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Abstract

In this paper, we aim to investigate the convergence behaviour of the Parallel Schwarz algorithm at the
continuous level for the Helmholtz equation with absorption. More precisely, we examine the behaviour of the
Parallel Schwarz method by taking into account different types of boundary conditions at the external
boundaries of the subdomains and modifying the interface conditions. The boundary conditions on top and
bottom of the rectangle are always Dirichlet. In this way, we see how the choice of the boundary conditions and
interface conditions affect the overall performance of the iterative method. The global working domain is a
rectangle with a Lipschitz boundary, decomposed into two sub-rectangles of equal size. To analyse the
Performance of the Parallel Schwarz algorithm at the continuous level we use Fourier Analysis techniques and
obtain the appropriate contraction factors which are revealing on how the errors contract. The Helmholtz
equation frequently arises in the study and modelling of various physical phenomena. A few applications can be
mentioned such as the scientific study of earthquakes, volcanic eruptions, Medical Imaging and
Electromagnetism. There are various challenges to solving the Helmholtz equation numerically. One challenge
stems from the fact that the problem is not symmetric and positive definite and the other one is from the fact
that the wave number provides solutions with highly oscillatory behaviour. These issues that arise, make the

Helmholtz equation substantially difficult to solve.

1. Introduction

During the last few decades, Domain decomposition methods have
attracted a lot of attention from mathematical and engineering communities
worldwide. The main reason is that this class of methods is very efficient for
solving partial differential equations numerically, and presents
computational and mathematical challenges. The spirit of Domain
decomposition algorithms is to decompose the global boundary value problem
on the whole domain into multiple local subproblems in multiple subdomains
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[71, [8], [9], [10]. This approach enables us to reduce computational costs by
solving smaller and cheaper local boundary value problems. By solving local
subproblems, the computational effort is balanced in the different
subdomains, and working with one global problem can be avoided. Domain
decomposition methods can be used to solve partial differential equations
sequentially or in parallel. Originally these schemes stem from the work of
the famous German analyst Hermann Amandus Schwarz [4], [5], [6] back in
1869, who devised an iterative method to close a gap in Riemann’s mapping
theorem. This iterative method was used to solve the Laplace equation in an
irregular domain (union of circle and rectangle) solving in an alternating
approach, first in the circle and then in the rectangle, back and forth, passing
the values at the interfaces. This is the so-called Alternating Schwarz
algorithm. Later on, the French mathematician Pierre Luis Lions proposed a
modification of the Classical Schwarz method [13], by changing one interface
condition, leading to the Parallel Schwarz method. This strategy enables
solving the two local boundary value problems in the two subdomains in
parallel, passing the traces at the two interfaces. By appropriate finite
difference or finite element discretization scheme, an algebraic solver is
obtained that can be used by engineers and computational scientists. With
regards to the behaviour of the Parallel Schwarz algorithm at the continuous
level, there is one revealing analysis that predicts the overall behaviour. By
performing a convergence analysis, we obtain a contraction factor which is a
good measure of how the error behaves. This analysis can be conducted using
Fourier transform if the domains are unbounded or the Fourier series if the
domains are bounded. Usually, this error analysis is conducted for two
subdomains and it is a common strategy in the literature [17]. For our
analysis, we focus on the Helmholtz equation with absorption where we have
two overlapping bounded domains, more precisely a union of two rectangles
of equal size. We retrieve the reduction factors in each case with different
boundary and interface conditions. The choices are either Dirichlet or
Neumann. In addition, the Optimized Schwarz algorithm is analysed in
similar fashion with [1], [2], [3], where impedance conditions are used on the
left and right edge of the global domain and at the two interfaces. Lastly, we
provide some illustrations of the methods, giving the figures of the reduction
factors for each one of the different scenarios and the spectrum of the

Schwarz iteration matrices in the complex plane for each of the algorithms.
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2. The Model Problem

The equation of interest in the paper is the Helmholtz equation with
absorption. This problem is ubiquitous in science and engineering with a
variety of applications and one of the most important is the study of wave
propagation phenomena. There are two aspects that make this scalar elliptic
equation intriguing [11], [12]. One aspect is the fact that the problem is not
symmetric positive definite. The other one is that due to the wave number,
the solutions present highly oscillatory behaviour. We give the definition of
the Helmholtz problem with damping where the domain Q = (a;, by) x (0, L)
is a rectangle with Lipschitz boundary 0Q, where L is the height of the

rectangle. The equation in strong form is

{Au(x, ¥)+ (l<s2 —ik)u(x, y) = —f(x, y) in Q, O

externalb.c. on 0Q
where % e (0, + ) is the wave number, u(x, y) € H'(Q) is the solution of the

equation and f(x, y) € Ly(Q). The functional space H'(Q) is the classical
Sobolev space and the functional space Lo(Q) is the usual space of square-

2 2
integrable functions. The A = 8—2 + 6—2 is the Laplace operator in the case
ox oy

of two dimensions.
3. Motivation for the Choice of the Boundary Conditions

The choice of the boundary conditions in the computational domain has
an influence on the Schwarz algorithms and their behaviour. This will be
demonstrated by obtaining the formulas for the reduction factors. There are

three types of boundary conditions for the study of Schwarz algorithms:

e u = up (Dirichlet boundary conditions),
e Vu-n = gny (Neumann boundary conditions),

e Vu-n+cu = gg (Robin boundary conditions).
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4. The Formulation of the Schwarz algorithm-Case 1

In this section we formulate the Parallel Schwarz algorithm for the
differential problem reported in (1). We decompose the domain
Q=(a;,by)x(0, L) into two bounded overlapping subdomains

Q; =(a;, b5)x(0, L) and Q; =(ag, by)x (0, L). The Parallel Schwarz

algorithm in strong form reads

Au™ + (R — ik)u™ = ~f in Q) [Auf™ + (k% — ik)ul™ = ~f in O

u{m) - ug’”—l) at T} , ugm) = u§m_1) at Ty 2
ug’”) = g on 0Q\I} ug’") = g on 0Qu\I,

where  the  two  interfaces  are I =0\ (69, NoQ) and
Iy = 0Q9\(0Q9 N 0Q). The (m) denotes the number of iterations and it is
evident that in order to start the iterative process the two initial guesses are
required at the two interfaces, namely u%o) and ugo). At the external

boundaries of the two subdomains, Dirichlet boundary conditions are
imposed. It is observable that with this approach we break the boundary
value problem in (1) into a collection of two subproblems that are solved in
parallel using the traces at the interfaces, solving until convergence is

reached.

Theorem 1. The contraction factor of the Parallel Schwarz algorithm for

case 1 is given by the formula

res2(Fe ke ar. . by, by) — | SERAR) (@ — @) sinh((k) by = b)) |
sk g b ba) = | B By — ) b b — )|

where k is the Fourier number and 7»(/;) =VE? - k2 + iF.

Proof. The first step is to introduce the errors at each iteration (m) in
each subdomain. The error is the first subdomain is given by

e{m) = u|Ql—u§m) and the error in the second subdomain is given by

ef(zm) =7 0y~ uf(zm), where the function u|Ql is the restriction of the solution to

the subdomain €; and ule is the restriction of the solution to the
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subdomain Qg. By the linearity of the two differential problems in (2), the

two errors satisfy the homogeneous analogues of (2), and the algorithm takes
the form

Ae™ + (k% —ik)el™ = 0 in Q; [Ael™ + (B - ik)el™ = 0 in Q,

e{m) - egn—l) at Ty , egm) = e{m_l) at Iy (4)
e%m) =0 on 0Q\I} eém) =0 on 0Qy\Iy

Since we are working with bounded subdomains and more accurately
rectangles, we can use the Fourier Series to expand the two solutions in the
first subdomain and in the second subdomain respectively. The two solutions
should satisfy the homogeneous Dirichlet boundary conditions on the top and

bottom of the rectangles. In order to accommodate this requirement, we

expand the functions e%m) and egm) in Fourier sine series

e§m) = Z é;m) sin(l;y), (5)
keK

egm) = Zéém) sin(l;y), (6)
keK

& 2n nm
T T
frequencies. We plug in the formulas prescribed by (5), (6) back to the Parallel

where the set K ={ } denotes the discrete Fourier

Schwarz method in (4) and it follows that the Fourier coefficients égm), éém)
satisfy
a2elm) a2em)
A @2k i)™ = 0in @ |2 - (R% - k2 4 ik)él™ = 0in Q,
ox ox
é?ﬂ) = égm_l) at x = bl ) égm) = é£m_1) at x = a2
é%m):Oatx:al égm):Oatx:bz
(7)
taking into account that
2 82é(m) 72 2 7
8 4 (k2 =ikl = 3L~ (k2 — k® 4 ik)el™) |sin(ky)

keK ox
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for j =1, 2. There are two linear second order ordinary differential equations

that arise in the two Schwarz problems in (7). These can be solved, and the
general solutions are given by the formulas

dm(x, B) = AME)MF 1 plm)()eE)x ®)
) (x, B) = APE)MF 1 Bim) ()M ©)

where Al(’”)(E ) B{m (%), Aém)(l; ) Bg’”)(ﬁ ) are arbitrary coefficients, which
can be specified by the boundary conditions. Also the k(l; ) is provided by the

relation A(k) = VEZ — k? +ik. For the first Schwarz problem, the solution
must satisfy the homogeneous Dirichlet boundary condition at x = aq,

therefore for this prescribed boundary condition the solution becomes
eM(x, &) = 24 ()M sinh (M(E) (x - ;). (10)

We move to the second Schwarz problem in (7), and by taking into

account the boundary condition at x = by the error becomes

(£ = —24(R)e B sinh(u(E) (b - x)) (11)

We substitute the two solutions in (10), (11) back to the transmission
conditions in (7) to obtain

(T = _ A1)y F) bp-ar) sinh(ME) (b — b))
AT sinh (k) (b - )

M7y = _ A(m-1)(F =) (byay) sinh(A(k) (ag — ay))
A7) = A sinh(u(E) (by — a3))”

The expressions above can be written in a compact form

{Al(m)(lg)} = ‘Pcs{A{ml)(E)} (12)
AM(E) A" V(%)

where
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0 _ M) (bg-ay) sinh (k) (b, — &)
lpcs]_ = ~ Slnh(}\’(k)(bl - al ))
_ o ME) (by-ay) Sinh(ME) (a3 — 1)) 0

sinh(A(k) (b — a3))
(13
is the Schwarz iteration matrix. Consequently, in (12) we have a stationary

iteration, and the spectral properties of the Schwarz matrix determine the
behavior of the algorithm. The eigenvalues of (13) are

_ \/smh(x@ (ag — 1) sinh(A(k) (b = 1)) _ _
sinh(Mk) (b — ap)) sinh(.(k)(by —ay))

By definition, the spectral radius of the iteration matrix is

p(\Pcsl) = max {l Vi |’ |V7 |} =

J sinh(u(F) (a — ay)) sinh(A(%) (b - b)) ‘
sinh(A(k) (bg — ag)) sinh(M(k) (b - a1))

As a consequence, we obtain

sinh(A(k) (ag — @) sinh(A(k) (by - b))

e (- =
csy (ki k, ap, ag, by, by) Sinh(?»(/;) (by — as)) sinh(K(l; ) (b —a1)) '

5. The Formulation of the Parallel Schwarz algorithm - Case 2

In this section we modify the overlapping domain decomposition problem.
We consider that the external boundary conditions are Dirichlet as before,
but now the interface conditions are modified. Instead of using Dirichlet, we
use the Neumann boundary conditions and now the formulation of the
Schwarz method is

Ad™ 4 (B2 —ik)ld™ = —f in 0 [Aul™ + (B - ik)ul™ = —f in Q,

vad™ n = vl nat i {vid™ cng =vi™ D onjatm,  (14)
Lém) =g on an\F]. ugm) = g on 8Q2\F2

where 171 = (1, 0) and nz = (-1, 0) are the outward normal vectors. Note that

the fluxes Vugo)n_{ and Vug))@ are needed to start the iterative procedure.
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Theorem 2. The reduction factor of the Parallel Schwarz algorithm for
case 2 is given by the formula

res2 (R b ar. ao, by by) — | C0ShAE) (a2 — 1)) cosh(uk) (b b)) | 15
2k a1, @z b B2) = | ) by — ) cosh ) (b — )

Proof. We can write the iterative scheme prescribed by (14) in the form

Ad™ 4 (B2 —ik)ld™ = —f in 0 [Aud™ + (k2 - ik)ul™ = —f in Q

8xu§m) = axug’"‘l) at , 6xugm) = axuy"‘l) at I (16)
ul™ = g on 60\Iy uf™ = g on 8Q\I

taking into consideration that the minus signs that appear in (16), (second

Schwarz problem) are cancelled on both sides. For the convergence analysis,
the errors are introduced at each iteration and due to the linearity of the two
Schwarz problems in (16), the one level method reads

Ae™ + (k2 —ik)el™ = 0in Q; [Ael™ + (k% - ik)el™ = 0 in Q

6xe{m) = axeg’"‘l) at I} , é‘xegm) = ﬁxe§m_1) at I'y (17)
e{m) =0 on 0O\I} egm) =0 on 0Qy\Iy

We use the Fourier series expansions for the two local errors prescribed
by (5), (6) and replace the two expressions back in (17) giving

62 A(m) ~ 62 ’\(m) -
G R2-RZ+iR)e™ =0in @ |2~ (B2 k2 +ik)el™ = 0 in O
o2 Oxc2
0,6 = 0,60 at x = by 40,60 = 6,6 at x = ay
dm-oatx=q &M = 0 at x = by

(18)

We can solve the two second order ordinary differential equations in (18)

and by exploiting the boundary conditions, we write the solutions in the form

&m(x, 7) = 24ME)e B sinh () (x - ay) (19)
&M (x, 7) = —2AM(R)e B2 sinh(u(E) (b - x)). (20)
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We plug in the errors back to the interface conditions in (18), which yields

AME) = —am V) (E 7)o (k) b2=ar) cosh(A(k) (by = by))
' cosh(M(k) (b — a))’

A(m)(k) A(m 1)(k) —X(k)(bz -a1) COShO"(k)(GZ il ))
cosh((R) (b — a3)

We reformulate the above expressions in matrix form

A®|_, [AmVE)
APIE)| AR

where
0 M) (b-ay) cosh(A(R) (by — )
N cosh(M(E) (b - @)
“ 4(}3)(1,2 a) cosh(k(k)(ag -a)) 0

cosh(?»(k) (by — ag))

is the Schwarz iteration matrix. The spectral behaviour of the iteration
matrix determines the performance of the Schwarz iterative method. The
eigenvalues of ¥, are

:Jmma@m@—%»wwm@x@—m»:_
cosh(1(k) (b ~ a3)) cosh(u(k) (b — 1)

Finally, the reduction factor is

cosh((k) (az — ay) cosh(rk) (by ~ ) |
cosh(u(k) (by ~ az)) cosh(a(k) (b ~ ay))

rcs%(l;; k, aj, asg, by, by) =

6. The Formulation of the Parallel Schwarz algorithm - Case 3

In this scenario, we impose Dirichlet boundary conditions on the top and
bottom of the rectangles, Dirichlet at the interfaces, and we alter the
boundary conditions on the left and right edge of the global domain. More
accurately, at the left edge of Q; and the right edge of Qj. Neumann

conditions are enforced. As a consequence, the Schwarz method reads
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A™ 4 (B = ik)u™ = —f in 0 [Aul™ + (k2 - ik)ul™ = —f in Q,
u£m) _ ugm—l) at I ugm) _ u§m—1) at T o
u§’”)=gonrtUFb ugm):gon ,Ur,

—Vu{m) . ;{ =8N at FL —Vugm) . @ =8N at FR

where I is the top part of the boundary, T}, is the bottom part, I'y, is the left
edge of the domain Q and T'p is the right edge respectively.

Theorem 3. The reduction factor of the Parallel Schwarz algorithm for
case 3 is given by the formula

cosh(1(%) (az - ) cosh(F) by ~b1) | 5,

’ 2(%. =
CS3 (k, k, ap, Ay, bl’ b2) COShO\I(E) (b2 - Qg )) COShO\‘(E) (bl ! ))

Proof. The result is proved using a similar approach to the two previous
cases. Following the steps that were extensively explained in the two
previous cases, the Schwarz algorithm can be written in a compact form

{Af’")(% )} v 3{4’"‘”@ 1

A (k) AP D(R)
where
0 M) (by-ar) cosh(k(/E )(by = by))
W N cosh(Mk) (b — 1))
o ME)(by-ay) cosh(M(k) (ag — a1)) 0

cosh(M(k) (by — ag))

is the iteration matrix. The spectrum of the iteration matrix is

o(W.e3) = {v_, v,} where

_ J cosh(r(k) (az — ay)) cosh(A(k) (by ~b1)) _ _
cosh(M(k) (b — as)) cosh(A(k) (b — a;))

Consequently, we obtain

cosh(%(lz )(ag — a1)) cosh(k(lE) (bg b)) |
cosh(M(k) (by — as)) cosh(M(E) (b, — a;))

res3 (ks k, ay, ag, by, by) =
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7. The Formulation of the Parallel Schwarz algorithm - Case 4

For this case, we consider Dirichlet boundary conditions on Iy U T} (top
and bottom), Dirichlet interface conditions, Dirichlet at I';, (left edge of Q)

and Neumann at I'p (right edge of Q). Therefore the Schwarz algorithm is

AU™ + (k2 —ik)dd™ = —f in @ [Aul™ + (k2 - ik)ul™ = —f in Q,
u{m) = u(Qm_l) at I ugm) = u%m_l) at Iy

’

W™ = gonT,UT, w™ = gonT,UT,

W™ = g at Ty ~vul™ . ng = h at Tp.

Theorem 4. The reduction factor of the Parallel Schwarz algorithm for

case 4 is given by the formula

b o by | SR (a3 — ay) cosh.E) By =) |
sk a1, 0y 0 B2) = | ) By — ) sinb ) by — )

Proof. The result follows by implementing all the steps explained in

detail in cases 1 and 2, performing all the necessary calculations.
8. The Formulation of the Parallel Schwarz algorithm - Case 5

For this problem configuration, we consider Dirichet boundary conditions
on top and bottom of the rectangles, Dirichlet transmission conditions,
Neumann at I';, (left edge of Q) and Dirichlet at T'p (right edge of Q). The

Schwarz iterative scheme for this problem is

™ + (R = ik)u™ = —f in 0 [Auf) + (B - ik)uf™) = ~f in Oy
u{m) = ué’”‘l) at I ugm) = u{m_l) at Iy
u%’”):gonl“tUFb ugm)=g0nFtUFb

—Vulm)n_{ =hatIy ugm) = q at I'p.

>

Theorem 5. The reduction factor of the Parallel Schwarz algorithm for

case 5 is given by the formula

2 b o | conOEN @ —a) sinhGE) by - ) |
i s an b ba) = | ) by — an)) cosh(F) by — 1)
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Proof. The result is obtained by finding the eigenvalues and the spectral

radius of the iteration matrix.
9. The Formulation of the Parallel Schwarz algorithm - Case 6

For this particular problem, we specify the boundary conditions as
follows: Neumann at the left and right edge of the global domain (I';, and

I'rz), Neumann conditions at the two interfaces, Dirichlet on top and bottom

(T; UTg). The Schwarz method for this problem reads

™ + (k% — i)™ = —f in 0 [auf™ + (k* — ik)uf™ = —f in 0,

vil™n; = vu" Vn; at 1y vulny = vid™ Vn, at T
u%"’):gonFtUFb ’ ugm):gonFtUFb
—Vulm)nl =h at I, —Vugm)@ = h at Tp.

Theorem 6. The reduction factor of the Parallel Schwarz algorithm for

case 6 is given by the formula

res2(R b ar. @, by, by) | SRR (@ — @) sinh(A(E) (b — b)) |
ko a1, a0, b, Ba) = | B) by — ) sinb ) by — )

Proof. The result follows by explicitly finding the spectrum and the

spectral radius of the iteration matrix.
10. The Formulation of the Parallel Schwarz algorithm - Case 7

In this scenario, we specify the boundary conditions as follows: Dirichlet
conditions are imposed on top and bottom, Neumann at the interfaces,
Dirichlet at the left edge of the global domain, Neumann at the right edge of
the whole rectangle. For this configuration, we proceed giving the Schwarz

iterative method

au™ + (k% — k)™ = —f in ) [auf™ + (B — ik)ul™ = ~f in 0,

vul™ny = va" D at Iy vy = Vi{™ Vny at T
u%m)zgonFtUFb ug’”)=gonftUFb

W™ = g at Ty —Vul™ny = h at T
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Theorem 7. The reduction factor of the Parallel Schwarz algorithm for

case T is given by the formula

res2 (R b ar. ao, by by) — | 0SBOAE) (@ — @) sinh(1(k) (b — b)) |
Tkl a0 2) = | ) (s — a) cosh() (b —ay)

Proof. The proof is obtained by investigating the spectral properties of
the Schwarz iteration matrix. Computing explicitly the spectrum and the
spectral radius of the Schwarz matrix leads to the desired formula for the

convergence factor.
11. The Formulation of the Parallel Schwarz algorithm - Case 8

The boundary conditions are specified in the following way: Dirichlet on
top and bottom, Neumann at the two interfaces, Neumann at the left edge of
the global domain and Dirichlet at the right edge. As a result, the Schwarz
algorithm reads

a™ + (k% — i)™ = —f in ) [auf™ + (B — ik)ul™ = -f in 0,
vi™ny = Vul" Vg at 1y Vi ng = Vu™ Vn, at T

W™ = gonT,UT, w™ = gonT,UT,

—vu{™n; = h at T, uf™ = g at Tp.

Theorem 8. The reduction factor of the Parallel Schwarz algorithm for

case 8 is given by the formula

res(B: b, ay, ag, by, by) = sinh(A(k)(ag — a1)) C?Sh(x(/j)(% ~b)) |
cosh(A(k) (by — az)) sinh(A(k) (b, — a1))
Proof. The result follows using the concepts and the steps from the

previously analysed configurations.
12. The Optimized Schwarz Algorithm - Case 9

As a last scenario, we pay attention to the Optimized Schwarz method,
where impedance conditions are employed on the left and right edge of the
global domain and at the two interfaces. The Optimized Schwarz method in
strong form reads

Advances and Applications in Mathematical Sciences, Volume 23, Issue 8, June 2024
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Au™ + (k% —ik)ud™ = —f in O

Vlém)n_{ 4 iku%m) = Vugm_l)n_{ + ikugm_l) at I
u£m) =0onT,UTy

VM{m)n_{ + iku{m) =0 at I'y,

’

Aud™ + (B? - ik)uJ™ = —f in Q,

Vugm)n_é + ikugm) = Vu{m_l)a + iku%m_l) at Ty
ugm) =0onT, UT

Vugm) + ikugm) =0 at T'p.

b

Theorem 9. The convergence factor of the Optimized Schwarz algorithm

is given by the formula
|(1- 627“(];)(572_5’1))(1 _ e—%(lz)(%—fh)) |
| (1 _ CZ@—Q%(E) (52—01))(1 _ Q—Ze%(lg)(bz—az)) |

7623(];; k, ap, Qg, bl’ b2) =

A —ik
A+ik’

where ¢ =

Proof. The proof is straightforward and it follows in the same fashion
with the previous configurations. We can write the Optimized Schwarz

algorithm in compact form

{A{m)(;%):l _ %{ A{m)@}
AM(E) A" V()
o - e27‘(’;)~(b2 ~b))
where v, = - (1 - g Pk Czan)) is the Schwarz iteration
(1 - P E)az-ar)) .
- C—zezk(}?)(bg -ag))

matrix. By doing a little algebra, we obtain the reduction factor
= 827”(];)(172_()1))(1 _ e—%(iz)(az—aﬂ) |

2 E, k, 5 ) 5 b = T E ’
ros(ki k, ar, ag, by, by) (1= 2o PP rma) q _ 2 2) br-aa)y |

13. Remarks

From the analysis conducted in the previous sections of the paper, there
are some remarks to be made. In case 2 and 3, we observe that the reduction
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factors are the same, therefore the Schwarz algorithm has the same
behaviour for these two configurations. Similarly case 1-6, case 4-8 and case
5-7 share the same formulas for the reduction factors. It is evident that for
zero overlap the convergence factors become 1, so the Schwarz method
stagnates, which is a very common experience in the literature. Also, for high
Fourier frequencies, the contraction factors rapidly decay towards zero. For
the evanescent modes, the Performance of the Schwarz method is very good
and the contraction factors rapidly go to zero. However, the main concern for
the Helmholtz equation is how the algorithm performs for the propagative
modes. In cases 1-6 and 2-3 the performance of the algorithm is not so good as
there are oscillations appearing for the propagative modes. These cases have
in common the following: At the left and right edge and at the interfaces, the
boundary conditions are purely Dirichlet or purely Neumann. Now, taking
into account cases 4-8 and 5-7, we notice that there is something in common:
One of the boundary conditions at the interfaces and the edges differs from
the other boundary conditions. For instance, in case 4 we have Dirichlet
interface conditions, Dirichlet at the left edge of Q and Neumann at the right
edge of Q. Therefore the boundary condition at the right edge differs from the
other ones. This enables us to have better performance of the Schwarz
method for the propagative modes. In the table below there is comprehensive
information for all the different configurations. The D denotes the Dirichlet,
N denotes the Neumann, and R denotes the Robin boundary conditions. The

Table 1. All reported cases for varying the boundary conditions.

Iy | Ty | T | Tgp | I7 | Ty | prop. modes | ev. modes
Casel | D | D|D|D|D|D X l
Case2 | D |D| D | D | N |N X \
Case3 | D | D| N| N | D |D X l
Case4 | D | D| D | N|D|D \ V
Case5 | D | D| N | D | D|D V l
Case6 | D |D | N| N | N [N X N
Case7 | D | D| D | N | N |N \ l
Case8 | D | D| N | D | N |N \ \
Case9 | D | D| R| R | R |R V V
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last columns represent the propagative modes and the evanescent modes,
where the checkmark means that the Schwarz method performs well for
these modes and the xmark means that the algorithm performs badly for this
regime. We notice that for all the cases, the Schwarz method behaves well for
the evanescent modes and the convergence factor rapidly decreases to zero.
The problem occurs when we are in the region of the propagative modes. We
clearly see that when the boundary conditions are the same on both edges
(columns 4 and 5), then there is a problem with the propagative modes. On
the contrary, using different boundary conditions on the two edges helps with
the convergence of the Schwarz method. Lastly, in case 9 where we have
Robin conditions at the interfaces and the right-left edges, the convergence is

improved drastically for both evanescent and propagative modes.
14. Some Illustrations

In this section we provide the graphs of the convergence factors as a
function of Fourier frequency. In addition to that the eigenvalues of Schwarz
matrices for each algorithm is exhibited. These graphs are very revealing as
they illustrate the behaviour of the Parallel Schwarz algorithm for the
different Fourier modes. For the plots, we consider that Q; = (0, 2 + h)

x(0,1), Qy =(2-h, 4)x(0,1), where the overlap is 2k and h is the mesh

size. The two subdomains have the same size and the height of the rectangle

is 1.

1-6
Case 1-6 Coe

Case 23

Case 2-3 i

Case 4-8 %— Case 57

Case 5-7

Convergence factor
Convergence factor

0.2}

o i i
0 5 10 15 20 0 10 20 30 40 50 60 70
Fourier frequency Fourier frequency

Figure 1. The convergence factor Figure 2. The convergence factor
for different methods as a function for different methods as a function
of the Fourier frequency for wave of the Fourier frequency for wave
number k=n The mesh size is number k=10r. The mesh size is
h = 0.25. h = 0.25.
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Figure 3. The convergence factor
for different methods as a function
of the Fourier frequency for wave
number % =100n. The mesh size is
h = 0.25.

Figure 4. The convergence factor
of the Optimized Schwarz method
a function of the

as Fourier

frequency for number

k =100n. The mesh size is h = 0.25.

wave
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From the above convergence curves, it is evident that keeping different
boundary conditions at the left and right edge of the global domain Q helps
with the convergence for the propagative modes. If the same boundary
conditions are imposed at the two edges, then oscillations occur in the
propagative regime. If Robin Conditions are imposed on the external edges
and on the interfaces, the Schwarz method has good behaviour in propagative
and evanescent regime.
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Figure 5. The spectrum of Schwarz Figure 6. The spectrum of Schwarz

iteration matrix (Cases 1-6) for a iteration matrix (Cases 2-3) for a
range of Fourier modes, for fixed

The mesh

range of Fourier modes, for fixed
wave number k =100n. The mesh size
is A =0.25.

wave number % =100m.

size is h = 0.25.
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Figure 7. The spectrum of
Schwarz iteration matrix (Cases
4-8) for a range of Fourier
modes, for fixed wave number
k =100n. The mesh size 1is
h = 0.25.
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Figure 8. The spectrum of
Schwarz iteration matrix (Cases
5-7) for a range of Fourier modes,
for fixed wave number %k = 100m.
The mesh size is A = 0.25.
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Figure 9. The spectrum of Schwarz iteration matrix (Case 9) for a range of

Fourier modes, for fixed wave number &£ = 100n. The mesh size is A = 0.25.

15. Conclusions

In this paper, we have analysed the performance of the Parallel Schwarz
algorithm for the perturbed Helmholtz problem for different configurations of
the boundary conditions at the interfaces and exterior edges. We have
obtained the appropriate convergence factors for all the different cases and
we noticed that using the same boundary conditions at the external edges
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results in bad performance of the Schwarz method in the propagative regime.
On the contrary, different boundary conditions at the external edges of the
domain Q result in better performance of the iterative method for the
propagative modes. The choice of the boundary conditions is Dirichlet or
Neumann. We did also consider the Optimized Schwarz algorithm using
impedance conditions at the interfaces and at the left and right edge of the
global domain. In addition to the curves of the reduction factors, the spectrum
of the iteration matrices are provided for each method. Ultimately, Further
analysis can be carried out for more than two subdomains [14], [15], [16] 1.e.
two, three etc., but this could be more complicated as we have more interface

conditions. This analysis will appear in future work.
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