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Abstract

A fuzzy graph G:(o,u) with underlying graph G*:(c*,u") be given. Let G* be (V,E) and
S is the collection of all minimal dominating set of G. The dominating fuzzy graph of G is
denoted by D(G):(cp,up) with vertex set the disjoint union of VUS. In this paper,

characterizations are given for fuzzy graphs whose dominating fuzzy graph is connected and

complete. Some other properties of dominating fuzzy graphs are also obtained.

1. Introduction

The study of domination set was initiated by Ore [11] and Berge [1]. The
domination number and the independent domination number were
introduced by Cockayne and Hedetniemi [2]. Rosenfeld [12] introduced the
notion of fuzzy graph and several fuzzy analogs of graph theoretic concepts
such as paths, cycles and connectedness. Somasundaram and Somasundaram
[13] discussed domination in fuzzy graphs. They defined domination using
effective edges in fuzzy graphs. Nagoor Gani and Chandrasekaran [8, 9]
discussed domination in fuzzy graph using strong arcs. Nagoor Gani and
Vadivel [10] discussed domination, independent domination and
irredundance in fuzzy graphs using strong arcs. V. R. Kulli et al. [6,7]
introduced various type of dominating graphs which are graph valued
functions in the field of domination theory. B. Basavanagoud and S. M.

Hosamani [4] introduced a new class of intersection graphs in the field of
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domination theory. In this paper we introduce a new type of fuzzy graph in
the field of fuzzy domination theory.

2. Preliminaries

Definition 2.1. A fuzzy graph G :(c,pu) is a pair of function
6:V —>[0,1] and p:VxV —[0,1] where pu(u, v)<o(u)Ac(v) for

u,velV.
The underlying crisp graph of G = (o, p) is denoted by G* = (V, E)
where V ={u eV :o(u) >0} and E = {(u,v) e VxV :pu(u v) > 0}.
Definition 2.2. The order p and size q of the fuzzy graph G = (o, n) are
defined by p:ZUEVG(v) and q:z(u’v)EEu(u,v).

Definition 2.3. A path p in a fuzzy graph is a sequence of distinct nodes

Xg, X1, X9, ..., X, such that p(x;_;, x;) > 0,1 <i <n; here n >0 is called
the length of the path.

Definition 2.4. An arc (u, v) in a fuzzy graph G = (o, p) is said to be
strong if p”(u, v) = u(u, v) and the node v is said to be strong neighbor of u.

If w(u, v) = 0 for every v € V then u is called isolated node.

Definition 2.5. Two nodes of a fuzzy graph are said to be fuzzy
independent if there is no strong arc between them. A subset S of Vis said to

be a fuzzy independent set of G if any two nodes of S are fuzzy independent.

Definition 2.6. The strength of connectedness between two nodes u, v in
a fuzzy graph G is p®(w, v) =sup {pf(w, v) k=12 3,..) where
u¥ (u, v) = sup {u(u, u)Ap(, ug)A ... A p(uy_g, v)).

Definition 2.7. Let G = (o, n) be a fuzzy graph. A subset D of V is said

to be fuzzy dominating set of G if for every v € V — D there exists u € D

such that (u, v) is a strong arc. A dominating set D is called a minimal

dominating set if no proper subset of D is a dominating set.
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3. Dominating Fuzzy Graphs

Definition 3.1. A fuzzy graph G = (o, p) with underlying crisp graph

G* : (c", u*) be given. Let G* be (V, E), S is the collection of all minimal

dominating set of G. The dominating fuzzy graph of G is denoted by
D(G) : (op, np) with node set the disjoint union of V U S, where

opu)=o)if uec

= u (w, v)if u,vep’

= 0 otherwise.

up i, vj) =0 if v, v; € 6~

up (v, ej) = nlej) if v; e o™, ej e p*
= 0 otherwise.

As op is defined only through the values of o and
u, op: VUE — [0, 1] is a well- defined fuzzy subset on V U E. Also up is

a fuzzy relation on op and pup(u, v) < op(u)Aop(V)Vu, v in V U E.

Example 3.2.

u(0.3)
0.2
0.3
0.1
v(0.5) w(0-2)
0.5 0.2
x(0.6) y(0.3)
u(0.3)
Fuzzy graph G Dominating Fuzzy graph D(G)
Figure 3.1 Figure 3.2
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Properties of a dominating fuzzy graph
Theorem 3.3. Order [D(G)] = Order [G] + Y(w)es @),
Proof of Theorem 3.3.

Order [D(G)] = Z

ueVUS op ()

- ey D@ + > g ODW)
= Z ,olu) + Z . 1”7 (w) [By definition 3.1]
uec uep

= Order [G]+ Sum of the weights of strongest arc for all minimal

dominating set of G.

Hence, Order [D(G)] = Order [G] + Z g u”(w).

(@)

Theorem 3.4. Size D[G] =| S |Z( s u”(w).
u)e

Proof of Theorem 3.4.

Size D[G] = Z

u,veVUS HD(L% U)

- zu, veV HD(U, U) * Zu, veS uD(u’ v) * Zuev, veS MD(u’ U)
=0+0+ Z ., nle;) [By Definition 3.1]
Vi€, ejEp

= Sum of the weights of the strongest arc connecting the nodes in S for all
minimal dominating set of (G, as each arc in E is incident with exactly

number of nodes in the corresponding minimal dominating set.
Hence, Size D[G] =|S | Z(u)es n” (w).

Theorem 3.5. A Dominating Fuzzy Graph D(G) is a strong fuzzy graph.
Proof of Theorem 3.5.

Consider an edge (u, v) is D(G).
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Then pp(u, v) =0 if u,v ec”

npu, v)=ulej)if uec’,v=me; ep*

where u(e;) = op(u)

= u () if u e n*.

Since u”(u) is a strength of connectedness between the nodes of minimal

dominating set.

Therefore, every arc of D(G) is a strong arc.

Hence D(G) is a strong fuzzy graph.

Theorem 3.6. D(G) is not a complete fuzzy graph even if G is a complete
fuzzy graph.

Proof of Theorem 3.6. Given G is a complete fuzzy graph, then every
pair of vertices are adjacent in G*.

But by the definition of D(G), pp(v;, v;) =0 if v;, v; € o* ie) No two

nodes in V(G) are neighbours in D(G). So D(G) is not a complete fuzzy
graph.

Theorem 3.7. If G is a complete fuzzy graph, then | E(D(G))| = 0.
Proof of Theorem 3.7. Given G is a complete fuzzy graph.
Then every node of G is a minimal dominating set.

By the definition of D(G), every edge in the dominating fuzzy graph is a

strength of connectedness between the nodes of minimal dominating set.
Since pu”(z) = 0, then the graph will be a null graph.
Hence |E(D(G))| = 0.

Theorem 3.8. For any fuzzy graph G, the dominating fuzzy graph D(G)
is a fuzzy bipartite graph.
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Proof of Theorem 3.8. The dominating fuzzy graph is a disjoint union of
V U S, where S is the collection of all minimal dominating set of G.

Then the node set V can be partitioned into two nonempty sets V and S

such that Vand S are fuzzy independent sets.

Every arc in D(G) is a strong arc since D(G) is a strong fuzzy graph.
Thus every strong arc of D(G) has one end in V and the other end in S.
Hence D(G) is a fuzzy bipartite graph.

Theorem 3.9. For any dominating fuzzy graph y(D(G)) = p if and only if
G=K,.

Proof of Theorem 3.9. If G is a complete fuzzy graph with p vertices,
then every vertices of G is a minimal dominating set.

We have p minimal dominating set for a given fuzzy graph G.

By the definition of dominating fuzzy graph D(G), will be a null graph

with p vertices.

Hence the cardinality of minimal dominating set of the dominating fuzzy
graph is equal to p.

Theorem 3.10. For a dominating fuzzy graph D(G),3(D(G))<y(G)<T(G)
< A(D(G)).

Proof of Theorem 3.10. Here we consider only a minimal dominating
sets of G. Let y(G) be a minimum cardinality of the minimal dominating set

and I'(G) be a maximum cardinality of the minimal dominating set.
The degree of vertices of D(G) is depending upon the minimal
dominating set of G.

If u e S, then d(D(G)) = number of vertices which are in the minimal

dominating set.

If u e V, then d(D(G)) = a vertex is exactly the number of times occurs

in the minimal dominating set.
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Hence the maximum and minimum degree of the dominating fuzzy graph

lies in this interval 8(D(G)) < y(G) < T'(G) < A(D(G)).

(1]
(2]

(3]

[4]

(5]
(6]

(7

(9]

[10]

[11]

[12]

[13]

[14]

References

C. Berge, Graphs and Hyper Graphs, North-Holland, Amsterdam (1973), 309.

E. J. Cockayne and S. Hedetnieme, Towards a theory of domination in graphs, Networks
7 (1977), 247-261.

E. J. Cockayne, R. M. Dawes and S. T. Hedetniemi, Total domination in graphs,
Networks 10(3) (1980), 211-219.

B. Basavanagoud and S. M. Hosamani, Edge dominating graph of a graph, Tamakang J.
Math. 43(4) (2013), 603-608.

F. Harary, Graph Theory, Addison-Wesley, Reading, Mass., 1969.

V. R. Kulli, Theory of Domination in Graphs, Vishwa International Publications,
Gulbarga, India, 2010.

V. R. Kulli, B. Janakiram and K. M. Niranjan, The dominating graph. Graph Theory
Notes of New York, Vol. 46, New York Academy of Sciences, New York, 2004, (pp. 5-8).

A. Nagoor Gani and V. T. Chandrasekaran, Domination in fuzzy graph, Advances in
Fuzzy Sets and Systems 1(1) (2006), 17-26.

A. Nagoor Gani and V. T. Chandrasekaran, A First Look at Fuzzy Graph Theory, Allied
Publishers Pvt. Ltd., 2010.

A. Nagoor Gani and P. Vadivel, A study on domination, independence domination and
irrenundance in fuzzy graph, Applied Mathematical Sciences 5(47) (2011), 2317-2325.

0. Ore, Theory of graphs, Amer. Math. Soc. Collog. Publi. Amer. Math. Soc, Providence,
RI (1962), 38.

A. Rosenfeld, Fuzzy graphs, Fuzzy Sets and their Applications to Cognitive and Decision
Processes (Proc. U.S.-Japan Sem., Univ. Calif., Berkeley, Calif., 1974), Academic Press,
New York (1975), 77-95.

A. Somasundaram and S. Somasundaram, Domination in fuzzy graphs-I, Elsevier Science
19 (1998), 787-791.

L. A. Zadeh, Fuzzy sets, Information and Control 8 (1965), 338-353.

Advances and Applications in Mathematical Sciences, Volume 20, Issue 6, April 2021



