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Abstract 

 In this article we defined  contraction, which is more globally than previously defined  

contraction and generalized Khan contraction [4]. More general phenomena have also been 

shown by giving the suitable examples. The rearmost part of this article consists of the 

application of this contraction to fractional differential equation.  

1. Introduction and Preliminaries 

Firstly, the idea of  contraction in 2014 introduced by Jleli et al. [2] and 

defined generalization of Banach Contraction. After that many researchers 

(see [1], [3], [5]) developed work on fixed point. In 2017 Piri et al. [4] defined 

generalized Khan contraction and they settled the existence and uniqueness 

of fixed point. In this work with the concept of   contraction and Khan 

contraction we defined new type of  contraction and furnished fixed point 

theorem, supporting examples for the newly defined concept and application 

to fractional differential equations is the important part of this article.  
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For the results we recall some basic definitions:  

Definition 1.1 [2]. Let  the set of all functions ( ) ( )→ ,1,0:  

satisfy the conditions  

.1   is non decreasing,  

.2  for every sequence   ( ) ,0n  

+

→→
== 0lim1lim n

n
n

n
 

.3  there exists ( )1,0s  and (  ,0L  such that  

( )
L

s
=



−

→

1
lim

0
 

and they prove the results. 

Theorem 1.1 [2]. Let ( ),V  be a complete metric space and VVA →:  

be a mapping let there exists   such that  

( ) ( )( ) ( )( )  .,,0,,,
k

vuAvAuAvAuVvu   (1.1) 

Then A has a unique fixed point. 

In 2017 Piri et al. [4] defined generalized Khan contraction. 

Definition 1.2. Let ( ),V  be a metric space. A mapping VVA →:  is 

called generalized Khan Contraction if satisfies  

( )
( ) ( ) ( ) ( )

( ) ( ) 
( ) ( ) 

( ) ( ) 






=




+



0,,,maxif0

0,,,maxif
,,,max

,,,,

,

vAuAvu

vAuAvu
vAuAvu

AuvAvvAvuAuu
k

AvAu   

where  )1,0k  and ., Vvu   

Theorem 1.2 [4]. Let ( ),V  be a complete metric space and VVA →:  

satisfy  

( )
( ) ( ) ( ) ( )

( ) ( ) 
( ) ( ) 

( ) ( ) 






=




+



0,,,max0

0,,,max
,,,max

,,,,

,

vAuAvuif

vAuAvuif
vAuAvu

AuvAvvAvuAuu
k

AvAu   

where  )1,0k  and ., Vvu   Then A has a unique fixed point.  
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2. Main Results 

As the main part of our paper, we introduced new type of  contraction 

defined as:  

Let ( ),V  be a complete metric space and VVA →:  be a mapping and 

there exists   and ( )1,0k  such that  

( )( ) ( )( )( ) ,,,
k

vuMAvAu   (2.1) 

where  

( )
( ) ( ) ( ) ( )

( ) ( ) 
( ) ( ) 

( ) ( ) 






=




+

=

0,,,maxif,0

0,,,maxif
,,,max

,,,,

,

vAuAvu

vAuAvu
vAuAvu

AuvAvvAvuAuu

vuM  

If we take ( ) ueu =  then,  

( )( ) ( ( ) )kvuMAvAu ee ,,   

( )( ) (

( ) ( ) ( ) ( )
( ) ( )  )kvAuAvu

AuvAvAvuAuu

AvAu
v

ee ,,,max

,,,,

, 

+

   

( )( ) (

( ) ( ) ( ) ( )
( ) ( )  )vAuAvu

AuvAvvAvuAuu
k

AvAu ee ,,,max

,,,,

, 

+

   

( )
( ) ( ) ( ) ( )

( ) ( ) vAuAvu

AuvAvAvuAuu
kAvAu

,,,max

,,,,
,



+
  

which is Khan contraction [4], i.e., Khan contraction is a special case of our 

newly defined contraction.  

Theorem 2.1. Let ( ),V  be a complete metric space and VVA →:  be a 

mapping satisfy 2.1. Then A has a unique fixed point.  

Proof. Let Vu   and nu  be any sequence of V such that  

.,3,2,1,01 ==+ nAuu nn  

Now  

( ( )) ( ( )) ( ( ( ))knnnnnn uuMAuAuuu 111 ,,, −−+ =  (2.2) 
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where  

( )
( ) ( ) ( ) ( )

 ( ) ( )11

1111
1 ,,,max

,,,,
,

−+

+−−+
− 

+
=

nnnn

nnnnnnnn
nn uuuu

uuuuuuuu
uuM  

( ) ( )

( )11

111

,max

,,

−+

+−− 
=

nn

nnnn

uu

uuuu
 

( )1, −= nn uu  

this together we get 

( ( )) ( ( ( )))knnnn uuuu ,, 11 −+   

therefore by continue this process we get 

( ( )) ( ( ( )))
2

121 ,,1
k

nnnn uuuu −−+   

( ( ( )))
3

12 ,
k

nn uu −−  

  

 

( ( ( )))
nk

uu 10 ,  

Taken →n  we get 

( ( ( )) 1, 1 → +nn uu  

therefore by 2  we obtain  

( ) .0,lim 1 =+
→

nn
n

uu  (2.3) 

Now we shall show that  nu  is a cauchy sequence in V.  

So from 10,3  p  and  l0  such that  

( )

( ( )) )
.

,

1,
lim

1

1 l
uu

uu

s
nn

nn

n
=



−

+

+

→
 (2.4) 

If l  and 
2

1
=v  therefore there exists Nm   such that 
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( )

( ( ))
.,

,

1,

1

1 mnvl
uu

uu

s
nn

nn −


−

+

+  

So 

( )

( ( ))
.

,

1,

1

1 mnvvl
uu

uu

s
nn

nn =−


−

+

+  

Hence  

( ( )) ) ( ( ))  ,1,, 11 mnuunuun nn
s

nn − ++  

where .
1

v
=   

If .→l  Let 0v  be a given real number then by there exists Nm   

such that 

( )

( ( ))
mnv

uu

uu

s
nn

nn 


−

+

+

1

1

,

1,
 

so we get 

( ( )) ) ( ( ))  mnuunuun nn
s

nn − ++ 1,, 11  

Where .
1

v
=  

Hence, for all the cases there exists 0  and Nm   such that 

( ( )) ( ( ))  mnuunuun nn
s

nn − ++ 1,, 11  

taking limit →n  both side we get 

( ( )) ) 0,lim 1 = +
→

s
nn

n
uun  

therefore by the definition of limit there exists Nm 1  such that  

( ( )) ) 11 1, mnuun
s

nn  +  

then 

( )

( )

.
1

, 111 mn

n

uu

s

nn  +  
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Now, for ,mqp   we have 

( ) ( )
−

=

+

1

1,,

q

pj

jjqp uuuu  


−

=



1

1

1
q

pj
sj

 

because ,10  s  therefore by P-series test 
−

=

1

1

1q

pj sj
 is convergent.  

Hence ( ) 0, → qp uu  as →qp,  therefore  nu  is Cauchy sequence. 

Since V is complete metric space then Vu   such that .uun →  Now we 

show that u is a fixed point of S 

( ) ( )nn
n

uAuuAu ,lim, =
→

 

( )nn
n

uu ,lim 1+
→

=  

( ) 0, = uAu  

therefore u is fixed point of A.  

For the Uniqueness. Let if possible there two fixed point 1u  and 2u  

such that ,21 uu   because 1u  and 2u  is fixed point so 11 uAu =  and 

22 uAu =  

Now 

( ( )) ( ( ( ))kuuMAuAu 2121 ,,   

( ( )) ( (
( ) ( ) ( ) ( )

 ( ) ( )
)k

uAuAuu

AuuAuuAuuAuu
uu

2121

12222111
21 ,,,max

,,,,
,



+
  

( ) ( ) ( ) ( )

 ( ) ( )

k

uuuu

uuuuuuuu











+


2121

12222111

,,,max

,,,,
 

( ( )) ( ( ( )))kuuuu 2121 ,,   

which is contradiction.  
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So  

.21 uu =  

Hence A has a unique fixed point.  

Corollary 2.1. Let ( ),V  be a complete metric space and VVA →:  be 

a mapping, and there exists   and ( )1,0k  such that  

( ) ( )( ) ( )( )( )kvuNAvAuAvAuVvu ,,0,,,   (2.5) 

where ( ) ( ) ( ) vuvuMvuN ,,,max, =  and  

( )
( ) ( ) ( ) ( )

( ) ( ) 
( ) ( ) 

( ) ( ) 






=




+

=

.0,,,maxif0

0,,,maxif
,,,max

,,,,

,

vAuAvu

vAuAvu
vAuAvu

AuvAvvAvuAuu

vuM

Then A has a unique fixed point.  

Proof. We have 

( ) ( ) ( ) vuvuMvuN ,,,max, =  

so two cases arrive:  

Case 1. If 

( ) ( )  ( ).,,,,max vuMvuvuM =  

Then the proof is similar to theorem 2.1.  

Case 2. If  

( ) ( )  ( ).,,,,max vuvuvuM =  

Then we get 

( )( ) ( )( )  .,,
k

vuAvAu   

Then proof is similarly the Theorem 1.1  

Example 2.1. Let  3,2,1,0=V  and ( ) .,, Vvuvuvu −=  Then 

Clearly is ( ),V  complete metric space Let VVA →:  be defined by  

( ) ( ) ( ) ( ) .03,20,112 ==== AAAA  
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Now we taken ( ) ueu =  when 1,0 == vu  then  

( ) ( ) 11,20 == AA  

( )( ) ( )( )( )kvuMAvAu ,,   

( )( )
( ) ( ) ( ) ( )

( ) ( ) 

k

vAuAvu

AuvAvvAvuAuu
AvAu 










+


,,,max

,,,,
,  

( )
 

k
















 +


1,1max

1012
1  

.2121  kee k  

When 2,0 == vu  then ( ) ( ) 12,20 == AA  we get  

( )
 

k
















 +


0,1max

1112
1  

2121  kee k  

When 3,0 == vu  then ( ) ( ) 03,20 == AA  so we get  

( )
 

k
















 +


1,0max

1302
2  

3231  kee k  

When 3,1 == vu  then ( ) ( ) 03,11 == AA  so we get  

( )
 

k
















 +


2,1max

230
1  

3131  kee k  

When 3,2 == vu  then ( ) ( ) 03,12 == AA  so we get  

( )
 

k
















 +


2,2max

2321
1  

.4141  kee k  
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In all the above cases, the condition of our theorem satisfies and it is 

clear that 1 is a fixed point of A.  

Note: Example 2.1 satisfy our contraction but not satisfy Jleli [2] so Jleli 

is a special case of our contraction. Because in Theorem 1.1 we take when 

3,2 == vu  then ( ) ( ) 03,12 == AA  and ( ) ueu =  so we get  

( ) ( )( )( ) ( )( )( )kAA 3,23,2   

.1 kee   

So 

1k  

which is contradiction.  

Hence our contraction is more generalized to Jleli [2] 

Example 2.2. Let  NnV n = :  where 
( )

2

1+
=

nn
n  and 

 )→ ,0: VV  defined by ( )  vuvu ,max, =  if vu   and ( ) 0, = vu  

if vu =  Then ( ),V  is complete metric space and consider the mapping 

VVS →:  by ( ) 11 =A  and ( ) 1−= nnA  where 1n  we taken 

( ) .ueu =   

Then we have to show that A satisfies the condition 2.1. 

Now 

( )( ) ( )( )( )kvuMSvAu ,,   

( )( )
( ) ( ) ( ) ( )

( ) ( ) 
.

,,,max

,,,,
,

k

vAuAvu

AuvAvvAvuAuu
AvAu 



















+
  

Take nu =  and mv =  we get  

( )
( ) ( ) ( ) ( )

 ( ) ( )

k

AAA

AAAA

AA mnmn

mmmmnnn

mn ee



















+

 ,,,max

,,,,

,
1
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( )
( ) ( ) ( ) ( )

 ( ) ( ) 










+


mnmn

nmmmmnnn
mn AA

AAAA
kAA

,,,max

,,,,
,  

There are two cases arises:  

Case I. when 1=n  and 2m  in this condition 1=u  and mv =  we 

get  

( )
( ) ( ) ( ) ( )

 ( ) ( )














mm

mmmm
m AA

AAAA
kAA

,,,max

,,,,
,

11

1111
1  

( )
( ) ( )
 ( ) ( )














−

−

mm

mmm
m kAA

,,,max

,,
,

111

11
1  

( ) ( )11 ,, − mmm kAA  

.1

m

mk



 −  

So  

.
1

1

+

−


m

m
k  

Hence ( ).1,0k  

Case II. When 1 nm  

( )
( ) ( ) ( ) ( )

 ( ) ( ) 










+


− mnmn

nmmmmnnn
mn AA

AAAA
kAA

,,,max

,,,,
,

1
 

( )
( ) ( ) ( ) ( )

 ( ) ( )











+


−−

−−−−

mnmn

nmmmmnnn
mn kAA

,,,max

,,,,
,

11

1111  

( )
( )

 ( ) 
.

,,max

,
,

1

1
11 











+


−

−
−−

mmn

mmmnn
mn k  

Since nm   so nm − 1  there two situations arrive nm = −1  or 

.1 nm  −   

So ( ) 0, 1 = −mn  or ( ) ., 11 −− = mmn  

Now if ( ) 0, 1 = −mn  then  
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mm k −1  

.1

m

mk



 −  

So  

.
1

1

+

−


m

m
k  

Hence ( ).1,0k  

Now if ( ) 11, −− = mmn  then  

m

mmm
m k



+
 −

−

2
1

1  

.
2

1

1

mmm

mmk
+




−

−  

Hence ( ).1,0k  

In all the above cases, the condition of our theorem satisfies and it is 

clear that 1 is a fixed point of A.  

3. Application to Fractional Calculus 

Let  ( ),1,0C  be a metric space defined by  

( )
 

( ) ( ) .max, 11
1,0

1111 tvtuvuvu
t

−=−=



 

Where  ( )1,0C  be a collection of continuous functions.  

First we consider the following fractional differential equation  

( )( ) ( ) ( ) ( )1,100 =+ ttxtgtxDn  (3.1) 

with ( ) ( ) 010 == xx  and   Rg →1,0:  is continuous function and problem 

3.1 is equivalent to the integral  

( ) ( ) ( ) ( )=
1

0
, dvvxvgvtGtx  
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where Green’s function associated with the problem 3.1 is given by  

( )

( )( ) ( )
( )

( )( )
( )















−




−−−

=
−

−−

.10if
1

1t0if
1

,
1

11

tv
c

vt

v
c

vtvt

vtG
c

cc

 

Assume that the subsequent conditions hold:  

1. ( ) ( ) ( )2121 , uuKugug −  for each  1,0t   

where  

( )
 1221

12222111
21 ,max

,
AuuAuu

AuuAuuAuuAuu
uuK

−−

−−+−−
=  

2. There exists 1  such that ( )  .1,0 − tetx   

Assume that mapping    1,01,0: CCA →  is defined by  

( )( ) ( ) ( ) ( ) .,
1

0= dvvxvgvtGtxA  (3.2) 

Now we have to prove that existence of a solution of the fractional 

differential equation 3.1 

Theorem 3.1. Under the Assumption of condition (1)-(2), 3.1 has a 

solution.  

Proof. The solution of 3.1 is equivalent to  1,0Cx   which is a solution 

of the integral equation  

( ) ( ) ( ) ( )   =
1

0
1,0, tdvvxvgvtGtx  

we consider 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) −=−
1

0
22

1

0
1121 ,, dssusgvtGdssusgstGtAutAu  

( ) ( ) ( ) ( ( ) ( ) ( ) ( ) −−
1

0
221121 , dssusgsusgstGtAutAu  
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( ) ( ) ( ) ( ) ( ) −
1

0
2211, dssusgsusgsxG  

( ) ( ( ) ( ) ( ) ( ) ) −
1

0
2211, dssusgsusgsxG  

( ) ( ( ) ( ) ) − −
1

0
21, dssgsgesxG  

( ) ( )
−

1

0
21,, dsuuKesxG  

( )
 

ds
AuuAuu

AuuAuuAuuAuu
esxG −−

−−+−−
 −

1

0 1121

12222111

,max
,  

 
( )( )−−

−−+−−
 −

1

01221

12222111 ,
,max

dssxG
AuuAuu

AuuAuuAuuAuu
e  

 1121

12222111

,max AuuAuu

AuuAuuAuuAuu
e

−−

−−+−−
 −  

 
( )( ) 












1

01,0

,sup dssxG
t

 

( )
 

( )( ) 







 



−
1

01,0
21 ,sup, dssxGuuMe

t

 

( )21 , uuMe −  

where  

( )
( ) ( ) ( ) ( )

 ( ) ( )2121

12222111

,,,max

,,,,
,

uuAuu

AuuAuuAuuAuu
vuM



+
=  

Therefore Vuu  21 ,  and  1,0 t  we have 

( ) ( ( ))2121 ,, uuMeAuAu −  

Taking both side exponential we get  

( ) ( ( ))2121 ,, uuMeAuAu
ee

−



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( ) ( ( ( )) ) .2121 ,, −


 euuMAuAu

ee  

Now we consider the function ( ) ueu =   

We get  

( ( )) ( ( ( ))kuuMAuAu 2121 ,,   

where .−= ek  

Therefore the mapping A is a new type  contraction.  

It follows from the Theorem 2.1, A defined by equation 3.2, has a fixed 

point in  ( )1,0C  which in turns is the solution of problem 3.1.  
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