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Abstract 

In 1965, Zadeh [18] initiated the fuzzy sets concept. Thereafter the concept of fuzzy set was 

generalized as intuitionistic fuzzy set by Atanassov [2] in 1984. In 2004, Park [10] using the idea 

of intuitionistic fuzzy sets, defined the notion of intuitionistic fuzzy metric space with the help of 

continuous t-norm and continuous t-conorm as a generalization of fuzzy metric space due to 

George and Veeramani ([5], [6]). In generalized intuitionistic fuzzy metric spaces, we 

demonstrate a few common fixed point theorems for sequence of mappings. 

1. Motivation and Main Results 

Definition 1. If the following requirements will meet, a binary operation 

   1,01,0:   is a continuous t-norm: 

(a) * has the properties of being both associative and commutative, 
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(b) * is continuous, 

(c)  ,1,0,1  uuu  

(d) jivu   wherever iu   and jv   in each case  .1,0,,, jivu   

Examples. uvvu   and vu  minimum of  ., vu  

Definition 2. If the following requirements will meet, a binary operation 

   1,01,0:   is a continuous t-conorm: 

(a)  has the properties of being both associative and commutative, 

(b)  is continuous, 

(c)  ,1,0,0  uuu  

(d) jivu   wherever iu   and ,jv   for each  .1,0,,, jivu  

Examples.  vu  minimum of  vu ,1  and  vu  maximum of  ., vu  

Definition 3. An generalized intuitionistic fuzzy metric space is a 5-tuple 

 ,,,, W  if W is an any non-empty set, * is a continuous t-norm,  a 

continuous t-conorm and ,  are fuzzy sets on  ,,03 W  satisfying the 

following requirements must be met: for any Wavuw ,,,  and .0, st  

(a)     ,1,,,,,,  tvuwtvuw   

(b)   ,0,,, tvuw  

(c)   ,1,,, vuwtvuw   

(d)     ,,,,,,, tvuwptvuw    here p denotes the permutation 

function, 

(e)      ,,,,,,,,,, stvuwsvuatauw    

(f)      1,0,0:,,, vuw  is continuous, 

(g)   ,0,,, tvuw  

(h)   ,0,,, vuwtvuw   
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(i)     ,,,,,, vuwptvuw    here p denotes the permutation 

function, 

(j)      ,,,,,,,,,, stvuwsvuatauw    

(k)      1,0,0:,,, vuwN  is continuous. 

Then  ,  is generalized intuitionistic fuzzy metric on W. 

Example 4. Take ,RW   and  are fuzzy sets on   ,03W  

defined by    tvuw
wvvuuwt

t
tvuw ,,,,,,, 


  

wvvuuwt

wvvuuw




  for each Wvuw ,,  and .0t  Then 

 ,  is an generalized intuitionistic fuzzy metric on W. 

Definition 5. A generalized intuitionistic fuzzy metric space is 

 .,,,, W  Then 

(i) If 0 t  and   1,,,lim,0   twwwp nnpnn   and 

  ,0,,,lim  twww nnpnn   a sequence  nw  in W is Cauchy. 

(ii) If   1,,,lim,0   twwwt nn   and   ,0,,,lim  twwwnn   

a sequence  nw  in W is converge to a point .Ww   

(iii) Every Cauchy sequence in W is convergent ⇔ an intuitionistic 

generalized fuzzy metric space  ,,,, W  is complete. 

Lemma 6. A generalized intuitionistic fuzzy metric space is defined as 

 .,,,, W  With regard to vuwt ,,,   in  tvuwW ,,,,   is non-

decreasing and  tvuw ,,,  is non-increasing. 

Lemma 7. Let a sequence  nw  in an generalized intuitionistic fuzzy 

metric space  ,,,,, W  if  a constant   :1,0r  

   twwwrtwww nnnnnn ,,,,,, 111    and  rtwww nnn ,,, 11   

  .0,,,1   ttwww nnn  Then  nw  is Cauchy in W. 

Lemma 8. Let  ,,,, W  be an generalized intuitionistic fuzzy 
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metric space and ,0,,,  tWvuw  and if for a number 

     tvuwrtvuwr ,,,,,,,1,0    and    tvuwrtvuw ,,,,,,     

then .vuw   

Definition 9. If ,wTw   a point Ww   is called a fixed point of the 

map .: WWT   

Definition 10. If   ,nwwTn   a point Ww   is called a common fixed 

point of sequence of the mappings .: WWTn   

Theorem 11. Let  ,,,, W  be a complete generalized intuitionistic 

fuzzy metric space and WWTn :  be a sequence of maps 0:  t  and 

10  r  satisfying the following conditions   tzTzTwT jji ,,,  minimum 

of         ,,,,,,,,,,,,,,,, rtwTzwrtzTzzrtwTwwrtzzw iji   

 rtzTwTz ji ,,,    tzTzTwT jji ,,,  maximum of   ,,,, rtzzw  

       rtzTwTzrtwTzwrtzTzzrtwTww jiiji ,,,,,,,,,,,,,,,    

ji   and ., Wzw   Then  nT  has a unique common fixed point. 

12. Proof of Theorem 11. Let Ww 0  be any arbitrary point. 

The sequence  nw  in W defined by nnn wTw 11    for .,3,2,1,0 n  

Now    twTwTwTtwww nnnnnnnnn ,,,,,, 12121221      

  minimum of     ,,,,,,,, 111 rtwTwwrtwww nnnnnnn     

   ,,,,,,,, 111211 rtwTwwrtwTww nnnnnnnn    

 .,,, 1211 rtwTwTw nnnnn   

= minimum of     ,,,,,,,, 111 rtwwwrtwww nnnnnn    

   ,,,,,,,, 11211 rtwwwrtwww nnnnnn    

 rtwww nnn ,,, 211   

  = minimum of    rtwwwrtwww nnnnnn ,,,,,,, 22111    

 rtwww nnn ,,, 11   

Therefore,    rtwwwtwww nnnnnn ,,,,,, 11221    



COMMON FIXED POINT THEOREMS FOR SEQUENCE … 

Advances and Applications in Mathematical Sciences, Volume 22, Issue 1, November 2022 

239 

Similarly,    rtwwwtwww nnnnnn ,,,,,, 11221     

Thus 

   rtwwwtwww nnnnnn ,,,,,, 11221    

 2
1 ,,, rtwww nnn  

  

 1
110 ,,,  nrtwww  

We now obtain for any positive integer q and ,0t  

    qqtwwwtwww nnnqnqnn   ,,,,,, 11  times 

    qqrtwwwqtwww n
qnqnqn    ,,,,,, 1101   times 

 1
110 ,,,  qnqrtwww  

Therefore,   qtwww qnqnnn   1,,,lim   times .11   

Similarly,   qtwww qnqnnn  0,,,lim   times .00   

So the sequence  nw  is Cauchy. 

Since W is complete, sequence  nw  converges to .Ww   

Now    twwwTtwwwT nnmnm ,,,lim,,, 22    

 twTwTwT nnnnmn ,,,lim 1212    

 nlim  minimum of     ,,,,,,,, 11 rtwTwwrtwww mnn    

   ,,,,,,,, 11211 rtwTwwrtwTwww mnnnnn  

 rtwTwTw nnmn ,,, 121   

 nlim  minimum of     ,,,,,,,, 11 rtwTwwrtwww mnn    

     rtwwTwrtwTwwrtwww nmnmnnnn ,,,,,,,,,,, 211211     

= minimum of       ,,,,,,,,,,,, rtwwwrtwTwwrtwww m   

   rtwwTwrtwTww mm ,,,,,,,   

= minimum of   rtwTww m ,,,,1   
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 rtwTww m ,,,  

 rtwwwTm ,,,  

  

 n
m rtwwwT ,,,  

1  as n tends to ∞. 

Hence   .0,1,,,  ttwwwTm  

Similarly,   .0,0,,,  ttwwwTm  

Hence, .wwTm   

Therefore, .nwwTn   

Hence w is a common fixed point of  .nT  

Uniqueness: Suppose .: nzzTzw n   

Now consider    tzTzTwTtzzw jji ,,,,,,    

≥ minimum of       ,,,,,,,,,,,, rtzTzzrtwTwwrtzzw ji   

   rtzTwTzrtwTzw jii ,,,,,,,   

= minimum of       ,,,,,,,,,,,, rtzzzrtwwwrtzzw   

   rtzwzrtwzw ,,,,,,,   

= minimum of   1,,,, rtzzw  

 rtzzw ,,,  

  

 nrtzzw ,,,  

1  as n tends to ∞ 

Hence   .0,1,,,  ttzzw  

Similarly,   .0,0,,,  ttzzw  
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Therefore, .zw   

Which is contradiction to .zw   

Hence  nT  has a unique common fixed point. 

Remark 13. The succeeding corollary 14 is obtained by considering 

TTT ji   in the preceding theorem. 

Corollary 14. Let  ,,,, W  be a complete generalized 

intuitionistic fuzzy metric space and WWT :  be a mapping: 

  rtTzTzTw ,,,  minimum of     ,,,,,,,, tTwwwtzzw   

     tTzTwztTwzwtTzzz ,,,,,,,,,,,     rtTzTzTw ,,,  

maximum of         ,,,,,,,,,,,,,,,, tTwzwtTzzztTwwwtzzw   

  WzwtTzTwz  ,,,,  and  .1,0r  Then T has a unique fixed point. 

Theorem 15. Let  ,,,, W  be a complete generalized intuitionistic 

fuzzy metric space and WWTn :  be a sequence of maps 0:  t  and 

10  r  satisfying the following conditions  tzTzTwT jji ,,,5  

        rtwTzwrtzTzzrtwTwwrtzzw iji ,,,,,,,,,,,,    

 rtzTwTz ji ,,,        rtwTwwrtzzwtzTzTwT ijji ,,,,,,,,,5     

     rtzTwTzrtwTzwrtzTzz jiij ,,,,,,,,,    ji   and 

., Wzw   Then  nT  has a unique common fixed point. 

16 Proof of Theorem 15. Let Ww 0  be any arbitrary point. 

The sequence  nw  in W defined by nnn wTw 11    for ,3,2,1,0n   

Now    twTwTwTtwww nnnnnnnnn ,,,5,,,5 12121221     

    rtwTwwrtwww nnnnnnn ,,,,,, 111     

   rtwTwwrtwTww nnnnnnnn ,,,,,, 111211     

 rtwTwTw nnnnn ,,, 1211   

    rtwwwrtwww nnnnnn ,,,,,, 111     

   rtwwwrtwww nnnnnn ,,,,,, 11211     
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 rtwww nnn ,,, 211   

   rtwwwrtwww nnnnnn ,,,2,,,3 22111     

   rtwwwrtwww nnnnnn ,,,2,,,3 22111     

Therefore,    rtwwwtwww nnnnnn ,,,3,,,3 11221     

That is,    rtwwwrtwww nnnnnn ,,,,,, 11221    

Similarly,    rtwwwtwww nnnnnn ,,,,,, 11221     

Thus    rtwwwtwww nnnnnn ,,,,,, 11221    

 2
1 ,,, rtwww nnn  

  

 1
110 ,,,  nrtwww  

We now obtain for any positive integer q and ,0t  

    qqtwwwtwww nnnqnqnn   ,,,,,, 11  times 

    qqrtwwwqtwww n
qnqnqn    ,,,,,, 1101   times 

 1
110 ,,,  qnqrtwww  

Therefore,   qtwww qnqnnn  1,,,lim   times .11   

Similarly,   qtwww qnqnnn  0,,,lim   times .00   

So the sequence  nw  is Cauchy. 

Since W is complete, sequence  nw  converges to .Ww   

We now show that w is a fixed point of   .nTn   

   twwwTtwwwT nnmnm ,,,5lim,,,5 22    

 twTwTwT nnnnmn ,,,5lim 1212    

    rtwTwwrtwww mnnn ,,,,,,lim 11     
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   rtwTwwrtwTwww mnnnnn ,,,,,, 11211     

 rtwTwTw nnmn ,,, 121   

    rtwTwwrtwww mnnn ,,,,,,lim 11     

   rtwTwwrtwww mnnnn ,,,,,, 1211     

 rtwwTw nmn ,,, 21   

      rtwwwrtwTwwrtwww m ,,,,,,,,,    

   rtwwTwrtwTww mm ,,,,,,    

      rtwTwwrtwTwwrtwTww mmm ,,,,,,1,,,1     

 rtwTww m ,,,32   

 .,,,32 rtwwwTm  

Therefore,   .2,,,2 rtwwwTm  

That is,   .1,,, rtwwwTm  

Hence   .0,1,,,  ttwwwTm  

Similarly,   .0,0,,,  ttwwwTm  

Hence, .wwTm   

Therefore, .nwwTn   

Hence w is a common fixed point of  .nT  

Uniqueness: Suppose .: nzzTzw n   

Then    tzTzTwTtzzw jji ,,,5,,,5    

      rtzTzzrtwTwwrtzzw ji ,,,,,,,,,    

   rtzTwTzrtwTzw jii ,,,,,,    

        rtwzwrtzzzrtwwwrtzzw ,,,,,,,,,,,,    
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 rtzwz ,,,  

      rtzwzrtwzwrtzzw ,,,,,,11,,,    

 rtzzw ,,,32   

 tzzw ,,,32   

Therefore,   .2,,,2 tzzw  

That is,   .1,,, tzzw  

Hence   .0,1,,,  ttzzw  

Similarly,   .0,0,,,  ttzzw  

Therefore, .zw   

Which is contradiction to .zw   

Hence  nT  has a unique common fixed point. 

Remark 17. From the preceding theorem we have,  tzTzTwT jji ,,,  

      rtzTzzrtwTwwrtzzw ji ,,,,,,,,,51    

   rtzTwTzrtwTzw jii ,,,,,,    

≥ minimum of       ,,,,,,,,,,,, rtzTzzrtwTwwrtzzw ji   

   rtzTwTzrtwTzw jii ,,,,,,,   

Therefore,   tzTzTwT jji ,,,  minimum of   ,,,, rtzzw  

       .,,,,,,,,,,,,,,, rtzTwTzrtwTzwrtzTzzrtwTww jiiji   

Similarly,   tzTzTwT jji ,,,  maximum of   ,,,, rtzzw  

       .,,,,,,,,,,,,,,, rtzTwTzrtwTzwrtzTzzrtwTww jiiji   

Hence we get the succeeding corollary. 

Corollary 18. Let  ,,,, W  be a complete generalized 

intuitionistic fuzzy metric space and WWTn :  be a sequence of maps:  

0 t  and 10  r  satisfying the conditions   tzTzTwT jji ,,,  

minimum of       ,,,,,,,,,,,, rtzTzzrtwTwwrtzzw ji    
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   rtzTwTzrtwTzw jii ,,,,,,,     tzTzTwT jji ,,,  maximum of 

        ,,,,,,,,,,,,,,,, rtwTzwrtzTzzrtwTwwrtzzw iji   

  jirtzTwTz ji ,,,  and ., Wzw   Then  nT  has a unique 

common fixed point. 

Theorem 19. Let  ,,,, W  be a complete generalized intuitionistic 

fuzzy metric space with t-norm  ba  minimum of  ba,  and t-conorm 

ba  maximum of    1,0,,  baba  and WWTn :  be a sequence of 

maps: 0 t  and 10  r  satisfying the conditions  tzTzTwT jji ,,,  

        rtwTzwrtzTzzrtwTwwrtzzw iii ,,,,,,,,,,,,    

        rtwTwwrtzzwtzTzTwTrtzTwTz ijjiji ,,,,,,,,,,,,     

     rtzTwTzrtwTzwrtzTzz jiii ,,,,,,,,,    ji   and 

., Wzw   Then  nT  has a unique common fixed point. 

20 Proof of Theorem 19. Let Ww 0  be any arbitrary point. 

The sequence  nw  in W defined by nnn wTw 11    for ,3,2,1,0n   

Now    twTwTwTtwww nnnnnnnnn ,,,,,, 12121221    

    rtwTwwrtwww nnnnnnn ,,,,,, 111     

   rtwTwwrtwTww nnnnnnnn ,,,,,, 111221      

 rtwTwTw nnnnn ,,, 1211      rtwww nnn ,,, 11    

   rtwwwrtwww nnnnnn ,,,,,, 2111     

   rtwwwrtwww nnnnnn ,,,,,, 21111     

   rtwwwrtwww nnnnnn ,,,,,, 21111     

Therefore,     rtwwwtwww nnnnnn ,,,,,, 11221     

 .,,, 221 rtwww nnn   

Which implies that    .,,,,,, 11221 rtwwwtwww nnnnnn     

Similarly,    .,,,,,, 11221 rtwwwtwww nnnnnn      
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Thus    rtwwwtwww nnnnnn ,,,,,, 11221     

 2
1 ,,, rtwww nnn  

  

 1
110 ,,,  nrtwww  

We now obtain for any positive integer q and ,0t   

    qqtwwwtwww nnnqnqnn   ,,,,,, 11  times 

    qqrtwwwqtwww n
qnqnqn    ,,,,,, 1101   times 

 .,,, 1
110

 qnqrtwww  

Therefore,   qtwww qnqnnn  1,,,lim   times .11   

Similarly,   qtwww qnqnnn  0,,,lim   times .00   

So the sequence  nw  is Cauchy. 

Since W is complete, sequence  nw  converges to .Ww   

Now    twwwTtwwT nnmnm ,,,lim,, 22    

 twTwTwT nnnnmn ,,,lim 1212    

    rtwTwwrtwww mnnn ,,,,,,lim 11     

   rtwTwwrtwTwww mnnnnn ,,,,,, 11211      

 rtwTwTw nnmn ,,, 221   

    rtwTwwrtwww mnnn ,,,,,,lim 11     

     rtwwTwrtwTwwrtwww nmnmnnnn ,,,,,,,,, 211211     

      rtwwwrtwTwwrtwww m ,,,,,,,,,    

   rtwwTwrtwTww mm ,,,,,,    

      rtwwTwrtwTwwrtwTww mmm ,,,,,,1,,,1    

 rtwwTm ,,  
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  

 n
m rtwwT ,,  

1  as n tends to ∞. 

Hence   .0,1,,,  ttwwwTm  

Similarly,   .0,1,,,  ttwwwTm  

Hence, .wwTm   

Therefore, .nwwTn   

Hence w is a common fixed point of  .nT  

Uniqueness: Suppose .: nzzTzw n   

Then    tzTzTwTtzzw jji ,,,,,,    

        rtwTzwrtzTzzrtwTwwrtzzw iji ,,,,,,,,,,,,  

 rtzTwTz ji ,,,  

             rtwzwrtzzzrtwwwrtzzw ,,,,,,,,,,,,   

 rtzwz ,,,  

      rtzwzrtwzwrtzzw ,,,,,,11,,,    

 rtzzw ,,,  

  

 nrtzzw ,,,  

1 as n tends to ∞. 

Hence   .0,1,,,  ttzzw  

Similarly,   .0,0,,,  ttzzw  

Therefore, .zw   

Which is contradiction to .zw   

Hence  nT  has a unique common fixed point. 
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Remark 21. The succeeding corollary 22 is obtained by considering 

TTT ji   in the preceding theorem. 

Corollary 22. Let  ,,,, W  be a complete generalized 

intuitionistic fuzzy metric space and WWT :  be a mapping: 

        tTzzztTwwwtzzwrtTzTzTw ,,,,,,,,,,,,    

   tTzTwztTwzw ,,,,,,        tzzwrtTzTzTw ,,,,,,    

       tTzTwztTwzwtTzzztTwww ,,,,,,,,,,,,    

Zzw  ,  and  .1,0r  Then T has a unique fixed point. 
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