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Abstract

In this article we defined ¢ contraction, which is more globally than previously defined 6
contraction and generalized Khan contraction [4]. More general phenomena have also been
shown by giving the suitable examples. The rearmost part of this article consists of the
application of this contraction to fractional differential equation.

1. Introduction and Preliminaries

Firstly, the idea of 0 contraction in 2014 introduced by Jleli et al. [2] and
defined generalization of Banach Contraction. After that many researchers
(see [1], [3], [B]) developed work on fixed point. In 2017 Piri et al. [4] defined
generalized Khan contraction and they settled the existence and uniqueness
of fixed point. In this work with the concept of 6 contraction and Khan
contraction we defined new type of ¢ contraction and furnished fixed point
theorem, supporting examples for the newly defined concept and application

to fractional differential equations is the important part of this article.
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For the results we recall some basic definitions:
Definition 1.1 [2]. Let ® the set of all functions 0 : (0, ) — (1, »)
satisfy the conditions

0;. 0 is non decreasing,
0,. for every sequence {a,} < (0, )

lima, =1< lima, =0"
n—0 n—

05. there exists s € (0, 1) and L € (0, »] such that

lim X® =1 _ 7

a—0 as

and they prove the results.

Theorem 1.1 [2]. Let (V, p) be a complete metric space and A :V —» V
be a mapping let there exists 6 € ® such that

u, veV,p(Au, Av) # 0 = 0(p(Au, Av)) < [0(p(x, v))]". (1.1)
Then A has a unique fixed point.

In 2017 Piri et al. [4] defined generalized Khan contraction.

Definition 1.2. Let (V, p) be a metric space. A mapping A :V - V is

called generalized Khan Contraction if satisfies

1 p(u, Au)p(u, Av)+p (v, Av)p (v, Au)
p(Au, Av)< max {p (u, 611)), p(Au,v)}

if max{p(u, Av), p(Au,v)} =0
if max{p(u, Av), p(Au,v)}=0

where k € [0, 1) and u,veV.

Theorem 1.2 [4]. Let (V, p) be a complete metric space and A :V —» V

satisfy

LS et it
0 if max {p(u, Av), p(Au,v)}=0

where k € [0,1) and u, v € V. Then A has a unique fixed point.
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2. Main Results

As the main part of our paper, we introduced new type of ¢ contraction
defined as:

Let (V, p) be a complete metric space and A : V — V be a mapping and
there exists ¢ € ® and % € (0, 1) such that

o(o(Au, Av)) < ((M(u, v))", 2.1)
where
M(u,v)= Pl Azl);ff;(:z:i g(f;)ggv’ Au) if max{p(u, Av), p(Au,v)}#0

0, if max{p(u, Av), p(Au,v)} =0
If we take ¢(u) = e* then,
e(p(Au, Av)) < (eM(u, U))k

p(u, Au)p (u, Av)+p (v, Ay)p(v, Au)
e(p(Au, Av)) < (e max {p(u, Av), p(Au, v)} )k

p(u, Au)p (u, Av)+p (v, Av)p(v, Au)
e(p(Au, Av)) < (e max {p(u, Av), p(Au, v)} )

< (v, Au)p(u, Av)+p (v, A)p(v, Au)
p(Au, Av)<k ° rna)p< {p(u, Av),pp(Au, 5)}

which is Khan contraction [4], i.e., Khan contraction is a special case of our
newly defined contraction.

Theorem 2.1. Let (V, p) be a complete metric space and A:V -V be a
mapping satisfy 2.1. Then A has a unique fixed point.

Proof. Let u € V and u,, be any sequence of Vsuch that
U,.1 =Au, Yvn=0,1,2,3, ....

Now

0Pty un)) = (p(Awy, Auy 1)) < O (1, wy ) 2.2)
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where

M(u u 1) _ p(un’ un+1)p(un7 un)+ p(un—l’ un)p(un—l’ un+1)
e max {p(un, Up )’ p(un+1’ Up-1 )}

Pty 1, Un)PUy_1, Upi1)
max {(un+1’ Un— )}

= p(un’ un—l)

this together we get

(])(P (un > Up+l )) < ((I)(p (un—l > Un )))k

therefore by continue this process we get
2
1< ¢(p(un’ Un+l )) < (¢(p(un—2: Un—1 )))

(00 (s 201 )"

IA

IA

IA

(@(p (g, w )"

Taken n — «© we get

(d)(p (un? Un+1 )) -1

therefore by 64 we obtain

lim (u,,, 1,1 )=0. (2.3)

n—

Now we shall show that {u,} is a cauchy sequence in V.

So from 63,30 < p <1 and 0 </ < « such that

lim "(L‘L"”)_sl -1, (2.4)
n—® (p (un s Un+1 )) )

If ]l <wand v = % therefore there exists m € N such that
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|Mm)—sl_z|@,vmm.
(p (un,un+1 ))
So
P, Una) =1

(P (un > Untl ))S

—v=vVn2=m.

Hence

n(p(un s Un+l ))s ) = TLB [(p(un s Unyl )) - 1] vnzm,
where B = %

If ] > . Let v > 0 be a given real number then by there exists m € N
such that

Py, Ups)—1 >

>vVvVnz>2m
(p(uny Up+l ))S

so we get
n(p(un s Un+1 ))s) < nB [(p (un > Untl )) - 1] Vnz=m
1
Where = —.
v
Hence, for all the cases there exists B > 0 and m € N such that

n(p(un’ un+1))s < nB[(p(uiw un+1)) - l] vn 2 m
taking limit n — oo both side we get
Hm n(p(uy, uy41))°) = 0
n—
therefore by the definition of limit there exists m; € N such that
n(p(un’ un+1))s) <1vVn>m
then

1
p(un,un+1)s—1‘v’n>m1.

(n)s
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Now, for p > q¢ > m, we have

q-1
plup, ug) < D p(uj, uji)
j=p

because 0 < s < 1, therefore by P-series test Z;I;;L is convergent.

jl/S

Hence p(up, uy) > 0 as p,q—oo therefore {u,} is Cauchy sequence.

Since V is complete metric space then Ju € V such that u, > u. Now we

show that u is a fixed point of S

p(Au, u) = lim p(Au,,, u,)
n—w

= lim p(unJrl’ un)
n—w

p(Au, u) =0
therefore u is fixed point of A.

For the Uniqueness. Let if possible there two fixed point u; and u,
such that wu; # uy, because u; and ug is fixed point so Au; = y; and

Auz = Uy
Now

0(p(Auy, Aug)) < (0(M(uy, ug))*

< (u1, A )p (g, Aug )+ p(ug, Aug)p(uy, Auy)
b(pluy, up) < (p(PHLEIL B b HEEe P B SEL!

< of P, 1) p(ug, ug)+p (g, us)p (ug, 1y &
e ot )

O(p(ur, ug)) < (0(p(uy, uz))*

which i1s contradiction.
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So

Uy =Uuyg.

Hence A has a unique fixed point.

Corollary 2.1. Let (V, p) be a complete metric space and A :V — V be
a mapping, and there exists ¢ € ® and k € (0, 1) such that

u,veV,p(Au, Av)# 0 d(p(Au, Av)) < (§(N(z, v)))"* (2.5)

where N(u, v) = max {M(u, v), p(u, v)} and

p(u, Au)p(u, Av)+p(v, Av)p (v, Au) .
M(u, v)= { max {p (@, Av), p(Au, )] ?f max{p(u, Av), p(Au,v)} =0
0 if max{p(u, Av), p(Au,v)}=0.

Then A has a unique fixed point.
Proof. We have

N(u,v) = max {M(u,v), p(u, v)}

so two cases arrive:
Case 1. If
max {M(u, v), p(u, v)} = M(u, v).
Then the proof is similar to theorem 2.1.

Case 2. If

max {M(u, v), p(u, v)} = p(u, v).
Then we get
d(p(Au, Av)) < [p(p(u, V).

Then proof is similarly the Theorem 1.1

Example 2.1. Let V ={0,1,2,3} and p(x,v)=|u-v|Vu,veV. Then
Clearly is (V, p) complete metric space Let A : V — V be defined by

A(2)=A(1)=1, A(0)=2, A(3)=0.
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Now we taken ¢(u) = e when u = 0, v = 1 then

A(0) = 2, A1) = 1

o(p(Au, Av)) < (O(M(u, v))*

< (4 Plu, Au)p(u, Av) + p(v, Av)p(v, Au) k
B, ) < [0 e )

o)< (o Z2Lr0ed)f

el < = k>1/2.

When u = 0, v = 2 then A(0) = 2, A(2) =1 we get

o)< (o Lt

el <e? = k>1/2
When u = 0, v = 3 then A(0) = 2, A(3) = 0 so we get
¢(2)S(¢(2x0+3x1Dk
max{0, 1}
el < = k>2/3

When u =1, v = 3 then A(1) =1, A(3) = 0 so we get

o <({maig)

el <e?f = k>1/3

When u = 2, v = 3 then A(2) =1, A(3) = 0 so we get

o) < (d{%ﬁk

el <et = k>1/4.

Advances and Applications in Mathematical Sciences, Volume 20, Issue 8, June 2021



¢-CONTRACTION AND ITS APPLICATION TO FRACTIONAL ... 1617

In all the above cases, the condition of our theorem satisfies and it is
clear that 1 is a fixed point of A.

Note: Example 2.1 satisfy our contraction but not satisfy Jleli [2] so Jleli

is a special case of our contraction. Because in Theorem 1.1 we take when

u=2v=23then A(2) =1, A(3) = 0 and ¢(u) = e“ so we get

0(p(A(2), AB)) < (0(p(2, 3)))*

e1 Sek.

So

which is contradiction.
Hence our contraction is more generalized to Jleli [2]

n(n +1)
2
6:VxV - [0, ©) defined by o(u, v) = max {u, v} if u# v and p(u, v) =0

Example 2.2. Let V ={y, :ne N} where v, = and

if w=v Then (V, p) is complete metric space and consider the mapping

S: V>V by A(y;)=7; and A(y,)=7v,.1 where n>1 we taken
o(u) = .
Then we have to show that A satisfies the condition 2.1.

Now

o(p(Au, Sv)) < (O(M(u, v))*

< (of P, Au)p(u, Av)+p(v, Av)p(v, Au) k
st ) < (o 2 ey )

Take u = vy, and v = v, we get

P (Vs A70)P (s Av) + 0 (as A¥n) P (1 A1) Vo
PATn Av) | max{p (Yn, Avm ), p (A, AYp )
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P (Vi AY2)P (Vs AY i)+ P (Vs AV )P (Vs Avn))

Ay, , A <k
P, A1) < max (1. AT )P (AT s Y}

There are two cases arises:

Case I. when n =1 and m > 2 in this condition © = y; and v =y, we

get
P(v1, Av1)P (Y1, AYm)P (Vs AV )P (Y ims AYl))
Ayy, Ay, ) < k(
pldn, Avn) max {p(v1, Ay, p(AY1, Y )}
A ,A Sk( p(Ym:Ym—l)p(Ym’Yl) j
p(An, Aty) max {p(y1, Ym-1): P (1> Y )}
p(Ay1, Avp) < kp(Yms Ym-1)
k > Ym-1
Ym
So
m-1
>
k= m+1
Hence % < (0, 1).
CaseIl. When m>n>1
s AP Vs AYim) + 0 (Yims AYm)P (Yims Avn)
p(Avn, Avm) max {p (Y, AYm ), P(AYn-1, Yim)}
o(Ay,, Ay,) < k(p(vn, Y-1)P Vs Y1) ¥ P Yim-1)P (Y yn—l)j
max {p(Yns Ym-1) P(Yn-1> Ym)}
Vnp(Yn7 Ym—l) + YTm¥Ym
P(Yn-1> Ym-1) < k( )
(nate o) < B e s Youd)s o)
Since m >n so m—12>n there two situations arrive y,,_; =y, or
Ym-1 > VYn-

S0 p(Yps Ym-1) =0 or p(vys Ym-1) = Yim-1-

Now if p(v,, Ym-1) = O then
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Ym-1 < kY

k > ’mel .
Tm

So

3
+
[

Hence % € (0, 1).

Now if p(v,, Ym-1) = Ym-1 then

2
L <k YmY¥m-1 1t ¥m

Ym—
m Ym

k > ’Ym'mel
2 .
YTm¥Ym-1+Vm

Hence % < (0, 1).

In all the above cases, the condition of our theorem satisfies and it is

clear that 1 is a fixed point of A.
3. Application to Fractional Calculus
Let (C[0,1], p) be a metric space defined by
plu, vi) =ug —vy |, = t‘gﬁ&’ﬂ up(t) — v () .
Where C([0, 1]) be a collection of continuous functions.
First we consider the following fractional differential equation
"D¥(x(t))+ gt)x(t) =00 <t <1, y<1) (3.1)

with x(0) = x(1) = 0 and g : [0, 1] > R is continuous function and problem

3.1 is equivalent to the integral
1
x(0) = [ G, gl
0

Advances and Applications in Mathematical Sciences, Volume 20, Issue 8, June 2021
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where Green’s function associated with the problem 3.1 is given by

(1 -v) — -0

Gt v) = re)

% ifo<v<t<l.

fo<t<v<l

Assume that the subsequent conditions hold:
1. | g(wy)— g(ug) | < K(uq, ug) for each t € [0, 1]
where

| — Ay || g — Aug [+ ug — Aug || ug - Ay |
max {| uy — Aug |, |ug — Ay [}

K(ul’ u2) =

2. There exists © > 1 such that | x(¢) | < e "V ¢ € [0, 1]

Assume that mapping A : C[0, 1] - CJ0, 1] is defined by

Ax(t)) = j 01 G(t, v)g (v)x(v)dv. (3.2)

Now we have to prove that existence of a solution of the fractional

differential equation 3.1

Theorem 3.1. Under the Assumption of condition (1)-(2), 3.1 has a
solution.

Proof. The solution of 3.1 is equivalent to x € C[0,1] which is a solution

of the integral equation
1
x(t) = J' G(t, v)g (v)x(v)dv V¢ e [0, 1]
0
we consider

1 1
| Auy(t) - Aug(t) | = | Io G(t, s)g1(s)uy (s)ds _.[0 G(t, v)ga(s)ug(s)ds |

| A0~ Aus(®)| < [ G ) (1 (6 (6) - ghus(s) s |
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IA

16t 9)1] 106K (5) - a(5hus(s) s

IA

16 510 2469 06 | 2(5)] wals) )

IA

16t )10 (6) - ga(6) s

IA

el
| G(x, s) le”"K(u, ug)ds
0

—Auy || w — Aug | +| ug - Aug || ug - Ay lds
max {| u; — Aug |, [ u; — Ay [}

IA

el
| Gz, s) |e " [
0

IN

- |u1—Au1||u1—Au2|+|u2—Au2||u2—Au1|J'1
e’ G(x, s))ds
max {4y — Auy || uz - Aty | o (= 9)

o wm = Ay || w - Aug [+ ug — Aug || ug - Ay |

<e
max {| u; — Aug |, |y — Ay |}

sup Uol (G(x, s))dsJ

telo, 1]
1
<e "M(u, ug) sup (J. (G(x, s))dsJ
tefo, 1]\ 0

< e "M(uy, ug)
where

M(u, v) = pur, Auy)p(uy, Aug) + p(ug, Aug)p(ug, Auy)
’ max {p(u, Aug), p(u1, us)}

Therefore V uy, ug € V and V ¢ € [0, 1] we have

p(Auy, Aug) < (e "M(wy, uy))
Taking both side exponential we get

P (Aur, Aug) (e "My, u))

Advances and Applications in Mathematical Sciences, Volume 20, Issue 8, June 2021
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oP(Aur, Aug) o (o(Mur, ug))ye™

Now we consider the function ¢(u) = e

We get

O(p(Auy, Aus)) < (O(M (uy, ug))*

where k& = e .

Therefore the mapping A is a new type ¢ contraction.

It follows from the Theorem 2.1, A defined by equation 3.2, has a fixed
point in (C[0, 1]) which in turns is the solution of problem 3.1.
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