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Abstract

In this work using the sequence of independent random variables a semi-Markov random
walk process is constructed. Laplace transformation distributions of duration of time of stay of
differential process of semi-Markov random walk is found.

1. Introduction

It is very well known that the semi-Markov processes are a
generalization of Markov processes since the exponential distribution of time
intervals is replaced with an arbitrary distribution. The semi-Markov
processes have been introduced by Levy [2], Smith [7] and Takacs [8] in order
to reduce the limitation induced by the exponential distribution of the
corresponding time intervals. This is the immediate generalization of Markov

chains since the Markov property is the typical consequence of the lack of
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memory of the exponential distribution. In [3], the process of the semi-
Markov random walk is studied the asymptotic of distribution in two-sided
boundary problems for random walks. In [4] and [6] various problems
associated with the boundary functional of the random walk investigated.
These studies found asymptotic expressions of various characteristics of the
processes. In [5], an explicit form of the semi-Markov random walk with
negative drift, nonnegative jumps and delaying screen. Recently,
mathematical modeling of the semi-Markovian random walk processes with
jumps and delaying screen by means of a fractional order differential

equation was studied in [1].

In this paper, we study the class of the distribution of the walk and
founded the Laplace-Stieltjes transform of complex and summary process of

the semi-Markov random walk.
2. Problem Statement

Let on the probability space (Q, F, P(-)) is given the sequence

{5, "k, &> ng}k:ﬁ of independent equal distributed positive and between

8

themselves independent random variables &}, n}, £z, ng, k = 1,

Using these random variables, we can construct the following processes
(see [4] and [6])

m-1 m-1 m o
X*e) =Y onf,if D g <t< Y EL k=1 (1)
=1 =1 i=1

The process X (t)= X" (t)- X (t) we will call the process with

differentiated random walk process.

One of realization of the processes will be the following
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Figure 1. Complex semi-Markov random walk process.

Our aim is to find the Laplace-Stielties transform of the residence time of

semi-Markov process.

We assume that the random variable E_,{—r is distributed according to an

exponential law. Then X(t) becomes a complex summary Markov process.

« 9

Let it given X(t), t > O process. We delay this process in the screen “a

and reflect in the screen “a” (see, [3] and [5])

We denote R(t, x| X(0) = z) = P{X(¢) < x| X(0) = 2z}, x > 0, z > 0.
Event {X(t) < x} occurs at the following five hypotheses:

Hy ={& >t 8 >t}

Hy = {&f >t & <t

Hy ={g <t <&},

Hy ={& <& <t}

Hy = {&] <t <&}

From total probability formula, we have

R(t, x12) = P(AU " Hi] _ P(AH, )+ P(AH,)+ P(AH3)+ P(AH, )+ P(AH:)
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=P{E] >4, 8] >t;0<z<alX(0)=2z}

7 [0 Pl <& e ds X() € dyI1X0) = 2B -5, %1)
y=045=0

+Ia K P{ef eds; ] <t; X(s) e dyl X(0) = 2} R(t —s, x1)
y=04Js5=0

+Ia K Pl eds; &) <s; X(s) e dyl1 X(0) = z}R(t — s, x 1)
y=04Js5=0

[0 [0 Pl cds e > X() < dyIXO) = 2R -5, 1)
y=0J s=0

Then that equation will become
5

R(t,xlz):P(AU_ 1Hi]=P(AH1)+P(AH2)+P(AH3)+P(AH4)+P(AH5)
1=

=PEf >8] > 0<z<alX(0) =z

a t
N J' d,P{E] <s;&] eds;min(a,| min(a,z+ X *(s))-ny )} R(t—s,xly)
y=0Js=0

a t
+J. dyP{&] €ds; & > t; min(a, z+n7) < y}R(t -5, x1y)
y=0J s=0
a t
+J- I d,PiEy <s; &5 e ds; min[a, min[z —x~(s)]+n7 ] < y} R(t -s, x|y)
y=04Js=0

a t _ + L -
+ J.y:O L:OdyP{il eds}&] >t;min(a,| z—-n7 |<y)R(E-s, x]y).
Then we have

R(t, x1z) = P{EL > e} P{EL > ¢}

+Ia It R(t-s,x|y)P{E] edé.:}dyP{E’;ir <s;min(a,| min(a, z+ X" (s))-n7 |) < »}
y=0Js=0
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a t
+ P > th+ I J. R(t - s, x|y)d,P{&] e dsjP{min(a, z +n7) < y}
y=04ds5=0
+J.a It P{&] eds}d,P{& <d; min[a, min[a,|z-x"(s)[]+n] ]< y}
y=0Js=0
R(t =S, xly)
a gt
+P{E] > t}+J. J. R(t—s,x|y) Pi& eds}d,P{min(a,|z+n; [<y)}.
=04 5=0

As casual processes X () and X (t) are also independent random

variables &7 and &] respectively. We will receive following form of a formula

of total probability
Plg] < s} = P{&{ < s min(a, | min(a, 2+ X" (s)) -y |) < 3}
+ P{¢] < s; min(a, | min(a, z+ X" (s))—n7 |) < ¥}
Then we have the following form

R(t, x12) = P{EL > e}P{EL > 1)
o t B L s N
+ -[y:O L:o R(t —s, x|y)P{E] € dx}dykZ:; J.u:O P{E] e du}
k k
x {P{min (a, z+ an] -n < y} - P{min (a, z+ anj - < yH
i=1 i=1
a t
x Pu*(s —u) = k —1)] + Pig} > t}J- j R(t -5, x| )PlE} < ds)d,
y=04ds5=0

o t
x P{min (a, z +ny{) > y} + I I P{ef > dsjR(t - s, x1y)d,
y=04ds=0
xP{gy <syminfa,[z-x7(s) [+ n] > ¥}

o t
<Plef >0 [ R—s 219y Pl cdsid, Pl 2 np |> )
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After differentiating both side of the received integral equation on z, we
have

R(t, x1z) = P{EL > e} P{el > o1+

a t o0 s
+ » [ Re-sx1yPl ds}dykZ:;IklP{gl e du)

k
x |:p{min(a, z+ an] -y < y}p{v*(s ~u)=k-1}

i=1

_J-;:OJ.:OR(t_S’xW)P{él € ds}dy:zlj‘::oP{if edu}

k
x [p{min{a, z+ anJ -ny < y}p{v*(s ~u)=k-1}
=1
a t
~-P{Ef > t}I J. R(t—s,x|y)P{E] edsjdyP{z+ni}>y
=04 s=0
a t
+ jy:OIs:OP{E"l edsjR(t-s, x|y)d,
J‘;OP{éf <s;min|a,|z—x"(s)]>y-B}d

a t
<Pinf <)+ PlEf >8] [ R-s.xly)

P&y edsjd,Plz—m1 <y}

ot

Both side of this integral equation having multiplied on e and

integrated on t. We have

R(t, x|y) = '[:Oeetp{ai > }PEL > t}dt
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* I;_OI:_OR(t =5, x|y)P{g; € ds}I::OP{aI S du}ZP{N(s —u)=k-1}dy

a-— k a t
xI yp{Zn? > oc+y—z}dP{ni_ < oc}+J‘ 70‘[ 70R(t -5, x|y)P{&] eds}
i=1 B

a=0

«[ OP{EJ edu}ZP{v+(s—u):k—1}dy
= k=1

a+y k
PIS T s 0y 2 bdP i
-[a=0 {;m >a-y Z}d {“r]l <OL}
a ¢t
+P{ey >t}j I R(t-s, x|y)P{E] edsldyP{nf >y—-z}
y=0Js=0
a t 00 s
+J. —0.[ OP{(:I edu}R(t—s,xly)Z OP{gfEdu}P{Uf(S—u)=k—1}dy
o PR
k
XJ.B=max{0,y_Z}P{;ni <3’+[3+2}dP{111 <B}
a ¢t
o[ P cduRe—sx

© s k
XZJ P{E] edulPv (s—u)= k—l}dy.[y P{an < y—B—z}olP{nzr <B}
o w0 P=0 i3

a t
+Plef>0[ [ R-s.xlyk Pl cdsidyPlz—ni | <),

So we received the integral equation for K (0/y) in the case (1). Thus

_ 1 A p —ufaj'a -uy B
KOy = e o ron s )5 EOx/d
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Ay (a—z2) a ~
HCp MO J‘e_”*yR(O,x/y)dy

A p_
"L 100 10)0°

Ah_pyp

! (7b+ +9)(7‘— + 9)[p_+6+ H—O‘Jr + 9)]ek++e

py0+p (A, +6)

“ Nt B
J. %“*ye +* R(0,x/y)dy
y:

Ah pgp
- (hy +0)(A_ +0)[, 6 +p_(1, +6)]

a ~
e_“*ZJ. MV R0, x/y)dy
0

H+ez a ue 6
- Y~
]ex++e J’_% A +0 R(6, x/y)dy

_ A pp
(e +0)(_+0)[n, 0+p_(h, +6)

e gt R, iy
(O, +0)(A_ +0)0 y=0 ’

A (a-2)

%_” e M0 R(6, x/y)dy
y:

N Ah_p_ e_“*ZJ‘ a
(A, +0)(A_+0)0

N Apgh_po ex++ez
(A +0) (A +0)[u, 0+ p_(1, +6)]

a By Op (2, +0)
[ etre 0 Rox/y)

y=0
0 2 Ky 0 y
_ohet J‘ ™0 B0, x/y)dy
y=0

Aty uz"'a MLy B
- R(™
+x++x_+ee y:Oe (A +0,x/)dy

N Ah_pgp ¢
Ay +0) (i +0)[nO+p, (A +6)]
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—1_0
z - Y| ~
J. e HY —e 20T TR0, x/y)dy
y=0
10
A pp 0

T A0 06+, (40

. p,9+u,(k,+9)y
J. . e H+Y _ oMYy A0 INB(G, x/y)dy
y:

N Ah_pp_ ot
Ay +0) (A +0) [0+, (A +0)]

—u_6

z Y| ~
I . e MY — "9 L R0, x/y)dy
y:

Ap fu_ZJ'Z Ly B
+x++7\_+ee y=Oe R(:, +0,x/y)dy.
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Remark 1. From last integral equation it is possible to receive the

ordinary differential equation.

3. Conclusion

Using the sequence of independent random variables, it is constructed

process of semi-Markov random walk. Laplace transformation distributions

of duration of time of stay of differential process of semi-Markov random walk

is found.
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