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Abstract

In 1965, Zadeh [18] initiated the fuzzy sets concept. Thereafter the concept of fuzzy set was
generalized as intuitionistic fuzzy set by Atanassov [2] in 1984. In 2004, Park [10] using the idea
of intuitionistic fuzzy sets, defined the notion of intuitionistic fuzzy metric space with the help of
continuous t-norm and continuous t-conorm as a generalization of fuzzy metric space due to
George and Veeramani ([5], [6]). In generalized intuitionistic fuzzy metric spaces, we
demonstrate a few common fixed point theorems for sequence of mappings.

1. Motivation and Main Results

Definition 1. If the following requirements will meet, a binary operation

*: [0, 1] x [0, 1] is a continuous t-norm:

(a) * has the properties of being both associative and commutative,
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(b) * is continuous,
(©u*l=u,vVuel0,1]
(d) u*v <i=*j wherever u <i and v < j ineachcase u, v, i, j € [0, 1]
Examples. u *v = uv and u * v = minimum of {u, v}.

Definition 2. If the following requirements will meet, a binary operation

*: [0, 1] x [0, 1] is a continuous t-conorm:
(a) ¢ has the properties of being both associative and commutative,
(b) ¢ is continuous,
() u00=u, Vu |0, 1],
(d) u0v <i0j wherever u <i and v < j, for each u, v, i, j € [0, 1]
Examples. © ¢v = minimum of {1, « + v} and © ¢v = maximum of {, v}.

Definition 3. An generalized intuitionistic fuzzy metric space is a 5-tuple

(W, M, N, %, 0) if W is an any non-empty set, * is a continuous t-norm, ¢ a

continuous t-conorm and M, AN are fuzzy sets on W3 x (0, ), satisfying the

following requirements must be met: for any w, u, v, a € W and ¢, s > 0.
(@) Mw, u,v,t)+ Nw, u, v, t) =1,
() Mw, u, v, t) > 0,
© Mw,u,v,t)=1<w=u=u,

(d) Mw, u, v, t) = M(p{w, u, v}, t), here p denotes the permutation

function,
(e) Mw, u, a, t)* M(a, u, v, s) < Mw, u, v, t +s),
® Mw, u, v, -) : (0, ©) — [0, 1] is continuous,
(g) N(w, u, v, t) >0,

h) Nw, u,v,t) =0 w=u=u,
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Q) Nw, u, v, t)= N(pw, u,v}), here p denotes the permutation
function,

G) Nw, u, a, t)0 N(a, u, v, s) > N(w, u, v, t +s),

(k) N(w, u, v, -): (0, ©) — [0, 1] is continuous.

Then (M, N) is generalized intuitionistic fuzzy metric on W.

Example 4. Take W =R, M and N\ are fuzzy sets on W3 x (0, «)

. t
defined by M(w’u’v’t)zt+|w—u|+|u—v|+|v—w|’N(w’u’v’t)

_Jw-ul+|u-v|+|v-w]
Ctt|lw-ul+|u-v|+|v-w]

for each w,u,veW and ¢ >0. Then
(M, N) is an generalized intuitionistic fuzzy metric on W.

Definition 5. A generalized intuitionistic fuzzy metric space is
(W, M, N, %, 0). Then
@ If Vvt>0 and p>0,lim, ,, Mwy,,p, Wy, Wy, t)=1 and

lim,, oo N(Wp4 p» Wy, Wy, t) = 0, a sequence {w,} in Wis Cauchy.

@) If vt > 0, lim,,_,,, Mw,,, w, w, t) =1 and lim,,_,, N(w,, w, w,t)=0,
a sequence {w,} in Wis converge to a point w € W.

(ii1) Every Cauchy sequence in W is convergent & an intuitionistic
generalized fuzzy metric space (W, M, N/, *, 0) is complete.

Lemma 6. A generalized intuitionistic fuzzy metric space is defined as
(W, M, N, %, 0). With regard to t,Vw,u,v in W, Mw, u,v,t) is non-

decreasing and N(w, u, v, t) is non-increasing.

Lemma 7. Let a sequence {w,} in an generalized intuitionistic fuzzy
metric  space (W, M, N, %, 0), if 3 a constant re(0,1):
M(wn’ Wn+1> Wna»s I”t) 2 M(wnfl’ Wy Wy, t) and N(wna Wn+1> Wi+l rt)

< Nw,_1, wy,, wy,, t) YVt > 0. Then {w,} is Cauchy in W.

Lemma 8. Let (W, M, N, %, 0) be an generalized intuitionistic fuzzy
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metric space and NYw,u,veW,t>0, and if for a number
re(0,1), Mw, u, v, rt) > Mw, u, v,t) and N(w,u,v, rt) < Nw,u, v,t)
then w =u = v.

Definition 9. If Tw = w, a point w € W 1is called a fixed point of the
map T : W > W.

Definition 10. If 7}, (w) = w Vn, a point w € W is called a common fixed

point of sequence of the mappings 7;, : W —> W.

Theorem 11. Let (W, M, N, *, 0) be a complete generalized intuitionistic
fuzzy metric space and T, : W — W be a sequence of maps : Vt >0 and
0 < r <1 satisfying the following conditions M(Tyw, Tjz, Tjz, t) > minimum
of Mw, z, 2, t/r), Mw, w, Tyw, t/r), M(z, 2, Tjz, t/r), Mw, z, Tyw, t/r),
Mz, Tw, Tjz, t/r);  N(Tw, Tjz, Tjz, t) < maximum of {N(w, z, z, t/r),
N(w, w, Taw, t/r), Nz, z, Tjz, t/r), Nw, z, Tw, t/r), N(z, Tw, Tjz, t/r)}

Vi jand Yw, z € W. Then {T,,} has a unique common fixed point.
12. Proof of Theorem 11. Let w, € W be any arbitrary point.
The sequence {w,,} in W defined by w,,.; = T}, w,, for n =0,1,2, 3, ....
Now MWy 41, Wyi2, Whi2s 1) = M(Tp 1wy, Thionias ThioWpias t)

>  minimum  of  {MWy, Wpi1, Wya1, 1/7), MWy, Wy, Tpawy, ),
Mwpi1, Wnits ThsaWnat, /1), MWy, Wyi1, Tpaton, /1),
Mwy 1 Tpians TnioWni, ¢/T))-

=  minimum of  {M(w,, Wyi1, Wy, E/T), M, w,, w1, t/1),

M(wnﬂ’ Wn+1> Wpt2s t/")) M(wna Wn+1> Wn+ls t/r),

M(wn+1’ Wn+1> Wpt2s t/r)}

= minimum of MWy, Wyi1, Wpia, /1) MWyi1, Wiz, Weio, t/T))

= M(wna Wn+1> Wp+1, t/r)

Therefore, MWy 41, Wpi2, Wpi2, t) 2 MWy, W1, Woits U/T)
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Simﬂarly’ N(wn+17 Wn+2, Wpy2, t) < N(wn’ Wn+1> Wp41s t/r)
Thus

M(wn+1s Wn+2, Wpi2, t) 2 M(wn’ Wn+1> Wp41s t/r)

> Mw,,_1, wy,, W,, t/rz)

> M(wp, wy, wy, t/r")

We now obtain for any positive integer q and ¢ > 0,

MWy, Wyyg> Wnigs t) 2 MWp, Wyit, Wpia, U/q) *...q times
i * MWy g1, Whags Whags /@) = M(wg, wy, wy, t/gr')*...q times
ok Mwg, wy, wy, t)/qrtaTl)

Therefore, lim,, ., MWy, Wy g, Wyiq, t) 217 ...q times ... %1 =1.

Similarly, lim,,_,, N(wy,, Wy4q, Wy1q,t) <00...q times ...00 = 0.

So the sequence {w, } is Cauchy.

Since W is complete, sequence {w,,} converges to w € W.

Now M(T,,w, w, w, t) = lim,,_,., M(T,,w, w,,, 2, W2, t)

= lim, o, ML, Ty 0115 Tysolni1s t)

>lim, ,, minimum of {Mw, w,,1, W,.1,1t/1), Mw, w, T,,w, t/r),
MWp 115 Wpi1s Tty oWy i, 8/ 1), MW, wy i, Tw, 7)),
M(wn+1’ me’ Tn+2wn+1’ t/ r)}

=lim,_,, minimum of {Mw, w1, W1, t/7), Mw, w, Tw, t/r),

M(wn—o—l’ Wn+1> W2 t/ 7‘), M(w’ Wn+1> me’ t/ 7‘), M(wn+1’ me’ Wn+2> t/ 7‘)}

= minimum of {Mw,w,w,t/r), Mw, w, T,,w, t/r), Mw, w, w, t/r),
Mw, w, T,w, t/r), Mw, T,w,w, t/r)}

= minimum of {1, M(w, w, T,,w, t/r}
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= Mw, w, T,w, t/r)

= M(T,,w, w, w, t/r)

> M(T,w, w, w, t/ ")
— 1 as n tends to .
Hence M(T,,w, w, w,t) =1, Vt > 0.
Similarly, N(T,,w, w, w, t) =0, Vt > 0.
Hence, T,,w = w.
Therefore, T,w = w V n.
Hence w is a common fixed point of {7,,}.
Uniqueness: Suppose w # z : T,z =z Vn.
Now consider M(w, z, 2, t) = M(Tw, T}z, T}z, t)

> minimum of {M(w, 2, 2, t/7), Mw, w, Tw, t/r), M(z, z, Tjz, t/r),
M(w, z, Tyw, t/r), M(z, Tw, Tjz, t/r)}

= minimum of Muw, z, z, t/r), Mw, w, w, t/r), Mz, z, z, t/r),
Mw, z, w, t/r), M(z, w, z, t/r)}

= minimum of {M(w, z, z, t/r), 1}

= Mw, z, z, t/r)

> Mw, z, z, t/r")
— 1 as n tends to ©
Hence M(w, z, z,t) =1, Vi > 0.

Similarly, N(w, z, z,t) =0, V¢ > 0.
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Therefore, w = z.
Which 1s contradiction to w # z.

Hence {T),} has a unique common fixed point.

Remark 13. The succeeding corollary 14 is obtained by considering
T; =T; =T in the preceding theorem.

Corollary 14. Let (W, M, N,* 0) be a complete generalized

intuitionistic fuzzy metric space and T :W — W be a mapping:
MTw, Tz, Tz, rt) > minimum of Muw, z, z, t), Mw, w, Tw, t),
Mz, z, Tz, t), Mw, z, Tw, t), M(z, Tw, Tz, t)} NTw, Tz, Tz, rt) <
maximum of {N(w, z, z, t), N(w, w, Tw, t), N(z, z, Tz, t), Nw, z, Tw, t),
N(z, Tw, Tz, t)} Vw, z € W and r € (0, 1). Then T has a unique fixed point.

Theorem 15. Let (W, M, N, *, 0) be a complete generalized intuitionistic
fuzzy metric space and T, : W — W be a sequence of maps : Vi >0 and
0<r<1 satisfying the following conditions 5bM(Tw, Tz, Tz, t)
> Mw, z, z, t/r) + Mw, w, Tw, t/r) + Mz, 2, Tjz, t/r) + Mw, z, Tw, t/r)
+M(z, Tw, Tjz, t/r)y BN(Tiw, Tjz, Tjz, t) < {N(w, z, 2, t/r)+ N(w, w, Tyw, t/r)
+N(z, z, Tz, t/r) + N(w, z, Tw, t/r) + N(z, Tw, Tjz, t/r)} Vi#]j and
Vw, z € W. Then {T,,} has a unique common fixed point.

16 Proof of Theorem 15. Let wy € W be any arbitrary point.

The sequence {w,,} in W defined by w1 = T}, ,qw,, for n =0,1, 2,3, ...

Now 5M(wn+1’ Wn+2> Wny2s t) = 5M(Tn+1wn7 ThroWni1> ThioWnaa, t)

2 AM(Wn, Wpi1s Whit, 8/1) + My, Wy, Tpay, t/T)
+M(Wn 415 What> ThaaWnias U/1) + MWy, Wpits Thaty, t/1)
+MWn i1 Tri1Wns Tnyolnias t/7)}

= MWy, Wr1, Wpi1s 1/1) + MWy, Wy, Wy, ¢/T)

+M(wn+1’ Wn+1> Wny2s t/r) + M(wn’ Wn+1> Wnals t/r)
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+ MWy 41, Wpi1s Wyyos U/7)}
= 3M(Wp, Wy 115 Wyi1, 1/7) + 2MWn 11, Wpsgs W, 1/T)
2 BM(Wp, Wy415 Wyt /) + 2MWyp 41, Whi2, Wyas, E/T)
Therefore, 3M(w,,,1, Wy19, W19, t) = 3MWw,,, Wy,11, Wya1, E/T)
That is, M(Wp11, Wpi2, Wni2, 1/7) 2 My, Wni1, Wy, 1/7)
Similarly, N(wp1, Wyi2, Wni2, 1) < N(Wy, Wpits Wpia, 8/7)

Thus M(wn+1’ Wn+2> Wpy2, t) 2 M(wn’ Wn+1> Wiyl t/T‘)

> M(Wwy_1, Wy, Wy, t/17)
> M(wg, wy, w, t/r"*)

We now obtain for any positive integer ¢ and ¢ > 0,

M(wp,, Wniq> Wnigo t) > Mwy, Wyii, Wnits t/ @)% ...q times
o * MWn g1, Whgs Whag» 1/q) = M(wg, wy, wy, t/qr')*...q times
o Mg, wy, wy, t/qrtah)
Therefore, lim,, ., M(w,, Wy q, Wy1q, t) =1 *...q times ...x1 = 1.
Similarly, lim,,_,., N(wy,, Wp1q> Wpiq,t) < 00...q times ...00 = 0.
So the sequence {w,,} is Cauchy.
Since W is complete, sequence {w,,} converges to w € W.
We now show that w is a fixed point of {7} V n.
SM(T,w, w, w, t) = lim,_,, 5M(T,w, w, 9, W9, t)
= limy, o BM(L0, Ty 91, ThioWnis t)

= hmn—)oo{M(w’ Wn+1> Wnals t/r) + M(w’ w, me’ t/r)
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+MWp i1, Wpit, T oWy, U/1) + MW, Wy, Trw, t/r)
+MWp i1, Ty, Ty oW1, 17}
= lim,,_, {M(w, w1, Wy, /1) + Mw, w, T,w, t/r)

+ MWn 11, Wni1s Wyaos U/1) + MW, wy, Tow, ¢/r)

+ MWp41, Tnto, Wyi2, /1))

= Mw, w, w, t/r) + Mw, w, T,w, t/r)+ Mw, w, w, t/r)
+ Mw, w, T,w, t/r)+ Muw, T,w, w, t/r)}

= {1+ Mw, w, T,w, t/r)+1+ Mw, w, Tw, t/r)+ Mw, w, T,w, t/r)}
= 2+ 3M(w, w, T,,w, t/r)

> 2+ 3M(T,w, w, w, t/r).

Therefore, 2M(T,,w, w, w, t/r) > 2.

That is, M(T),,w, w, w, t/r) > 1.

Hence M(T,w, w, w, t) =1, Vt > 0.

Similarly, N(T,,w, w, w, t) =0, Vt > 0.

Hence, T,,w = w.

Therefore, T,w = w Vn.

Hence w is a common fixed point of {7},}.

Uniqueness: Suppose w # z : T,z = z Vn.

Then 5M(w, z, 2, t) = 5M(Tw, Tjz, Tjz, t)

> M, z, 2, t/r) + Mw, w, Taw, t/r)+ Mz, 2, Tjz, t/r)
+M(w, z, Tw, t/r) + M(z, Tw, Tjz, t/r)}

= {Mw, z, z, t/r) + Mw, w, w, t/r)+ Mz, z, z, t/r) + Muw, z, w, t/r)
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+M(z, w, z, t/r)}
= {Muw, z, z, t/r) +1+1+ Mw, z, w, t/r) + M(z, w, z, t/r)}
=2+ 3Mw, z, z, t/r)
> 2+ 3Mw, z, z, t)
Therefore, 2M(w, z, z, t) > 2.
That is, M(w, z, z, t) > 1.
Hence M(w, z, z,t) =1, Vt > 0.
Similarly, N(w, z, z,t) =0, V¢ > 0.
Therefore, w = z.

Which is contradiction to w # z.

Hence {T},} has a unique common fixed point.

Remark 17. From the preceding theorem we have, M(Tw, sz, sz, t)
> 1/5{M(w, z, 2, t/r) + Mw, w, Tw, t/r)+ Mz, z, Tjz, t/r)
+M(w, z, Tyw, t/r) + Mz, Tyw, Tjz, t/r)}

> minimum of {M(w, z, 2, t/r), Mw, w, Tyw, t/r), Mz, 2, Tjz, t/r),
M(w, z, Tyw, t/r), M(z, Tw, Tjz, t/r)}

Therefore, ~ M(Tjw, Tjz, Tjz, t) >  minimum of {M(w, 2, 2, t/r),
Mw, w, Tw, t/r), M(z, z, Tjz, t/r), Mw, z, Tw, t/r), M(z, Tiw, Tz, t/r)}.

Similarly, ~ N(Tw, Tjz, Tjz, t) < maximum of {N(w, 2, 2, t/r),
N(w, w, Tyw, t/r), Nz, z, Tjz, t/r), N(w, z, Tw, t/r), N(z, Tw, Tjz, t/r)}.
Hence we get the succeeding corollary.

Corollary 18. Let (W, M, N,*,0) be a complete generalized
intuitionistic fuzzy metric space and T, : W — W be a sequence of maps:
Vi>0 and O0<r<1 satisfying the conditions M(Tw, Tz, Tjz, t) >
minimum of Mw, z, 2, t/r), Mw, w, Tiw, t/r), Mz, 2, Tjz, t/r),
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Mw, z, Tw, t/r), M(z, Tw, Tjz, t/r)} N(Tw, Tjz, Tiz, t) < maximum of
WNw, z, 2, t/r), Nw, w, Tw, t/r), N(z, 2, Tjz, t/r), Nw, z, Tw, t/r),
Nz, Tw, Tiz, t/r); Vi#j and VYw,zeW. Then {I,} has a unique

common fixed point.

Theorem 19. Let (W, M, N, *, 0) be a complete generalized intuitionistic
fuzzy metric space with t-norm a *b = minimum of {a, b} and t-conorm
a®b = maximum of {a, b} Va,bel0,1] and T, : W — W be a sequence of
maps: Vt >0 and 0 <r <1 satisfying the conditions M(Tyw, Tz, Tjz, t)
> {Muw, z, z, t/r) * Mw, w, Tw, t/r)* M(z, z, Tz, t/r) * Mw, z, Tow, t/r)
*M(z, Tw, Tjz, t/r)IN(Tw, Tz, Tiz, t) < {N(w, 2, 2, t/r)0 N(w, w, Tyw, t/r)
O N(z, 2, Tiz, t/r) 0 N(w, 2, Tw, t/r)0 Nz, Tw, Tjz, t/r)} Vi#j and

Vw, z € W. Then {T,} has a unique common fixed point.
20 Proof of Theorem 19. Let w, € W be any arbitrary point.
The sequence {w,,} in Wdefined by w,, . = T}, ,;w,, for n = 0,1, 2, 3, ...
Now M(Wp11, Wni2, Wni2s t) = ML 1Wn, Tnionia, TnioWnias t)
2 {AM(Wys Wyi1s Wy, 1/7) * My, Wy, Ty, /1)
*MWp i1 Wpis Thvona1s t/1) ¥ MWy, Wpia, Ty, /1)
*fMWp i1, Tni1ns ThioWna1s t/1)) = MWy, W1, Wyars t/7)
MWy Wps Wpi1s 1)) * MWyi1s Wyi1s Wyyo, /1)
MWy, W1, Wnits 8/1) * MWyy1, Wpit, Woyos U1}
2 MWy, Wpi1, Wpits E/7) * MWyt Wit Wpyos U7}

Therefore, MWn 11, Wni2s Wpizs 1) 2 AMWps Wyi1, Wyats /)

MWy 115 W2y Whaios U/}
Which implies that M(w,, 1, Wy49, Wi, t) = MW, W11, W41, E/T).

Similarly, N(Wp1, Wni2, Wnsos 1) < NWy, Wyt Wpia, /7).
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Thus M(wn+1’ Wp+2> Wpt2, t) 2 M(wn’ Wn+1> Wptls t/r)

> Mw,_;, Wy, w,, t/rz)

2 M(wO’ Wy, Wy, t/rn+1)

We now obtain for any positive integer q and ¢ > 0,
M(wy, Wniq> Wnigo t) 2 MWy, Wpi1, Wnit, /q) * ... q times
o * MWn g1, Whigs Whaig» 1/q) = M(wg, wy, wy, t/qr')*...q times

ok Mwg, wy, wy, t)grtaTh),
Therefore, lim,, ., M(w,, Wy q, Wy g, t) 21 *...q times ...x1 = 1.
Similarly, lim,,_,., N(wy,, Wy1q> Wpiq,t) <00...q times ...00 = 0.
So the sequence {w,,} is Cauchy.
Since W is complete, sequence {w,,} converges to w € W.
Now M(T,,w, w, t) = lim,,_,.,, M(T,w, w,,9, W9, t)
= limy, o MLy, Ty 0Wns1: Tnsonias t)
> lim,, o AM(Ww, wy,11, Wpa1, 1) * Mw, w, Tw, t/r)
*MWp i1, W1, Ttn oW1, 1) ¥ Mw, wy i1, Trw, tr)
MWyt T, Ty oWy 0, 1)}

= hmn—)oo{M(W, Wp+1> Wpits t/r) * M(w’ w, Trw, t/r)

MW 11, Whats Wpas 81) * Mw, Wy, T, tr) ¥ MWy, T, Wpa, tr)}

= Mw, w, w, t/r) * Mw, w, T,w, t/r)* Mw, w, w, t/r)
*Mw, w, T,w, t/r)* Mw, T,w, w, t/r)}

= {1 * Mw, w, Tw, t/r) *1* Mw, w, T,,w, t/r)* Mw, Tw, w, t/r)}

> M(T,w, w, t/r)
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> M(T,w, w, t/r'")

— 1 as n tends to «.

Hence M(T,w, w, w,t) =1, V¢ > 0.
Similarly, N(T,,w, w, w, t) =1, Vt > 0.
Hence, T,,w = w.

Therefore, T,w = w Vn.

Hence w is a common fixed point of {7}, }.
Uniqueness: Suppose w # z : T,z = z Vn.
Then M(w, z, 2, t) = M(Tiw, Tjz, Tjz, t)

> M, z, z, t/r) * Mw, w, Tw, t/r)* M(z, z, Tjz, t/r) * Mw, z, Tw, t/r)
*M(z, Tow, Tjz, t/r)}
= {Mw, z, z, t/r)* Mw, w, w, t/r)* M(z, z, z, t/r)* Muw, z, w, t/r) *
Mz, w, z, t/r)}
= {Muw, z, z, t/r)* 11 * Mw, z, w, t/r)* M(z, w, z, t/r)
> Mw, z, z, t/r)

> Mw, z, z, t/r")
— las n tends to o.
Hence M(w, z, z,t) =1, Vt > 0.
Similarly, N(w, z, z,t) =0, Vt > 0.
Therefore, w = z.

Which is contradiction to w # z.

Hence {T),} has a unique common fixed point.
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Remark 21. The succeeding corollary 22 is obtained by considering
T; =T; =T in the preceding theorem.

Corollary 22. Let (W, M, N,* 0) be a complete generalized
intuitionistic fuzzy metric space and T :W —- W be a mapping:
MTw, Tz, Tz, rt) = {Mw, z, z, t) * Mw, w, Tw, t) * Mz, z, Tz, t)

*Mw, z, Tw, t) * M(z, Tw, Tz, t)} NTw, Tz, Tz, rt) > {N(w, z, z, t)
*N(w, w, Tw, t)* N(z, z, Tz, t) * N(w, z, Tw, t) * N(z, Tw, Tz, t)}
Vw,z e Z and r € (0, 1). Then T has a unique fixed point.
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