called a generalized metric or a G-metric on X and the

pair (G, X) is called a G-metric space.
Definition 2. [9.11]. Let (G, X) be a G-metric and let {u,,} be a sequence

of points of X, a point {u,} is said to be limit of the sequence {u,} if

lim G(u, u,, u,) =0 and the sequence {u,} is said to be G-convergent to
n, m—om

u. Thus, if u, —» © in a G-metric space (G, X) then for any ¢ > 0, there

exists a positive integer N such that
G(u, u,, u,,) < evn, m > N.
Definition 3. [9.11]. Let (G, X) be a G-metric space. A sequence {u, } in
X is called G-Cauchy if for every & > 0, there is a positive integer N such that
G(u,, Uy, uy) < g, VYn,m, 1> N, that 1is, if G(u,,u,,u)—> 0, as

n,m,l — oo
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Definition 4. [9]. Let (G, X) be a G-metric space. A mapping
W:XxXxXx(0,1] > X is said to be convex structure on (G, X) if for
each (u, v, w, L) € X x X x X x (0, 1] and for all x, y € X the condition

G(x, y, W(u, v, w, 1)) < %{G(u, v, x) + G(u, v, y) + G(u, v, 2)}

holds. If W is convex structure on a G-metric space (G, X) then the triplet

(X, G, W) is called a convex G-metric space.

Definition 5. [9.11]. A G-Metric space (G, X) is said to be G-complete (or
complete G-metric space) if every Cauchy sequence in (G, X) is convergent in
X

Definition 6. [3]. Assuming that 7 is a self-map on a complete G-metric
space (G, X). Let u,., = f(T, u,) be an iteration sequence that yields the
sequence u, of the points from X. So, the iteration procedure

un.1 = f(T, u,) is going to be weakly T-stable if {u,} converges to a fixed
point u* of T, and if {v,}] is a sequence in X such that
lim G(v,,.1, f(Tv,), @) = 0 and sequence {G(v,,, Tv,, a)} a is bounded, then
n—o

. *
lim v, =u".
n—o

Lemma 1. [3]. Let {k,},{l,} be a non-negative sequence that satisfies
kpi1 < hk, +1,Vne N,0< h <1, lim [, =0, then lim &k, = 0.

n— n—o

3. Main Results

In this section, we prove complete convex generalized metric version of
Banach’s contraction principle (Banach [2]) by means of Mann’s iteration
algorithm, complete convex generalized metric of Kannan type fixed point
theorem (Chen et al. [3]), and the weak T-stability procedure respectively.

Theorem 1. Suppose that (X, G, W) is a complete convex G-metric space
and T : X — X is a contraction mapping; that is, there exists B € [0, 1)

such that
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G(Tu, Tv, a) < BG(u, v, a)Vu, v € X.

Let us choose uy € X in such a way that G(ug, Tug, a) = M < © and
define u,, = W(u,_y, Tu,_1;0,_1) where 0 <a,_; <1 and ne N. If B<1
1
Z_B

and 0 < a,_1 < 1—3 for each n € N; then T has a unique fixed point in X.

Proof. For any n € N, it is said that
Gy, ups1> @) = G, Wuy, Tuys0y), @) < (1= a,)G(uy, Tuy, )

and

G(u,, Tu,, a) < G(u,, Tu,;Tu, 1)+ G(Tu,_1, Tu,,, a)

SGW(up, Tup150,1), Ty, Ty 1)+ BG (11, ty, @)

<o Gy, Tup 1, Tup 1)+ B(l-0a,1)GUp 1, Tuy 1, ).

From definition (1) (ii1) and (iv) we have

< (opg + BA =y, 1 )Gy, Tuy g, a)

o Guy,, Tu,, a) < (o,,_1 + Bl —0,_1))G(u,_1, Tu,_1, a)

Let A, ; =0,;+Bl-0a,) By gathering this and the above
1

4
inequality with the assumptions B <1 and 0 < a,_; < 1 B

Vn € N, we

get
1 p
Gu,, Tu,, a) < 7, 1Gu,_1, Tu,_1, a) <14 .BG(u,,_1, Tu,_1, a). (1)

This means that {G(u,,, Tu,, a)} is a decreasing sequence of non-negative

reals. Therefore, 3n > 0 Such that

lim G(u,, Tu,, a) = n.

n—oo

We will show that m = 0. Suppose that m > 0. Letting n — o in

inequality (1), we obtain
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1 p
n<B14 n<n,

a contradiction. Hence we get n = 0. Furthermore, we have
G(u,,tup,a)<1-a,)G(u,,Tu,,a)<Gu,,Tu,,a),
which shows that lim G(u,, u,.;, @) = 0. Now we will show that {u,} is a

n—o

Cauchy sequence.

In fact, if {u,} is not a Cauchy sequence, so there exists gy > 0 and the
subsequences {ug)} and {u.pz)} of {u,}, such that 6(k) is the smallest
natural index with 0(k) > (k) > &,

G (wo(r)» Us(k) @) Z &
and
G (Ug(k)-1> Ue(k)> @) < €0
Therefore, it is concluded that
0 < Gug(r)s Us(r)> @) < Gugr), v, v) + GV, uyy), @)
which implies that
gg < 1120 ' Sup G (Uo(k)s Ue(k)+1> V)

Noticing that

G (Wo(k)> Us(h)+1> @) = G(W(wg(r)-1> Tro(k)-15 %o(k)-1)> Un(k)+1> @)

< ag(r)-1G @o(k) 1> Ur(k)+1> Un(k)+1) + (1= o)1) G (Ttg(r)-15 Us(k)i1> @)

< 0g(k)-1G o (k)-15 Un(k)+1> Ue(r)+1) + (1 = ()1 G (Tug(r)-1 Ttie(i)ers

Tuy(pys1) + G (Tg(rysrs Ue(r)e1s @)}

< 0g()1G (Uo(k)-1> Un(ey1 > Ue(k)r1 )+ (L= o)1 NBG (@ (k)15 Un(h)s1Ua(R)e1)

+G (Tur(k)+1 » Ut(R)+1> a)}
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< (o)1 + (1 = 0tg(r)-1)B)G (Wo(k)-1> Ur(k)+1s Yr(k)+1)
+(1 = ag(r)-1)G (Ttr()r1s Us()s1> @)
< (o)1 + (1 = o)1) BHG (wo(r)-1> Trbe(i)1s Ttir(r)+1)
+ G (Tur()41> Un(k)+1s Ue()+1 )b + (1 = () =1) G (Ttr(r)41s Us(i)11> @)
We obtain

go < lim sup G (ug(r), Us(k)+1> @) < 205
k—o

which is a contradiction. Hence, {u,} is a Cauchy sequence in X. By the

completeness of X, there exists u* € X Such that lim G(u,, u”, a) = 0.
n—oo

Next, we will verify that ©" is a fixed points of 7. Note that
Gu", Tu", a) < G(u", u,, u,) + Gu,, Tu", a).

Letting n —  we assume that G(u", Tu", a) = 0 which implies that

Tu"* = u”. Hence, u" is a fixed point of 7. Now we explain that 7 has a
unique fixed point. Suppose that v € X is another fixed point, that is Tv = v.
Then,

G, v, a) = G(Tu", Tv, a) < BG(u", v, a).

For some B € [0, 1), a contradiction. Hence u* = v, which completes the

proof.

Theorem 2. Suppose that (X, G, W) is a complete convex G-metric space,

and the mapping T : X — X be defined as
G(Tu, Tv, a) < k(G (u, Tu, a) + G(v, Tv, a))Vu, v € X, 2)

and for some k e [0, %) Let us choose uy € X in such a way that
G(ug, Tug, a) = M < o and we define u, = W(u,,_1Tu,_1;0,_1) for n e N

and o,_1 € (O, %} If k e [O, i} then T has a unique fixed point in X.

Advances and Applications in Mathematical Sciences, Volume 21, Issue 5, March 2022



FIXED POINT THEOREMS IN CONVEX G-METRIC SPACES 2323
Proof. For any n € N, we have
G (un, uns1, @) = Gu, Wy, Tup; ay), @) < (1 - 0,)G (uy, Tup, @) (3)
and
G (up, Tup, a) = GW(uy_1, Tup-1; ay-1), Tuy, a)
<o, 1Gu,_1, Tu,, a)+ (1 - a,_1)G(Tu,_, Tu,, a)
<o, 1(Gw,_1, Tu,y_q, Tu,_1)+ G (Tu,_y, Tu,, a))+ G(Tu,_1, Tu,, a)
< oy 1 (Gupog, Tupq, Tup ) + (0 g +1)G (T, Ty, a)
S 1Guyg, Ty, Tuyg)+ k(0 +1)(G (W, Tuy, a)
+G(u,, Tu,, a))
Let Tu,, 1 = a
< (0,1 +ko,_; +R)Gu,_q1, Tu,_1, a)+ (ko,_1 + k)G (u,, Tu,, a)
l.e.,
(1= (kop_y + k)G (un, Tuy, @) < (0yy + koyy + k)G (U, 1, Ty, @)

Since

5 5
kan,1+kSZk<E<1,

then

Oy1 + kan71 +k

T < T . 4
G(um Un, a) 1 _(kan—l T k) G(un—b Un-1> a) 4
O, +ka, 1 +k
Denote A,,_; = for n € N. We assume that
1- (k(xn_l + k)
5 5
O,_1+ka,1+Fk 4 4 9
= — 1 = —.
M= Gyt B) T (ko g R 5 11
16

From the above inequality, as well as inequality (4) with the assumptions

of the theorem, we get
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9
G(u,, Tu,, a) < 1, 1Gu,_1, Tu,_1, a) < ﬁG(un,l, Tu, 1, a), (5)
which implies that {G (u,,, Tu,, a)} is a decreasing sequence of non-negative
reals. Hence, there exists n > 0 Such that

lim G(u,, Tu,, a) =n.

n—w

We will show that m = 0. suppose that n > 0. Letting n — o in
inequality (5), we obtain that n < %n <1, a contradiction. Hence we get
that n > 0; 1.e.,

lim G(u,, Tu,, a) = 0.

n—>o
Moreover, by inequality (3) we obtain
Gu,, uy.1,a) <1 -a,)Gu,, Tu,, a) < Gu,, Tu,, a),
which implies that 7}1_1)110 G(u,, u,.1, a) = 0. Now it will be shown that {u,}

is a Cauchy sequence. In fact, if {u,} is not a Cauchy sequence, then there

exist ¢y > 0 and the subsequences {ue(l)} and {uyp)} of {u,} such that () is
the smallest natural index with 0(1) > () > [,
G (wo(1)> U+(1)> @) = &9
and
G (wo(1)-1> U()> @) < €
Therefore, it is concluded that
g0 < G (1) Ur(r)s @) < G(Ug(r)s Us(t)s1s Un(t)+1) + GUo@)s15 Ue(t), @)
which implies that

gg < lilln sup G(ue(l), Ug()+1> a)
—>0

Noticing that
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G (o), Ur()+1> @) = G(W(ug)-1, Tto(r)-15 %e)-1)s Ue(p)e1> @)
< ag(1)-1G (Wop)-15 Ue(t)+1> @) + (1 = atg(1)-1)G (Tug(r)-15 Uz(t)+1> @)
< ag(r)1G (o)1 Us(t)41> @) + (1 = o)1) {G (Tug()-15 Ttee(r)e1 Ttie()e1)
+ G (Ttr(t)i1> U1, @} < ap)-1G @o@)-15 Us(t)+1> @)
+(1 = ag)-1) kG (o)1 Tugr)-1, @) + RG ()41, Tu()@)
+ G (Tur(1)i1 Ur(1)10)}

< ag(1)-1G Wo(1)-15 Us(r)+1> @) + (1 = ag)-1) (kG (wg()-1, Tug(r)-1, @)
+(k +1)G(ug)s1> Tug)er> @) (for some k e [0, %) satisfying (2))

< og()-1{G ®o(1)-1> Ue(t)> Ue(t) + G (Ur(r)s Uz(t)s1> @)}
+ (1 = ag)-1) kG (wo)-1, Tugp)-1, @) + (B +1)G (Ur)r1, Ttz)s1, @)}

We obtain

. €
lim sup G(ug(p), Ur()+1> @) < 20 <g
> 4

which is a contradiction. Thus {u,} is a Cauchy sequence in X. By the

completeness of X, it follows that there exists " € X. Such that

lim G(u,, u*, a) = 0.
>

Now we will show that ©” is a fixed point of 7. Since

G, Tu", a) < Gu", u,, u,)+ G, Tu", a)

<Gu", u,, u,)+ G(u,, Tu,, Tu,)+ G(Tu,,, Tu", a)

<G, u,, u,)+Gu,, Tu,, Tu,) + k{G(u,, Tu,, a)+ GW", Tu", a)}

We conclude that

n
1= RGW", Tu', @) < G, uy, uy) + (1 + k)(%) G(u,, Tu,, @)

(for some Tu,, = a)
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Consequently, we get that G(u", Tu", a) = 0, so u” is a fixed point of 7.

In order to illustrate the uniqueness of the fixed point, suppose that

q € X, g # u", is another fixed point of 7" Then Tq = q. However,
0< G, q,a)=GTu", Tq, a) < kGu", Tu", a)+ kG(q, Tq, a) = 0,

a contradiction. Hence u* = ¢ which completes the proof.

Theorem 3. Under the assumptions of theorem 1, if, additionally,

lim o, = 0, then Mann’s iteration is weakly T-stable.
n—w

Proof. By virtue of Theorem 1, we assume that ©* is a unique fixed point

of T in X Assuming that {v,} is a sequence in X which satisfies

lim sup G (v,, .1 W, (v,,, Tv,;0,), @) =0 and {G(v,, Tv,, a)} is bounded. We

>

obtain
G415 u's @) £ GO Wy, Topiap), Wby, To, ¢ ay,))
+G(W(v,, Tv,;a,), u*, a)
< GUps1, Wy, Tog; o), Wvg, Tog; o)) + G(W(vy, Tog; o), To,, Toy)
+G(Tv,, u*,a)
< G a1, Wn, Tops o), W(o, Top; o)) + 0, G (U, Top, Tuy)
+ BG (v, u*, a).
Noticing  that B <1, lim a, =0, lim G (v, 1 W(v,Tv,;a,)
n—w n—w
W, Tv,;a,)) =0 and (G(v,Tv,, Tv,)} is bounded, and taking into

account Lemma 1, we get that

lim G(v,, u", a) =0,
n—oo

which completes the proof.

Theorem 4. Under all the assumptions of Theorem 2, if, lim o, =0 and
n—oo

if the positive real number k from Theorem 2 satisfies, as well as the condition
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k

1% < 1, then Mann’s iteration is weakly T-stable.

Proof. From Theorem 2, it follows that 7 has a unique fixed point of u*

in X. Assume that {v,,} is a sequence in X which satisfies
lli)ngj G, 1W(,, Tv,;a,), a) = 0.

and {G(v,,, Tv,, a)} is bounded. We obtain

Gy, u, @) < G Wy, Topsap), W, To,; o))

+GW(,, Tv,;a,), u’, a)

< Gy Wvp, Top; o), W(oy, Tops ay)) + GW(oy,, Tuy; ay), To,, Tu,)

+G(Tv,, u”*, a)

<G (VnWvp, Topi0p ), WU, Tons00,)) + 0, G (U, T, T, )+ G (T, U™ @)

Noticing that iglgo a, =0, r}glzo G, 1 W,Tv,;a,), W, Tv,;a,)) =0

and {G(v,,, Tv,, Tv, )} is bounded, and taking into account Lemma 1, we get
that

lim G(v,, u*, a) = 0,
n—o0

which completes the proof.
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