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Abstract

Consider a non-trivial, simple, undirected, connected, and finite graph G with p vertices

and g edges. G’s vertex and edge sets are V(G) and E(G) respectively. Let the function
c:V(G) > [0,1] defined by o(a)= %, oeZs—{0} and for each of € E(G), the induced

3ofc)
o(B)

quotient 3 cordial labeling if [v5()-vs(t)|<1 and |g,()-gu(c)|<1.  For

function p: E(G) — [0, 1] defined by p(aB) = %[ —l, where o(a) < o(B). o is called fuzzy

Le {%, reZy- {0}}, vo[t] and g, [1] represent the number of vertices and edges assigned the

labels 1 respectively, If a graph admit this labeling, then it is fuzzy quotient 3 cordial. The
existence of above labeling on S'(Cy[m]), S(C,[Km]A), S (Cyla, d)) and S'(Cyla, r]) are

examined and the results are provided in this paper.

1. Introduction

Labeling is a process of assigning values to vertices, edges, or both of a
graph based on certain conditions. Rosa (1967) and Graham and Sloane
(1967) were the first to use this technique (1980). The researchers are highly
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motivated and enthusiastic about labeling the graph. Joseph A. Gallian
summarises a comprehensive discussion of graph labelling. As a result of
these labelings, we investigated and analysed some graph families as fuzzy
quotient 3 cordial [14]. This paper investigates fuzzy quotient-3 cordial
labeling on several subdivision graphs and demonstrates that the graphs are

naturally fuzzy quotient 3 cordial.
2. Definitions

Definition 2.1. A graph denoted by C,(m) is produced by linking a
vertex of the cycle C,, with m leaves.

Definition 2.2. A graph results by connecting the m leaves to the non-

adjacent vertices of a cycle Cy, is denoted by Con[m]A, n > 2.

Definition 2.3. Attaching a + (i —1)d, a, d > 1 leaves to the ith vertex of

a cycle C, yields the new graph and it is denoted by Cy[a, d]

i
Definition 2.4. Attaching %, a, r 21 leaves to the ith vertex of a

cycle C, yields the new graph and it is denoted by C,[a, r]

Definition 2.5. A graph S'(G) is formed by inserting a new vertex into
each pendant edge of graph G.

Definition 2.6. Consider a non-trivial, simple, undirected, connected,
and finite graph G with p vertices and q edges. G’s vertex and edge sets are
V(G) and E(G) respectively. Let the function o : V(G) — [0, 1] defined by

o(a) = %, aeZs—{0} and for each off € E(G), the induced function

3o(a)
o(B)
called fuzzy quotient 3 cordial labeling if |vg()—vg(r)|<1 and

u: E(G) - [0,1] defined by p(ap) = %[ —l, where o(a) < o(B). o is

le () —gu(r)| <1. For 1€ {%, reZy - {O}}, Vo[l and e, [i] represent the

number of vertices and edges assigned the labels 1 respectively, if a graph
admit this labeling, then it is fuzzy quotient 3 cordial.
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3. Main Results

Theorem 1. S'(C,[m]) is fuzzy quotient 3 cordial graph.

Proof. Let V(S'(Cplm]) = {x, ;1 <v<mpU{y; 1<t <mmj
U{x, : 1<t <nmm} and  E(S'(Cy[m]) = {xxg 11 << =1 U {xx, )
Uxy,:1<1<n, -1Dm+1<t<m)}U{yz, : 1 <t <nmm).

p=n+2nm and q = n + 2nm.

The following cases must be considered while defining
o : V(S'(Cy[m]) — [0, 1]

For m=1

o(x,) =03 1<1<n

o(y;.) =01 1<1t<n

o(z,)=02 1<t<n

For m > 2, labeling of x,y; and z, are as follows.
Casel. n =3¢ & >1.

Subcase 1.1. m = 3¢, & > 1.

o(x,) =03 1<1<n

o(y)= 03 1<t< (nmg—n)

o(z,)=03 1<t< (%)
o(y.) = 0.1 (L?)_ﬂ) +1<t<nm

o(y,) = 0.2 (%)+1 <t<nm

Subcase 1.2. m = 3£ +1, £ > 0.
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labeling of x,y, and z, is same as in subcase 1.1
Subcase 1.3. m = 3£ + 2, £ > 0.
labeling of x,, ¥, and z; is same as in subcase 1.1
Case2. n=35+1,n>1.

Subcase 2.1. m = 3, n > 1.

G(xl):O.S 1£l£n

o(y;,) =03 1<t< (W—Tﬂ*l)

o(z) =03 1<% (W—Tn”)

oly:) = 0.1 (W_TM)JFlSTSnm

oly:) = 0.2 (W—T*Hljﬂgrgnm

Subcase 2.2. m = 3£ +1, £ > 0.

labeling of x,, y, and z; is same as in subcase 1.1
Subcase 2.3. m = 3£ + 2, £ > 0.

labeling of x,, ¥, and z; is same as in subcase 3.1
Case3. n=35+2,n>1.

Subcase 3.1. m = 3¢, £ > 1.

G(xt)ZO.?) 1<1<n

o(y;)=03 1<t1<

~—

nm—_n—l)
3

o(z) =03 1<1< (W—T‘H)

Advances and Applications in Mathematical Sciences, Volume 22, Issue 1, November 2022



FUZZY QUOTIENT- 3 CORDIAL LABELING ON SOME ... 219

o(y,) =0.1 (nm_Tn_l)+1 <t<nm

o(y,) = 0.2 (W—Tﬂ—lj +1<t<nm

labeling of x,, ¥, and z, are same as in subcase 1.1
Subcase 3.3. m = 3¢ + 2, £ > 0.

labeling of x,, ¥, and z, are same as in subcase 2.1

Taking % =3, vo[i] and g,[t], where 1 e {%, reZ,— {O}} is shown in

the table below.
Table 1. v,(1) and g, (1) for S'(Cy[m]).

Value of n vol[0.1] | v6[0.2] | v5[0.3] | €,[0.1] | €,[0.2] | €,[0.3]
and m
n=3¢&x>1 5 S ) ) ) )
m21
n=3¢+1, 1 1 2 1 1 2
6—§ 5—§ 8+§ 8—§ 6—§ 6+§
£>1
n=3¢+1, 5 3 ) 8 ) )
£>1
n=3¢+1, 1 1 2 1 1 2
8+§ 8+§ 8—§ 8+§ 8+§ 8—§
£>1
n =35 +2, 1 1 2 1 1 2
6+§ 8+§ 8—§ 8+§ 6+§ 6—§
£>1
n=35+2, 8 8 8 8 8 8
£>1

Advances and Applications in Mathematical Sciences, Volume 22, Issue 1, November 2022



220 P. SUMATHI and J. SURESH KUMAR

~ 3+ 2,
n=8e 8+§ -~ | s-L1 | s+2 | 5-L1 ] s5-1

£>1

It can be seen from the table 2, that |vg(1)—vs(t)|<1 and
le () —gu(t)| <1. Where 1# {%, reZ, - {0}} Thus, the theorem is
established.

Theorem 2. S'(Cy,[m]A) is fuzzy quotient-3 cordial graph.

Proof. Let V(S'(Cgy[m]A)) = {x, : 1 <1 <mjU {yt 11<1< %}
U {ZK 1<k < %} and E(S'(Cyy[m]A)) = x4 11 < v < =13 U {xex, )
U{lezK (1< Lﬁg,l-i-(l—l)mé K < 1m}U{zKyK 11 < KS%}.

p=n+nm and g =n+nm. The following cases must be considered

while defining
o : V(S'(Cyy[m]A)) — [0, 1]
Casel.If m=1
o(x,)=0.1 1=3 4mod6) 1<1<n
o(x,)=0.2 1=0,1(mod6) 1<1<n
o(x,)=0.83 1=2,5mod6) 1<1<mn.

Subcase 1.1. n = 6s, £ > 1

o(y.)=01 1=0,2mod3) 1<t< %

o(z,) =01 k=1, 2mod3) 1<« < %

o(z,) =0.1 x=0(mod3) 1<k< %

Advances and Applications in Mathematical Sciences, Volume 22, Issue 1, November 2022



FUZZY QUOTIENT- 3 CORDIAL LABELING ON SOME ... 221

Subcase 1.2. N =6s+ 2, >1

o(y;)=0.1 =0, 2(mod 3) 1S‘ES%—1

o(y,) = 0.2 1 =1(mod 3) 1313%—1

G(ym) =0.1
2

n

Labeling of z, for 1 <« < Tm is same as in subcase 1.1.

Subcase 1.3. n =6s+4,& >0

Labeling of y. for 1<+t S%—l is same as in subcase 1.2 and

(Ynm ) = 0.2.

2

Labeling of 2z, for 1<x< % -2 1is same as
o(2ym ) = 0.1 and o(zy,,) = 0.2.

2! 2

Case2.If m=>2
o(x,)=03 1<1<n

Subcase 2.1. N1 =6§, £ >1 and m > 2

o(z,)=0.1 1<k < (nm+n)

o(3)=02 1<t< (nm; nj

o) =03 (P01 1 << ()

o(y,) = 0.3 (L;”) +l1<t< (%)

Subcase 2.2. N =6+2,E>1 and m =3, & >1

in subcase 1.1
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o(z)=01 1<x< (%ﬁl)

o(y)=02 1<t< (%n”)

o(z) = 0.3 (%n“j 1<k < (%

o(y.) = 0.3 (%ﬂ“)ﬂ <t (%

Subcase 2.3. N =6 +2,E>1and m=3§+1,&>1

o(z,)=01 1<k < (%‘1—1)

o(,)=02 1<t< (%11—1)

o(z.) = 0.3 (%‘1—1) +1<k< (%)

o(y,) = 0.3 (WTHJ << (%)

Subcase 2.4. N =6 +2,E>1and m =35 +2, & >1
labeling of y, and z, is same as in subcase 2.1
Subcase 2.5. =65 +4,§>1 and m = 3§, &£ >1
labeling of y, and z, is same as in subcase 2.3
Subcase 2.6. N =65 +2, E>1and m=3§+1,&>1
labeling of y, and z, is same as in subcase 2.2
Subcase 2.7. n=6§+2,£>1and m=3§+2,£>1
labeling of y, and z, is same as in subcase 2.1

Taking % =3, vo[i] and g,[t], where 1 e {%, reZ,— {0}} is shown in

the table below.
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Table 2. v,(1) and g,(1) for S'(Cyy[m]A).

Value of nand m | v5[0.1] | v5[0.2] | v5[0.3] | u[0.1] | &,[0.2] | ,[0.3]

n=65¢=>1 ) ) S S ) )

n=6£+2¢62>1 8 8 5 5 S S
(or)
N=65+4,£2>0

m=35+26>0

n=65+2¢E21 1 1 1 1 2

m=3+1,&>0

n=6§+4,520 1 1 2 1 1 2
6—§ 8—5 8+§ 6—§ 6-5 6+§

m=3E&2>1

n=65+2¢E621 2 1 1 2
6+— 6+— 8-5 6+§ 6+§ 6—§

m=3E&2>1

n=6§+4,520 1 2 1 1 2
6+— 6+— 8-5 6+§ 6+§ 6—§

m=3+1,&2>1

It can be seen from the table 2, that |vs(1)—vs(t)|<1 and

le () —eu(t)| <1, where 1= 1€ {%, reZ, - {0}} Thus, the theorem is

established.

Theorem 3. S'(Cy[a, d]) is fuzzy quotient-3 cordial graph.

Proof. Let V(S'(Cyla, b)) ={x, :1<1<n} U {yr :1<t< 3[261 +(n —l)d]}

U {ZK 1<k Moa+(n- 1)d]} and E(S(Cyla, b)) = e 1<t <n-1)
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U{xlxn}u{xly‘t 31S1Sn;(l—lﬁ+w+lsr§1a+—(l_21)d}

U{yrzT :131:Sg[2a+(n—1)d]}p=n[2a+(n—1)d+1]=q.

The following cases must be considered while defining

o : V(S'(Cy[a, b])) — [0, 1]

Taking ¢ = %[2(1 +(n-1)d]

Casel.n=3§¢&2>1
Subcase 1.1. a = 3§, £ >21and r>1

o(x,)=0.3 1<1<n

[t

o(y,) =01 1< rs§

o(y,) = 0.3 §+1srst
o(z,) = 0.2 1sKg§

o(z,.) = 0.3 §+1smst.

Case2. n=35+1,&€2>1
Subcase 2.1. a = 3§, £ >1and d >1

o(x,)=0.3 1<1<n

o(y,)=01 1<t< p?:l

o(y,) = 0.3 p3_1+1313t

o(z,)=02 1<x< pgl
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oz, ) = 0.3 p?:1+1£1<£t.

Subcase 2.2. a =3 +1,§>0and d > 1
The labeling x,, y, and z, are same as in subcase 1.1.
Subcase 2.3. a =3 +2,£>0 and d > 1

o(x,)=0.3 1<1<n

o(y,) = 0.1 13r§p;1
p+1
o(y.)=10.3 T+1srs;r

o(z,) = 0.2 1gKgP3+1
p+1
o(z,)=0.3 T+1s1<st.

Case3. n=35+2,&>1.

Subcase 3.1. a =36 +1,£>1 and d = 3§ + 2, £ > 0(or)
a=3+1,&620and d=3§,E>1(or) a =3+2,&£>0 and
d=3+1,&=20.

Labeling x,, y, and z, are same as in subcase 1.1.

Subcase 3.2. a =3¢, £ 21 and d =3§+1, £ >0 (or)

a=3+1,620 and d=3+2,E>0 (or) a=35+2,&£>0 and
3, E>1.

S8
I

Labeling x,, y, and 2z, are same as in subcase 2.1.

Subcase 3.3. a = 2§, & >1 and d = 3§, £ > 1 (or)

a=3+1,6>20 and d=3{+1,£>0 (or) a=35+2,£20 and
d=35+2,&20
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Labeling x,, y, and 2z, are same as in subcase 2.3

Taking % =3, v[t] and gy[i], where 1 e {%, reZs - {0}} is shown in

the table below.

Table 3. v (1) and ¢, (1) for S'(C,[a, d]).

Value of nand m | vg[0.1] | vg[0.2] | v5[0.3] | &,[0.1] | €u[0.2] | &,[0.3]
n=3 621 5 5 5 5 5 5
a,d>1
nERALEEL L s Ll sl | ew2 | st | 5-% | 842
a=3¢&21

d=1

n=3+1LE21 5 5 5 5 5 5
a=3+1,£20

d>1
NERALEET L sl | sel | 52 | set | s4n | 5-2
a=3:+2620

d=1
n=3+2¢621 5 5 5 5 5 5
a=3¢621
d=3:+2620
n=3+2621 5 5 5 5 5 5
a=3+1,520

d=3,¢621
n=3+2621 5 5 5 5 5 5
a=3+2520
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d=35+1,6£>0

N=8e+2,621 | o 1 | 5 1 2 | s 1 | 5.1 2
d 3 4 3 S+ 8 3 4 3 S+

a=3E>1

d=3+1,&>0

n=3+2,621 | 5 1 | o1 2 | 5.1 | 5.1 2
5 3 3 3 S+ S 3 3 3 S+

a=3+1,&20

d=3+2&>0

n=3+2¢&2>1 71 71 2 71 71 2
d 3 13 3 S+ d 3 5 3 S+

a=3+28>0

d=35¢&2>1

n=38+2¢521 1 1 _2 1 1 _2
8+3 6+3 ) 3 8+3 6+3 ) 3

a=3¢E21

d=3§¢E>1

n=3+28>1 1 1| 5.2 1 1| 5.2
6+3 S+ 3 3 6+3 6+3 3 3

a=3+1,&>0

d=35+1,&6>0

n=3+2,821 1 1) 5.2 1 1] 5.2
8+8 S+ ) 3 8+3 8+3 ) 3

a=3+2820

d=3+2&>0

It can be seen from the table 2, that |vs(1)—vs(t)|<1 and
| e,(1) g, (1) <1. Where 1# 1€ {%, reZ, - {O}} Thus, the theorem is
established.

Theorem 4. S'(C,[a, r]) is fuzzy quotient-3 cordial graph.

Proof. Let V(S'(Cn[a, r))=1{x, :1<u<niU {yf tlsts a(:n—_l l)}
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U {ZK 1<k < %} and E(S'(Cyla, r]) = {xx1

r—1 r—1

n_ n_
U{yTZT:ISTSM}p:n+QC‘(”:—1):q’;

-1
U{xlxn}U{xlyr :1§1§n;u+1gtgw}

The following cases must be considered while defining

o : V(S'(Cyla, r]) - [0, 1]

Taking ¢ = %[2(1 +(n-1)d]

Casel.m=3§ ¢ 2>1
Subcase 1.1. a =3, £ >21and r>1

o(x,)=0.3 1<1<n

[t

o(y,) = 0.1 sng
o(y;)=03 S +1<t<t

o(z,) = 0.2 1sKg§

o(z,)=03 Lir1<x<u

tl1<i<n-1}

Subcase 1.2. a =38 +1, {20 and r =38, 621 (or) r=3E+2, 20

o(x,)=03 1<1<n

1

G@Jz&llﬁrﬁp;

G(y‘r) =03

p;1+lﬁtst
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o(z) = 0.2 1sKsp;1
o(z.) = 0.3 p§1+151<3t.

Subcase 1.3. a =3 +1, >0 and r=35+1,§ >0
Labeling x,, y, and 2z, are same as in subcase 1.1.
Subcase 1.4. a =3 +2, £ 20 and r=3§, 621 (or) r =36 +2,6 20

o(x,)=0.3 1<1<n

[y
IN
A
IN
kS
|
—

G(y‘r) =0.1 3

o(y.)=03 21 1<r<y
T 3

o(z.)=02 1<x<PL

o(z,) = 0.3 p3_1+1SKSt.

Subcase 1.5. a =3 +2,£>0and r=35+1,§ >0

Labeling x,, y, and z, are same as in subcase 1.1

Case2. n=35+1,&>1.

Subcase 2.1. a =3, >1and r 21

Labeling x,, ¥, and z, are same as in subcase 1.4.

Subcase 2.2. a =36 +1,E>20and r=3§, 621 (or) r=36+1, 620
Labeling x,, y, and 2z, are same as in subcase 1.1.

Subcase 2.3. a =35+1,£E>0 and r=3§+2,£ >0

Labeling x,, ¥, and z, are same as in subcase 1.4.

Subcase 2.4. a =38 +2,£>20and r=3§,&21(or) r =38 +1,& 20
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Labeling x,, y, and 2z, are same as in subcase 1.2.
Subcase 2.5. a =36 +2,£E>0 and r=35+2,£>0
Labeling x,, y, and z, are same as in subcase 1.4
Case3. n=35+2,&>1.
Subcase 3.1. a = 3§, £ >1 and r > 1.
Labeling x,, y, and z, are same as in subcase 1.2.
Subcase 3.2. a =3+1,£>0 and r=3§,£>1 (or) r=35+2,£E>0
Labeling x,, y, and z, are same as in subcase 1.4.
Subcase 3.3. a =38 +1,£E>0 and r=35+1, >0
Labeling x,, ¥, and z, are same as in subcase 1.1.
Subcase 3.4. a =36+2,E>20and r=3§,E>1 (or) r =35+2,£>0
Labeling x,, y, and 2z, are same as in subcase 1.1.
Subcase 3.5. a =3 +2,£>20and r=35+1,£>0
Labeling x,, ¥, and z, are same as in subcase 1.4.

Taking % =3, vo[1] and gy[i], where 1 e {%, reZ,— {0}} is shown in

the table below.

Table 4. v;(1) and g,(1) for S'(C,[a, r]).

Valueof m, a andr | v4[0.1] | v5[0.2] | v5[0.3] | £,[0.1] | &,[0.2] | &,[0.3]

n=35&=1 ) ) ) 5 5 5
a=3E>1
r=38¢¢E>1

r=386+26>0

n=3&=1 ) ) ) 5 5 5
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a=3+1E>0
a=3+2E>0

r=38+1£>0

n=s ezl | o

Wl
S
|

a=3+1,E>0
r=385E>1

r=386+26>0

n=32521 s-L | s5-1 5+§ s-1 | s-1 | s+

a=3+28&20
r=3¢&21

r=38+26>0

n=3+1,¢&=>1

a=3,8&>20r>1

n=3+1¢&>1 ) ) ) 5 3 5
a=3+1,&£20
r=3¢&21

r=38+1£2>0

n=3+1¢>1

ol
ol

a=3+1£>0
a=3+2E>0

r=38+26>0

n=3+LE21
a=3+1,£2>0

r=3+2:¢2x1

r=3+1,£2>0
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n=3+25=1 8+% 6+% 8—% s+1 | 541 8—%
a=3£.>0

r>1
n=%e+1,£>1 5 5 5 5 5 5
a=36+1,£>0
P8+ 1,E20
n=%+1,£>1 5 5 5 5 5 5

a=386+2E>0
r=38¢5>1

r=38+26>0

n=3+L8=1 _1 _1 2 _1 _1 2
5-3 -3 s+5 | -3 | -3 | o+
a=38+1,£20
r=35¢e>1
r=38£+2620
n=3+L&21 _1 1 2z _1 _1 z
8- 3 -3 5+ S5 | d-5 | 8+

a=38+2E>0

r=36+1,£620

It can be seen from the table 2, that |vg(1)—vs(t)|<1 and

| &,(1) — e, (1) <1. Where 1= 1€ {%, reZ, - {O}} Thus, the theorem is

established.

4. Conclusion

The presence of fuzzy quotient 3 labelling on some subdivision graphs is
discussed and established in this study. Our next step will be to investigate
this concept in different graph families and identify applications for it.
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