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Abstract

In this paper, Subdivision Single Valued Neutrosophic Graph sd(G), Total Single Valued
Neutrosophic Graph t/(G) and Middle Single Valued Neutrosophic Graph M (G) for a given
Single Valued Neutrosophic Graph G = (A, B) is defined. Some properties and the isomorphism
concepts are discussed. Also the relationship of M(G) with sd(G) and #(G) are discussed.

1. Introduction

Fuzzy set theory and intuitionistic fuzzy sets theory are useful models for
dealing with uncertainty and incomplete information. But they may not be
sufficient in modeling of indeterminate and inconsistent information
encountered in real world. In order to cope with this issue, neutrosophic set
theory was proposed by Smarandache as a generalization of fuzzy sets and
intuitionistic fuzzy sets. Isomorphism on Single valued neutrosophic graphs
are given by Malarvizhi and Divya [4]. Properties and isomorphism of total

and middle fuzzy graphs was given by Nagoorgani and Malarvizhi. Properties
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of middle and total intutionistic fuzzy graphs are also discussed [5]. Here, in
this paper some properties of subdivision, total and middle Single valued
Neutrosophic graphs are discussed and isomorphic relation between them are
also have been discussed.

2. Preliminaries

A Single-Valued Neutrosophic graph (SVN graph) is a pair G = (A, B) of

the crisp graph G* =(V, E) (ie, with underlying set V), where
A :V - [0, 1] is single-valued neutrosophic set in Vand B : V xV — [0, 1]

1s single valued neutrosophic relation on V such that

Tp(xy) < min {T (x), Ta(¥)},

Ip(xy) < min {I4(x), T4(¥)},

Fp(xy) < max {Fu(x), Fa(y)},
for all x, y € V. A is called single-valued neutrosophic vertex set of G and B
is called single-valued neutrosophic edge set of G, respectively.

Given a single-valued neutrosophic graph G = (A4, B) of a crisp graph,
the order of G is defined as Order (G)= (O7(G), O;(G), Op(G)), where

Op(G) =3, _TaW). 01(G) =3 . 14(), 0p(G) =3 . Fa)

Given a single-valued neutrosophic graph G = (A, B) of a crisp graph
G* = (V, E), the size of G is defined as Size (G) = (Sp(G), S;(G), Sr(G)),

where ST(G):ZWUTB(L"U)’SI(G):Z Ig(u,v), SF(G):Z Fp(u,v).

u+v u#v

The degree of a vertex x in an SVNG, G = (A, B) is defined to be sum of
the weights of the edges incident at x. It is denoted by dg(x) and is equal to

(Z o I, ), Zuﬂ) Ig(u, v), zuiv Fg(u, v)) for all v adjacent to u in
G*.

Two vertices x and y are said to be neighbors in SVNG if either one of the
following conditions hold
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i. Tg(x, y) >0, Ig(x, y) >0, Fg(x, y) >0

ii. Tg(x, ¥) =0, Ig(x, y) >0, Fg(x, y) >0

iii. Tg(x, ¥) > 0, Ig(x, y) =0, Fg(x, y) >0

iv. Tg(x, y) > 0, Ig(x, y) > 0, Fg(x, y) =0

v. Tg(x, y) = 0, Ip(x, y) = 0, Fp(x, y) > 0

vi. Tg(x, y) =0, Ig(x, y) > 0, Fg(x, y) =0

vii. Tg(x, y) > 0, Ig(x, y) =0, Fg(x, y) =0 for x, y € A.

A single-valued neutrosophic graph G = (A, B) is called strong if the

following conditions are satisfied:
Tg(xy) = min {T4 (x), Ta ()},
Ip(xy) = min {I4(x), I4(¥)},
Fg(xy) = max {F4(x), F4(y)}, for all non zero edges (x, y) € E.

A single-valued neutrosophic graph G = (A, B) is called complete if the

following conditions are satisfied:
Tp(xy) = min {Tg (x), Ta ()},
Ip(xy) = min {I5(x), T4 (y)},
Fp(xy) = max {Fy(x), F4(y)}, forall x, y € A.

Let G and G’ be single valued neutrosophic graphs with underlying sets
V and V' respectively. A homomorphism of single valued neutrosophic

graphs, A : G —> G' isamap h : V — V' which satisfies
Ta(w) < Ty (h(w)), Ia(w) < 15 (h(w)), Fo(u) < Fp(h(w)) forall u e V

Tp(u, v) < Ty (h(w), h(v)), Ip(u, v) < Ip(h(u), h(v)), Fp(u, v) < Fp(h(u), h(v))
forall u,v e V.

Let G and G' be single valued neutrosophic graphs with underlying sets

Vand V' respectively. An isomorphism of single valued neutrosophic graphs,
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h:G — G' 1s a bijective map h : V — V' which satisfies
Ta(u) = Ty (hw)), 14(w) = 1a/(h(w)), Fa(w) = Fa(h(w)) forall u e V

TB(u9 l)) = TB'(h(u)’ h(v))’ IB(u’ U) = IB’(h(u)’ h(v))’ FB(”i U) = FB’(h(u)9 h(v))
for all u,veV. Then G is said to be isomorphic to G'.

A weak isomorphism of single valued neutrosophic graphs, A : G - G' is

amap h:V — V' which is a bijective homomorphism that satisfies
Ta(w) =Ty b)), I4(w)=14h)), Fy(w)= Fy(h(u)) forall u e V.

A co-weak isomorphism of single valued neutrosophic graphs,
h:G —> G isamap h:V — V' which is a bijective homomorphism that

satisfies

Tg(u, v) = Tp (h(w), h(v)), 15w, v) = I (h(u), h)), Fp(u, v) = Fg(h(u), b))

forall u,veV.

The busy value of the vertex x in G is

BV(x) = (BVyp, (x), BV}, (x), BV, (x)) = (ZiTA(x) A Ty(x;),

D Ia@ A La(w), D Fal)v Falx;)

where x; are the neighbours of x and the busy value of G is

BV(G)=) ;BV(x;) where x; are the vertices of G.

A vertex in a G is a busy vertex if (T'y, 4, Fq)(x) < dg(x).

3. Subdivision Single Valued Neutrosophic Graph

Here, we define Subdivision of Single valued Neutrosophic graph and

discuss some properties.

Definition 3.1. Let G : (A, B) be a SVN graph with the underlying crisp

graph G* = (V, E). The vertices and edges of G are taken together as vertex
set of sd(G) = (Agq, Bgg), each edge ‘@ in G is replaced by a new vertex and

that vertex is made as a adjacent of those vertices which lie on ‘¢’ in G. Here
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A,q 1s a SVN subset defined on VU E as
(T, 14, Fa)sq(x) = (Ta, Ia, Fa)x)if x eV
= (Tg, Ip, Fg)(x) if x € E.
The SVN relation B,; on V U E is defined as
Tp,,(x, y) = Ty(x) A Tp(y)if x €V and y € E
= 0 otherwise
Ip  (x, y)=Io(x)AIp(y)if x €V and y € E
= 0 otherwise
Fp ,(x, y) = Fy(x)v Fp(y)if x €V and y € E
= 0 otherwise

(T,,» 1B, FB,,)(x, ¥) is a SVN relation on (T ,, 14 ,, Fa,,) and hence
the pair sd(G) = (Agq, Bsq), is @ SVN graph. This pair is said as subdivision
SVN graph of G.

u0.2,0307)  b0.2,0.20.5) v(0.4,03.0.6) ul0.2,03,07)  bl0.2,0.2,0.5 V(0.4,0.3.0.6)
-

=y ~ " —

: 5

S 3 S =

=] =] S %

o L ¥

=] s

e = =1 5
-

x(0.6,0.9,0.4) d(0.4,03,08) 0.5, 0.4,0.8) (0.6, 0.8,0.4) d(0.4,03,08) 0.5, 0.4,0.8)
G sd(G)

In the above sd(G), (a, u)=(0.1,0.2, 0.7), (&, b) = (0.2, 0.2, 0.7),
(b, v) = (0.2, 0.2, 0.6), (v, ¢) = (0.3, 0.2, 0.7), (¢, w) = (0.3, 0.2, 0.8),
(w, d) = (0.4, 0.3, 0.8), (d, x) = (0.4, 0.3, 0.6), (x, @) = (0.1, 0.2, 0.4).

Properties of Subdivision SVN Graph

Theorem 3.2. Let G = (A, B) be SVN graph and sd(G) is its subdivision
SVN graph, order of sd(G) = order (G) + size(G).

Proof. By definition of sd(G), vertex set of sd(G) is V U E.
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Order of sd(G) = (Op(sd(G)), O;(sd(G)), O (sd(Q))),

=[ ZTAsd(x)’ ZIASd(x), ZFAsd(x)J

xeVUE xeVUE xeVUE

{ZTAsd ()4 D Tay @)+ Y Ta, (6)+ D L, (x)+ D Fa,(x)+ D Fa, (x)}

xeV xeE xeV xek xeV xeE

{Znsd (), > Ta, (@), D Fa, (x)} +[ZTAsd (), Y Ta, (). Y Fay, <x)]

xeV xeV xeV xek xek xek
= order (G) + size(G).

Theorem 3.3. Number of edges in sd(G) is equal to twice number of
edges in G.

Proof. As each edge in G is replaced by a new vertex and as exactly two

vertices lie on an edge in G, it is adjacent to exactly two vertices in sd(G).

Thus number of edges in sd(G) is equal to twice the number of edges in G.

Theorem 3.4. Let G = (A, B) be SVN graph and sd(G) is its subdivision
SVN graph, size of sd(G) = twice the size (G).

Proof. By definition of sd(G) vertex set of sd(G) is V U E.

Size of sd(G) = (Sp(sd(G)), S;(sd(G)), Sp(sd(G))

= (ZTBsd(x’ y)’ ZIBsd(x’ y)’ ZFBsd(x’ y)) where x e Va Y € E and x

lies on y
— (Y min (T, (), T, 0, Yomin {4, (x) Ly, ()}, Y max {Fy, (), Fa, (5))

= (O min {Ty(x), Tg(y)}, Y min {I4(x), I5(y)}, D max {Fy(x), Fg(y)}).

As each newly added vertex lies on exactly two edges in sd(G), the value of it

contributes two times to the sum in the equation

= (2 Tu(y), 2 I5(y), 2D Fy(y)) where y < E

=203, Tp(). D Ip(). D Fp()

= 2(size of G).
Theorem 3.5. sd(G) is a strong Single valued Neutrosophic graph.
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Proof. In sd(G) for each edge (x, y)
Tp,,(x, y) = Tg(x) A Tp(y) if x €V and y € E and xlieson y
= 0 otherwise
I ,(x, y)=Io(x) A Ip(y)if x €V and y € E andxliesony
= 0 otherwise
Fp ,(x,y)=Fy(x)v Fp(y) if x €V and y € E and x lieson y
= 0 otherwise.
Thus each edge is an effective edge, hence sd(G) is a strong SVN graph.

Theorem 38.6. Let G is a complete SVN graph, but sd(G) need not be
complete SVN graph.

Proof. G is a complete SVN graph, so each vertex is a adjacent to every

other vertex, but in sd(G), each newly added vertex is adjacent to exactly two

vertices. Hence sd(G) cannot be a complete SVN graph.

Theorem 3.7. The busy value of sd(G), BV(sd(G))= 4(Sy(G),
S1(G), Sp(G)).

Proof.

BV(sd(G))= > BV(x)= Y BV(x)+ Y BV(x).

xeVUE xeV xekE

If x €V, then BV(x):(ZTB(yi), ZIB(yi), ZFB(yi)) where y; is
yick yick vick

adjacent to x in sd(G),

D BV(@)= {Z PRSI DD ZFBWJ

xeV xeVyeE xeVyeE xeVy,eE
=12 > i) 2 Y Ip(v) 2 Y Fp(y)|
yiek yiek yiek
Since each y; is adjacent to exactly two vertices in V
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=2 ZTB(%’)’ ZIB(%'), ZFB(yi)

yiek yiek yicE

D BV() = 2(Sr(G). 81(G). Sp(G))
xeV

If x = y; € E then BV(y;) = (Tg(y;), Ip(y:), F(3:)) + (T(%:), Ip(y;), F(;))
Since each y; € E is the newly added vertex that is adjacent to exactly two

vertices in V and by definition of subdivision SVN graph.
e BV(y) = 2Tp(n), Ia() FGo)) thus X BV()=2(Y | Tp()
e 1800 T o Fa(i) = 257(G), S1(G), Sp(G)

Hence BV (sd(G)) = 4(Sy(G), S;(G), SE(G)).

Theorem 3.8. Let G be SVN graph, dgg)(x)=dg(x) if xeV
= 2(Tg, Ig, Fg)(x) if x € E.

Proof. By the definition of degree of a vertex given,

Case 1. If x € V then in sd(G), x is a neighbour of all points y in E on
which x lies on the edges of G, in that case.

(T, Ip, Fp)(x, y) = (Tp, Ip, Fp)(y). Hence dyy)(x) = (X 5 TB(¥)
ZyeE I5(y), z JeE Fg(y)) = dg(x) (since xis on y in G).

Case 2. If x = y; € E then in sd(G), it is a newly added vertex that is

made as a neighbour of exactly two vertices of V with
(T, Ip, Fp)(x, y;) = (I, Ip. Fp)(»;) for xeV. Hence

dsq(c)(*) = (T, Ip, FB)(x, y;) + (I, I, Fp)(y;, 2) where x, z are the only

two vertices to that y; is adjacent,

e,  ds)(vi)=Tg, Ip, Fp)(y;)+(Tp, Ip, Fp)(y;)=2(Tg, I, F)(¥;).

Hence dggq)(x) = dg(x) if x € V

S 2(TB7 IB, FB)(JC) if x € E.
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Theorem 3.9. In sd(G) every y € E is a busy vertex.

Proof. dsa(c)(y) = 2(Tp, Ip, Fp)(¥) > (Ta, L4, Fa)sq(y), since
(TAa IA’ FA)sd(y) = (TBa IB9 FB)(y) 1rnphes (TA9 IA’ FA)sd(y) < dsd(G)(y)

i.e., y is a busy node in sd(G). Thus each y in E is a busy vertex in sd(G).

4. Total Single Valued Neutrosophic Graph

Here, we define Total Single Valued Neutrosophic graph and discuss
some properties.

Definition 4.1. Let G = (A, B) be a SVN graph with its underlying crisp

graph G* = (V, E). The pair tl(G) = (Ay, By) of G is defined as follows. The
vertex set of t/(G) is V U E. The SVN subset A;; is definedon VU E as,

(Tas Ias Fa)y(x) = (Ta, Ia, Fp)(x)if x eV
=(Tg, Ig, Fg)(x) if x € E.
The SVN relation By on V U E is defined as
Tp,(x,y)="Tg(x,y), Ip,(x, y)= Ip(x, y), Fp, (x, y) = Fp(x, y) if (x, y) € E
Tp,(x, ) =Ta(x)ATp(y)if x eV and y € E
= 0 othewise

Ip, (x, y)=Ia(x)~Ip(y)ifx eV and y € E

= 0 otherwise
Fp,(x,y) = Fy(x)v Fp(y)if x €V and y € E

0 otherwise

T, (e, f)=Tp(e) A Tg(f) if e, f € E and they have a vertex in common
= 0 otherwise

Ip, (e, f) = Ig(e) n Ip(f) if e, f € E and they have a vertex in common
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= 0 otherwise

Fp, (e, f) = Fple)v Fp(f) if e, f € E and they have a vertex in common

= 0 otherwise.
Thus by the definition B;; is a single valued neutrosophic relation on Ay.
Hence the pair t/(G) = (A, By) is a SVN graph and is termed as Total
Single Valued Neutrosophic Graph.

a(0.6, 0.9,0.4) z(0.4, 0.3,0.6)
a[0.6, 0.3,0.4)

€(0.1,0.2,0.3)

¥{0.1,0.1,0.5)
2(0.4, 0.3,0.6)

¥(0.1,0.1,0.5)

b(0.5, 0.4,0.8)
b{0.5, 0.4,0.8)

€(0.1,0.2,0.3)

G tl(G)
The edge values of t/(G) are, (a, b) = (0.4, 0.3, .6), (b, ¢) = (0.1, 0.1, 0.5),
(a, 2) = (0.4, 0.3, 0.6), (b, 2) = (0.4, 0.3, 0.8), (b, y) = (0.1, 0.1, 0.8),
(c, ) = (0.1, 0.1, 0.5), (2, y) = (0.1, 0.1, 0.6).
Properties of Total SVN Graph.
Theorem 4.2. Let G = (A, B) be SVN graph and ti(G) is its Total SVN
graph, order of tl(G) = order (G) + size (G).

Proof. By definition of ¢/(G), vertex set of t/(G) is V U E.
Order of ¢tI(G) = (O (¢UG)), O;(tUG)), Op(tl(Q)))

- [ ZTAtl (), Z Lay (), Z Fay (x)}

xeVUE xeVUE xeVUE

{ZTAH ()+ D Tay (@), Y Ta, @)+ > Ta, (), Y Fa,(x)+ Y Fa, <x>}

xeV xek xeV xek xeV xek

= (ZTAﬂ (%), ZIAH (x), ZFAﬂ (x)J + (ZTAH (x), ZIAﬂ (%), ZFAﬂ (x)]

xeV xeV xeV xek xek xek
= order (G) + size(G).
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Theorem 4.3. Let G = (A, B) be SVN graph and tl(G) is its

Total SVN graph, size of tI(G)= 33ize(G)+(zx oo T8 A TB(3),

> ALY Fp)y Fa()
Proof. Size of tI(G) = (Sy(tl(G)), S;(tl(G)), SF(lQ)))

= [ Z TBtl (x’ y)’ Z IBtl (x’ y)’ Z FBtl (x’ y)J

x,yeVUE x, yeVUE x, yeVUE

= [[ ZTBH (x, ¥), ZIBH (x, ¥), ZFBtl (e, y)J

x,yeV x,yeV x,yeV

+( ZTBtl(x’ y)’ ZIBtl(x’ y)’ ZFBtl('x’ y)J

xeV,yeE xeV,yek xeV,yeE

+[ D Ty, 9) D Ig,(x,y), Y Fp,lx, y>]]x

x,yekE x,yekE x,yekE

lies on y in the second parenthesis

= [ ZTBﬂ (x’ y)’ ZIBtl(x’ y)’ ZFBtl (x’ y)]

x,yeV x,yeV x,yeV

+[ D Tux) ATp(), Y Lax) A Ip(y) ZFAu)vFB(y)J

xeV,yekE xeV,yek xeV,yeE

x,yeE x,yeE x,yeE

[ D Tp)ATp(y), D Ip@)AIp(y), D Fpx)v FB(y>J

= size(G)+ (22 Ts(y), 22 Ig(y), 22 Fp(y)+ (Z . yeETB () A T5 (),
> v yen 1BO) A TB(), > oo FBE)V Fp()

:size(G>+zsize(G>+{ D Ta@)ATp(). D Tp()alp(y), ZFB(ow(y)J

x,yek x,yekE x,yelk
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- 3size<G>+[ 2. T@) A Tp(y). D Ip() A Ip(), ZFB(waB(y)J.

x, yeE x, yeE x, yeE
Theorem 4.4. dyq)(u) = 2dg(u) if u eV, dyc)(y;) = busy value of y;
in tl(G) if y; € E.
Proof. By the definition of degree of a vertex given

Casel.Let x e V,

dtl(G)(x) = [ZTBU (x7 a)? ZIBH (x7 a)’ ZFBtl (x7 a)]

acV acV acV

+ [Z T, (x, 0), > I, (x,b), > Fp, (x, b)} (x lies on edge b)

beE beE beE

= ZTB(A’), ZIB(y), ZFB(D’)J

yeE yeE yeE

[ D T(x) A Tp(0), D Ip(x) A Ip(b), D Fy(x)v FB<b)J

beE beE beE

dg (x) + (Z Ts(®), D I5(). D Fp (b)]

beE beE beE
= dg(x) + dg(x) = 2dg(x).

Case 2.If y; € E,

dya)(v:) = (ZTBﬂ (95 @) Y Ip, (vis @) D Fi, (3, a>]

acV acsV acV

+ (Z Tg, (35 ), Y Tp, (i, b), D Fp, (v, b)}

beE beE beE
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= (ZTA(aMTB(yi), D 1a(a) A Ip(y;), ZFA(aWFB(yi)}

acV acsV acV

v {Z T(y:) A Tp®), D I(yi) A Ip®) > Fp(y;)v FB(b)}

beE beE beE

= busy value of y; in tl(G).

5. Middle Single Valued Neutrosophic Graph

Middle Single valued Neutrosophic Graph is defined and some of its

properties are discussed.
Definition 5.1. Let G = (A, B) be a SVN graph with its underlying crisp

graph G* = (V, E). The vertices and edges of G are taken together as the
vertex set of the pair M(G) = (Ays, By) where

(Ta, La, Fa)p(x) = (Ta, L4, Fg)(x)if x eV
=(Tg, Ig, Fg)(x)if x € E
(T, Ip, Fg)y(x, y) =0 ifboth x, y e V
Tp,, (e, f) = Tp(e) A Tp(f) if e, f € E and they have a vertex in common

0 otherwise

Ip, (e, f)=1Ip(e) n Ip(f) if e, f € E and they have a vertex in common

= 0 otherwise

Fp, (e, )= Fple)v Fp(f) if e, f e E and they have a vertex in
common

= 0 otherwise
Ty, (x, y)=Tgp(y)if x e V and y e E

= 0 otherwise
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I, (x,y)=1Ig(y)ifx eV and yec E
= 0 otherwise
Fp,,(x,y)=Fp(y)ifx eV and yec E
= 0 otherwise

As Ajp is  defined only through the values of A and
B, Ay : VUE — [0, 1] is well defined SVN subset on V U E. Also By, is a
SVN relation on Aj; is also well defined. Hence the pair M(G) = (A, Byy)
is a SVN graph and is termed as Middle Single Valued Neutrosophic Graph.

2(0.2,0.3,07) 3(0.2,0.3,0.7) b((0.4, 0.3,0.6) ¢(0.5,0.4,0.8)

x[0.1,0.2,0.3)
7(0.2,0.2,0.5) 05,0405)
y(0:3,0.2,0.7
7(0.2,0.2,0.5) v(0.3,0.2,0.7) x(0.1,0.2,0.3)

b((0.4, 0.3,0.6)
G M(G)

The edge  values  of M(G) are, (a, 2) = (0.2, 0.2, 0.5),
(@, ) = (0.1, 0.2, 0.3), (b, 2) = (0.2, 0.2, 0.5), (b, y) = (0.3, 0.2, 0.7),
(e, ¥) = (0.3, 0.2, 0.7), (¢, x) = (0.1, 0.2, 0.3), (2, ¥) = (0.2, 0.2, 0.7),
(y, x) = (0.1, 0.2, 0.7).

Properties of a Middle SVN Graph

Theorem 5.2. Let G = (A, B) be SVN graph and M(G) is its Middle
SVN graph, order of M(G) = order(G) + size(G).

Proof. By definition of M(G) vertex set of M(G) is V U E.

Order of t/(G) = (Op (M(G)), O;(M(G)), O (M(G)))

xeVUE xeVUE xeVUE
= [ZTAM (x) + ZTAM (%), ZIAM (x) + ZIAM (x),
xeV xek xeV xek
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D Fay )+ D Fay (x),

xeV xek
= order(G) + size(G).

Theorem 5.3. Let G = (A, B) be SVN graph and M(G) is its Middle
SVN graph, size of M(G) = twice the size(G) + (Z x.yeE Tg(x) A Tg(y),

zx,yeE IB(x)/\ IB(y)’ Zx,yeE FB(.?C)V FB(y))

Proof. By definition of M(G), vertex set of M(G)is V U E.
Size of M(G) = (Sp(M(G)), S;(M(G)), Sp(M(G)))

= ZTBM (x, y), ZIBM(x’ y), ZFBM (x’ y)}

x,yeVUE x,yeVUE x,yeVUE

=1 D Try e 9 D g, () Y Fpy, y)J

x,yeV x,yeV x,yeV

+ ZTBM (x, ¥), ZIBM (x, ), ZFBM (x, y)}
xeV, yeE xeV, yeE xeV, yeE

H| DTy (6 9) Y Ipy, (6 3) Y Fpy, (x, ”N
x,yeE x,yeE x,yeE

=| > T, v, D I, (9, Y Fgy(x, ”}
x,yeV x,yeV x,yeV

HD TaE) AT, D Tal) A Ip(y) ZFA(xWFB(y)J

xeV, yeE xeV, yeE xeV, yeE

#| D TEE)ATs(Y), Y Tp() A Ip(), ZFB(waB(y)}

x, yek& x, yeE x, yeE

0+©2) To(v) 2) Is(y) 2 Fp(y)
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+[ D Tp(x) A Tp(y) D, 1) A Ip(y) ZFB(waB(y)J

x, yeE x, yeE x, yekE

- zsize«;){ D TpE)ATp(). Y Ipx)alpg(y) Y Fpl)v FB(y>J.

x, yeE x, yekE x, yeE
Theorem 5.4. Number of edges in M(G) is equal to sum of the number of
edges of L(G) and twice the number of edges in G.

Proof. As each edge in G is contributing two edges to M(G) and the
pairs of adjacent edges in G, contribute an edge to M(G).

Number of edges in M(G) = two times the number of edges of G + No of

pair wise adjacent edges in G* = twice the number of edges of G + Number
of edges in L(G).

Theorem 5.5. M(G) is a strong SVN graph.

Proof. Consider an edge (x, y) in M(G). From the definition of M(G)

we have two cases.
Case 1.

T, (x, y)=Tp(y)if x €V and y € E
I, (x,y)=1Ig(y)ifx €V and y € E

Fp,, (x,y)= Fp(y)if x € V and y € E.

Also Tp(y) = Ty, (y) as y € E (by definition of M(G))
= Tp,, (9) A Ty,, (x) asxlieson y

Ip(y) = 14,,(y) as y € E (by definition of M(G))

= Ia,, () A Lg,,(x) asxlieson y
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Fp(y) = Fa,,(y) as y € E (by definition of M(G))

= Fp, (9) v Fy,, (x) asxlieson y.

Hence T, (x, ) = Ta,, (¥) A Ta,, (x) where x ¢ V and y € E

Ip, (x, ¥) = La,, (¥) A I4,,(x) where x € V and y € E

Fp,,(x, y) = Fa,, (y) v Fy,,(x) where x € V and y € E

Case 2.

Tg,, (x, y)=Tp(x) ATg(y) if x, y € E and they have a vertex in common

Ip,, (x,y)=1Ig(x)AIp(y)if x, y € E and they have a vertex in common

Fp,, (x,y)=Fp(x)v Fg(y) if x, y € E and they have a vertex in

common
Tp,, (x, ¥)=Ta,, (x) A Tys,, (v) by the definition of Ay,
Ip, (x,y)=14,,(x)~I4,,(y) by the definition of Ay,
Fp,, (x,y)=Fa,, (x)v Fy,, (y) by the definition of Ap;.
Hence by the above cases M(G) is a strong SVN graph.

Theorem 5.6. M(G) is not a complete SVN graph even if G is a complete
SVN graph.

Proof. Given G is a complete SVN graph, then every pair of vertices are
adjacent in G*. But by the definition of M(G) no two nodes in V(G) are
neighbours in M(G). So M(G) is not a complete SVN graph.

Theorem 5.7. dy;()(x) = dg(x) if x € V,
A1) =20 Tpi) D Tp(yi) D Fp())
+ (O min{Ts (), Tp(y;)} D min{Ip(y;). Ip(y;)}, Y max{Fp(y;) Fg(y;)})
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if y;, y; € E and are adjacent in G.

Proof. By the definition of degree of a vertex,

Case1l.Let x € V.

dM(G)(x) = (ZTBM (x, ¥i), Z[BM (x, 3;), ZFBM (2, yi)] where x

y;eE yieE y;eE
lieson y;
= { Z Tg(y;), Z Ip(yi) Z FB(yi)J
yiekE y;eE v;€E
= dg(x).

Case 2. Let x € E. If x = y;, then

dM(G)(x):dM(G)(yi):( ZTBM(%,G), ZIBM(%',G)’ ZFBM(yi,a)]

acVUE acVUE acVUE

- ZTBM (;, @), ZIBM (y;,a), ZFBM (yi,a)J

aeV aeV aeV

yjek yjek yjekE

20> Tp(yi) 2 Y Ip(3). 2D Fp(5:))

+ () min{Tp(y;), Tp(y;)} D min{Ip(y:), Ip(y;), Y max{Fp(y;), Fp(y;)))

=203 Tp(:), Y Ip(:) D Fp(5)
+(Q_min{T(3), T (i)}, D_min{Ip(y;), Ig(v:)}, D max{Fp(y;), Fp(y;)))
Theorem 5.8. Busy value of M(G)=4 size (G)+2

(ZXJEETB(x)/\TB(y)y Zx,yEEIB(x)/\ Ip(y), Zx,yeEFB(x)v Fp()).
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Proof. Busy value of M(G)= Z +<VUE BV(x)

- erVUE dM(G)(x) (as M(G) 1s strong)
= 2size (M (G))

=22si2e(G)+ (Y, TR)ATE(), Y, In()ATR()

2 s PV FB()

=45ize(G)+20) | Tp()ATp(). Y, Tp(x)~Ip()

Zx,yEEFB(x)V Fg(y))

Note.

Order of sd(G)= Order of tI(G)= Order of M(G)= order of G+ size of
G.

6. Isomorphic Relationship between 7 (G), sd(G) and M(G)
Theorem 6.1. If G is a SVN graph then sd(G) is weak isomorphic to
t(G).
Proof. Let G = (A, B) be a SVN graph with its underlying crisp graph

G* = (V, E). By the definition of sd(G), Ay; is a SVN subset defined on
VUE as

(Tas L, Fa)gq(x)=(Ta, L4, Fp)lx)if x €V
= (Tg, Ig, Fg)(x) if x € E. (1)
The SVN relation B,;; on V U E is defined as
Tp,,(x, y) = T4(x) A Tp(y)if x €V and y € E

= 0 otherwise
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Ig ,(x,y)=I4(x)alp(y)if x €V and y € E
= 0 otherwise
Fp,(x,y) = Fy(x)v Fp(y)if x €V and y € E
= 0 otherwise.
Using (1) in the above equation,
Tp,(x, y) =Ty, (x)ATy, (y)ifxcV and y c E
= 0 otherwise
Ip  (x,y)=1y,(x)AIg,(y)ifx eV and y e E
= 0 otherwise
Fp (2, y)=Fa (x)vFy (y)ifx eV and yc E
= 0 otherwise.

Define a map ‘¢ from sd(G) to tI(G) as identity map
g:VUE —» VUE, g be bijection satisfying

(T, 1a, Fp)y(g(x)=(Ta, 1a, Fp)y(x)=(Ta, g, Fo)x)=(Ta, L, Fy)sq(x)
ifxeV

(Tas Ia, Fa)y(g(x))=(Ta, La, Fa)y(x)=(Tg, I, Fp)(x)= (T4, L4, Fa)sq(x)
ifxeE

That is (TA’ IA’ FA)tl(g(x)) = (TA’ IA? FA)sd(x) if erUE

Case 1.

If
x’yeV>(TB’IB’FB)tl(g(x)ag(y)):(TB’IB’FB)tl(x’y):(TBaIB’FB)(x’y) if
x, y € V. By the definition of sd(G), (Tg, Ig, Fp)sy(x, y) =0 if x, y e V.

x,yeV.
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Case 2.

If x eV and y = e € E, then

T, (g(x), g(e))=Tp,(x,e)=min{Ty(x), Tp(e)} if x € V, e € E and x lies
one

= 0 otherwise
Ip,(g(x) g(e)=1Ip,(x,e)=min{l4(x), Ig(e)} if x € V, e € E and xliesone
= 0 otherwise

Fp,(g(x), g(e)) = Fp,(x,e) =max{Fy(x), Fg(e)} if xeV,ecE and x
lieson e

= 0 otherwise

(TB’ IB’ FB)sd(x’ y) = (TB7 IBa FB)tl(g(‘x)7 g(y)) if x e Va ec k uSing
the definition of sd(G).

Case 3.

If x =e¢,y=ej € E then
Tp,(e;, ;) = min {T'g(e;), Tp(e;)} if e;, e; have a vertex in common
Ip,(e;, ej) = min {Ip(e;), Ip(e;)} if e;, e; have a vertex in common
Fp,(e;, ej) = max {Fp(e;), Fg(e;)} if e;, e; have a vertex in common
= 0 otherwise

Tp,,(ej,ej) < Tp,(e;, ej) if e, e; € E

I ,(ej,ej)<Ip, (e;,e;) if e, ej € E

Fp ,(ej,e;)< Fp, (e, e;) if e;, e; € E.
Thus from the cases we get

Tp,,(x, y) < Tp,(x,y) ifx,ye VUE
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IBSd(x,y)SIBtl(x,y) ifx,yeVUE
Fp,(x,y)<Fp, (x,y)ifx,ye VUE
Therefore g : sd(G) — tl(G) is a weak isomorphism.
Theorem 6.2. sd(G) is weak isomorphic with M(G).

Proof. Consider the identity map g:sd(G)—> M(G) as
g:VUE - VUE

(Ta, Ia, Fa)sq(x) = (Ta, Lo, Fp)(x)if x eV

= (T, I, Fp)(x)ifx € E

(Ta, Ip, Fao)yy(x) = (T4, I4, Fy)(x)if x eV

= (Tg, I, Fp)(x) if x € E

(Ta, Ipn, Fa)y(g(x) = (Ta, Ip, Fa)yy(x) forall xe VUE.

Hence (T4, T4, Fa)gq(x) = (Ta, 14, F4)p(g(x)) forall x € VU E. (2)

Case 1.

T, (x, ) = min {Tp_,(x), Tp_,(e)} if xeV,eecE and
= min {Tg(x), Tg(e)} x € V, e c E and Tp_,(x, e) = Tg(e) by the definition
of SVN relation and x lies on e.

Also, Tp,, (x, e) = Tg(e) if x € V, e € E.

Similarly, I, (x, e) = Ig(e) if x e V, e € E.

Fp, (x,e)=Fple)if x e V,e € E.

Hence (T, Ig, Fp)yy(x, ) = (Tg, I, Fp)y(g(x), gle)) if x € V, e € E.

Case 2.

Tp,(e;, e;) = 0 even if the edges e;, e; are neighbours in G
Ip ,(e;, e;) = 0 evenif the edges e;, e; are neighbours in G
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Fp_,(e;, ej) = 0 even if the edges e;, e; are neighbours in G
Tp,, (e;, ej) = min {Tp(e;), Tg(e;)} if the edges e;, e; are neighbours in G

Ip,,(e;, ej) = min {Ig(e;), Ip(e;)} if the edges e;, e; are neighbours in G

Fp,, (e;,ej)=max{Fp(e;), Fp(e;)} if the edges e;, e; are neighbours in

Also, Tpg,, (g(e;), gle;)) = Tp,, (e;, ej), Ip,, (8(e;), gle;)) = Ip,, (e;, e;),
Fp,, (g(e;), g(ej)) = Fp,, (e;, ej). That is, Tp_,(e;, e;) =0 < min{Tg(e;),

Tp(e;)} = Tp,, (g(e;), g(e;)) if the edges e;, e; are neighbours in G

Ip (e, ej) = 0 < min {Ip(e;), Ig(e;)} = Ip,,(g(e;), gle;)) if the edges

e;, ej are neighbours in G

Fp ,(e;, ej) = 0 < max {Fg(e;), Fp(e;); = Fp, (g(e;), g(e;)) if the edges
ej, ej are neighbours in G else (T, I, Fg)sy(e;, ej) =0 = (Tg, Ip, Fp)y
(8(e;), g(e;)).

Case 3.

(T, Ip, Fp)gy(x, y)=0ifx, yeV

(T, I, Fp)py(x, y)=0ifx, y e V

(Tp, Ip, Fp)eq(x, y) =0 = (T, Ip, Fg)y(x, y)if x, y € V.

From these three cases

(T, I, Fp)sy(x, y) < (T, Ip, Fp)y(g(x), g(y)) forall x, ye VUE (3)

g being the bijection and from (2) and (3) sd(G) is weak isomorphic with
M(G).

Theorem 6.3. M(G) is weak isomorphic with tl(G).

Proof. Consider the identity map g: M(G) > ti(G) as
g: VUE - VUE.
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By the definition of A, in ¢/(G) and A in M(G) we have

(Ta, Ip, Fp)pp(x) = (Ta, 14, Fa),(g(x)) forall x e VUE. 4)

Case 1.
Tp,, (e;, e;) = min {Tg(e;), Tg(e;)} if the edges e;, e; are neighbours in G
Ip,,(e;, e;) = min {Ip(e;), Ig(e;)} if the edges e;, e; are neighbours in G

J

Fpg,, (e;, ej) = max {Fp(e;), Fp(e;)} if the edges e;, e; are neighbours in

Tp,(e;, ej) = min {Tg(e;), Tp(e;)} if the edges e;, e; are neighbours in G
Ip,(e;, ej) = min {Ip(e;), Ip(e;)} if the edges e;, e; are neighbours in G

Fp,(e;, ej) = max {Fp(e;), Fg(e;)} if the edges e;, e; are neighbours in

Hence

(T, Ip, Fp)p(x, ¥) = (Tg, Ip, Fp)y(x,y) = (T, I, Fp)y(g(x), g(»))
x,ye kK.

Case 2.
(T, Ip, Fp)py(x,y) =0 if x, y e V
(T, Ip, Fp)y(x,y) = (Tg, Ip, Fp)(x,y) if x, y e V

(Tp, Ip, Fp)y(x,y) = 0 < (T, Ip, Fp)(x,y) = (Tp, Ip, Fp),(x,y)
= (T, Ip, Fp),(g(x), g(y)) if x, y € V.
Case 3.
(T, Ig, Fg)y(x,e)=(Tg, Ig, Fg)(x,e)if x e V,ec E anxliesone
Tp,(x, e) = min {Tg(x), Tp(e)} if x € V, e € E anxliesone
Ip,(x, e) = min {Ig(x), Ig(e)} if x € V,e € E anxliesone

Fp,(x, e) = max {Fp(x), Fg(e)} if x € V, e € E anxliesone.
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So, (T, 1p,Fp)y(x.e)=(Tp,1p, Fp)y(x.e)=(Tg,I1p, Fg),(g(x), g(e)) if

x € V, e € E. From the above three cases,

(Tp, Ip, Fp)y (x, ¥) < (T, Ip, Fp),; (g(x), g(y)) forall x e VUE (5)

‘e’ being a bijection and from (4) and (5), M(G) is weak isomorphic with

t(G).

(2]

(3]
(4]

(5]

(6]

(7

(8]

(9]
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