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Abstract 

A fuzzy graph ( ),:G  with underlying graph ( )  ,:G  be given. Let G  be ( )EV ,  and 

S is the collection of all minimal dominating set of G. The dominating fuzzy graph of G is 

denoted by ( ) ( )DDGD  ,:  with vertex set the disjoint union of .SUV  In this paper, 

characterizations are given for fuzzy graphs whose dominating fuzzy graph is connected and 

complete. Some other properties of dominating fuzzy graphs are also obtained. 

1. Introduction 

The study of domination set was initiated by Ore [11] and Berge [1]. The 

domination number and the independent domination number were 

introduced by Cockayne and Hedetniemi [2]. Rosenfeld [12] introduced the 

notion of fuzzy graph and several fuzzy analogs of graph theoretic concepts 

such as paths, cycles and connectedness. Somasundaram and Somasundaram 

[13] discussed domination in fuzzy graphs. They defined domination using 

effective edges in fuzzy graphs. Nagoor Gani and Chandrasekaran [8, 9] 

discussed domination in fuzzy graph using strong arcs. Nagoor Gani and 

Vadivel [10] discussed domination, independent domination and 

irredundance in fuzzy graphs using strong arcs. V. R. Kulli et al. [6,7] 

introduced various type of dominating graphs which are graph valued 

functions in the field of domination theory. B. Basavanagoud and S. M. 

Hosamani [4] introduced a new class of intersection graphs in the field of 
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domination theory. In this paper we introduce a new type of fuzzy graph in 

the field of fuzzy domination theory. 

2. Preliminaries 

Definition 2.1. A fuzzy graph ( ),:G  is a pair of function 

 1,0: → V  and  1,0: → VV  where ( ) ( ) ( )vuvu  ,  for 

., Vvu   

The underlying crisp graph of ( )= ,G  is denoted by ( )EVG ,=  

where ( ) 0: = uVuV  and ( ) ( ) .0,:, = vuVVvuE  

Definition 2.2. The order p and size q of the fuzzy graph ( )= ,G  are 

defined by ( ) 
=

Vv
vp  and ( )

( )
.,

, 
=

Evu
vuq   

Definition 2.3. A path  in a fuzzy graph is a sequence of distinct nodes 

nxxxx ,,,, 210   such that ( ) ;1,0,1 nixx ii  −  here 0n  is called 

the length of the path. 

Definition 2.4. An arc ( )vu,  in a fuzzy graph ( )= ,G  is said to be 

strong if ( ) ( )vuvu ,, =  and the node v is said to be strong neighbor of u. 

If ( ) 0, = vu  for every Vv   then u is called isolated node. 

Definition 2.5. Two nodes of a fuzzy graph are said to be fuzzy 

independent if there is no strong arc between them. A subset S of V is said to 

be a fuzzy independent set of G if any two nodes of S are fuzzy independent.  

Definition 2.6. The strength of connectedness between two nodes vu,  in 

a fuzzy graph G is ( )  ( ) ,3,2,1;,sup, == kvuvu k  where 

( )  ( ) ( ) ( ).,,,sup, 121 vuuuuuvu k
k

−=   

Definition 2.7. Let ( )= ,G  be a fuzzy graph. A subset D of V is said 

to be fuzzy dominating set of G if for every DVv −  there exists Du   

such that ( )vu,  is a strong arc. A dominating set D is called a minimal 

dominating set if no proper subset of D is a dominating set. 
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3. Dominating Fuzzy Graphs 

Definition 3.1. A fuzzy graph ( )= ,G  with underlying crisp graph 

( )  ,:G  be given. Let G  be ( ) SEV ,,  is the collection of all minimal 

dominating set of G. The dominating fuzzy graph of G is denoted by 

( ) ( )DDGD  ,:  with node set the disjoint union of ,SV   where 

( ) ( )uuD =  if u  

( )vu,=  if vu,  

0=  otherwise. 

( ) 0, = jiD vv  if ji vv ,   

( ) ( )jjiD eev = ,  if   ji ev ,  

0=  otherwise. 

As D  is defined only through the values of  and 

 1,0:, → EVD   is a well- defined fuzzy subset on .EV   Also D  is 

a fuzzy relation on D  and ( ) ( ) ( ) vuvuvu DDD ,,   in .EV   

Example 3.2. 

 

Figure 3.1                              Figure 3.2 
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Properties of a dominating fuzzy graph 

Theorem 3.3. Order ( )    ( )( ) 
+= Su uGGD .Order   

Proof of Theorem 3.3. 

Order ( )  ( ) 
=

SVu
D uGD


 

( ) ( ) 
+=

Su
D

Vu
D uu  

( ) ( )  




+=

uu
uu  [By definition 3.1] 

  += GOrder  Sum of the weights of strongest arc for all minimal 

dominating set of G. 

Hence, Order ( )    ( )
( ) 

+=
Su

uGGD .Order  

Theorem 3.4. Size   ( )
( ) 

=
Su

uSGD .  

Proof of Theorem 3.4. 

Size   ( ) 
=

SVvu
D vuGD

,
,  

( ) ( ) ( ) 
++=

SvVu
D

Svu
D

Vvu
D vuvuvu

,,,
,,,  

( )  
++=

ji ev
je

,
00  [By Definition 3.1] 

= Sum of the weights of the strongest arc connecting the nodes in S for all 

minimal dominating set of G, as each arc in E is incident with exactly 

number of nodes in the corresponding minimal dominating set. 

Hence, Size   ( )
( ) 

=
Su

uSGD .  

Theorem 3.5. A Dominating Fuzzy Graph ( )GD  is a strong fuzzy graph. 

Proof of Theorem 3.5. 

Consider an edge ( )vu,  is ( ).GD  
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Then ( ) 0, = vuD  if vu,  

( ) ( )jD evu = ,  if = 
jevu ,  

where ( ) ( )ue Dj =  

( )u=  if .u  

Since ( )u  is a strength of connectedness between the nodes of minimal 

dominating set. 

Therefore, every arc of ( )GD  is a strong arc.  

Hence ( )GD  is a strong fuzzy graph. 

Theorem 3.6. ( )GD  is not a complete fuzzy graph even if G is a complete 

fuzzy graph. 

Proof of Theorem 3.6. Given G is a complete fuzzy graph, then every 

pair of vertices are adjacent in .G  

But by the definition of ( ) ( ) 0,, = jiD vvGD  if ji vv ,  i.e.) No two 

nodes in ( )GV  are neighbours in ( ).GD  So ( )GD  is not a complete fuzzy 

graph. 

Theorem 3.7. If G is a complete fuzzy graph, then ( )( ) .0=GDE  

Proof of Theorem 3.7. Given G is a complete fuzzy graph. 

Then every node of G is a minimal dominating set. 

By the definition of ( ),GD  every edge in the dominating fuzzy graph is a 

strength of connectedness between the nodes of minimal dominating set. 

Since ( ) ,0= u  then the graph will be a null graph. 

Hence ( )( ) .0=GDE  

Theorem 3.8. For any fuzzy graph G, the dominating fuzzy graph ( )GD  

is a fuzzy bipartite graph. 
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Proof of Theorem 3.8. The dominating fuzzy graph is a disjoint union of 

,SUV  where S is the collection of all minimal dominating set of G. 

Then the node set V can be partitioned into two nonempty sets V and S 

such that V and S are fuzzy independent sets. 

Every arc in ( )GD  is a strong arc since ( )GD  is a strong fuzzy graph.  

Thus every strong arc of ( )GD  has one end in V and the other end in S.  

Hence ( )GD  is a fuzzy bipartite graph. 

Theorem 3.9. For any dominating fuzzy graph ( )( ) pGD =  if and only if  

.pKG =  

Proof of Theorem 3.9. If G is a complete fuzzy graph with p vertices, 

then every vertices of G is a minimal dominating set. 

We have p minimal dominating set for a given fuzzy graph G.  

By the definition of dominating fuzzy graph ( ),GD  will be a null graph 

with p vertices. 

Hence the cardinality of minimal dominating set of the dominating fuzzy 

graph is equal to p. 

Theorem 3.10. For a dominating fuzzy graph ( ) ( )( ) ( ) ( )GGGDGD ,  

( )( ).GD  

Proof of Theorem 3.10. Here we consider only a minimal dominating 

sets of G. Let ( )G  be a minimum cardinality of the minimal dominating set 

and ( )G  be a maximum cardinality of the minimal dominating set. 

The degree of vertices of ( )GD  is depending upon the minimal 

dominating set of G. 

If ,Su   then ( )( ) =GDd  number of vertices which are in the minimal 

dominating set. 

If ,Vu   then ( )( ) =GDd  a vertex is exactly the number of times occurs 

in the minimal dominating set. 
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Hence the maximum and minimum degree of the dominating fuzzy graph 

lies in this interval ( )( ) ( ) ( ) ( )( ).GDGGGD   
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